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Abstract

In this monograph, we review and develop variable projection Gauss-Newton, Levenberg-
Marquardt and Newton methods for the Weighted Low-Rank Approximation (WLRA) problem,
which has now an increasing number of applications in many scientific fields. Particular atten-
tion is drawn at the robustness, efficiency and scalability of these variable projection second-
order algorithms such that they can be used also on larger datasets now commonly found in
many practical problems for which only first-order algorithms based on sequential repetitions
of local optimization (e.g., majorization, Expectation-Maximization or alternating least-squares
methods) or variations of gradient descent (e.g., conjugate, proximal or stochastic gradient de-
scent methods), or hybrid algorithms from these two classes of methods, were only feasible due
to their lower cost and memory requirement per iteration.

In parallel with this review of variable projection algorithms, we develop new formulae for
the Jacobian and Hessian matrices involved in these variable projection methods and demon-
strate their very specific properties such as the uniform rank deficiency of the Jacobian matrix
or the rank deficiency of the Hessian matrix at the (local) minimizers of the cost function asso-
ciated with the WLRA problem. These systematic deficiencies must be taken into account in
any practical implementations of the algorithms. These different properties and the very partic-
ular geometry of the WLRA problem have not been well appreciated in the past and have been
the main obstacles in the development of robust variable projection second-order algorithms for
solving the WLRA problem.

In addition, we demonstrate that the variable projection framework gives original insights
on the solvability, the landscape and the non-smoothness of the WLRA problem. It also helps
to describe the tight links between previously unrelated methods, which have been proposed to
solve it. Specifically, we illustrate the closed links between the variable projection framework
and Riemannian optimization on the Grassmann manifold for the WLRA problem. We expect
that software’s developers and practitioners in different fields such as computer vision, signal
processing, recommender systems, machine learning, multivariate statistics and geophysical
sciences will benefit from the results in this monograph in order to devise more robust and
accurate algorithms to solve the WLRA problem.
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1 Introduction

Let X be a p x n real matrix and W be a p x n nonnegative real (weight) matrix (e.g., W;; > 0)
associated with X. This monograph is about the Weighted Low-Rank Approximation (WLRA)
problem:
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where RZ," = {Y € RP*" and rank(Y) < k} and we assume that k < rank(X) < min(p,n), ®
denotes the Hadamard product (e.g., element-wise product) of two p x n matrices and ||| is the
Frobenius norm, i.e., the matrix norm induced by the standard inner product (Y, X) = trace(Y ' X)
on the Hilbert space of p x n real matrices. The factor % in the definition of ¢(.) has no effect
on the minimizers of ¢(.), it is introduced only for notational convenience. Without this fac-
tor, we would have got an annoying factor of 2 in many expressions of this monograph. Thus,
a solution of the WLRA problem in its formulation (PO), if it exists, is a p X n real matrix X
with rank(X) < k < rank(X). If k = rank(X) = rank(X) and W is a binary matrix, e.g.,
W,; € {0,1}, the WLRA problem is simply the so-called low-rank matrix completion problem
(e.g., the problem of recovering matrices of low-rank when a large fraction of its elements are miss-
ing), which has been extensively studied in the past decades [140][44]]. In a slightly more general
scenario, i.e., when k = rank(X) < rank(X) and W is a binary matrix, a solution of the WLRA
problem can be viewed as a robust generalisation of Principal Component Analysis (PCA) to incom-
plete, noisy or corrupted observations [92[][91][35][138]]. In an even more general scenario when
W is a general nonnegative matrix, a solution of the WLRA problem is very useful for denoising
and revealing low-dimensional structures in incomplete and noisy datasets [155][180]. Thus, in its
general form, the WLRA problem can be considered as a robust generalization of (truncated) Sin-
gular Value Decomposition (SVD) analysis and extends significantly the usefulness and versatility
of the classical low-rank approximation problem for many interesting applications arising from dif-
ferent fields including statistics [[72][35][181], computer vision [[15][27][28][81], machine learning
for recommender systems [[104], signal processing and system identification[[125][127]][182]] and
physical sciences [155][1179]][[180][20], to name a few.

Using general weights in the cost function ¢(.) allows us to take into account different confidence
or sampling levels among the entries of the elements in X beyond the simple case of missing values,
which corresponds to binary weights. As the error estimates of data are often widely varying, this is
often better suited for many problems [155]]. Thus, weighted low-rank approximations of X can be
used to deal with non-i.i.d. Gaussian noise in the data [180][[125]][27] and to design robust versions
of many multivariate statistical methods, which hinge on the classical low-rank matrix approxima-
tion in the Frobenius norm and are heavily used in data sciences. If the weight matrix W takes
carefully into account the sampling properties of the dataset X, the resulting weighted low-rank
approximation X is then defined to emphasize the better-observed aspects of the data [155][180].
In other words, the nonnegative weights W;; allow for a differential weighting of the accuracy of
the measurements X;; as well as for missing data if W;; = 0. In particular, for the extreme case of
zero sample size, an entry of the data matrix X should play no role in fitting the low-rank model;
this can be done by assigning zero weight to such element of X.

Note, that we implicitly assume throughout the monograph that the weight matrix W is such
that

p n
ZWZ-J- >0forj=1,--- ,nand ZWZ']' >0fori=1,---,p.
i=1 j=1
Stated more simply, these last two conditions imply that there is at least one nonzero weight in
each column and row of W as otherwise the WLRA problem is not well-posed and tractable. Fur-
thermore, we will demonstrate later that it is sometimes useful and necessary to impose stronger
conditions on W such that each column and row of W have at least £ nonzero weights in order to



avoid overfitting and obtain a meaningful approximate solution of the WLRA problem. In addition,
as for the matrix completion problem, the WLRA problem may suffer from non-identifiability is-
sues and is ill-posed without any incoherence type of conditions on the data matrix X [30[][187]]. As
an illustration, with a sparse matrix X, the matrix W © X is likely to be a zero matrix if the number
of non-zero weights W;; is very small, and, in this case, the WLRA problem owns the zero matrix
as a trivial solution, which obviously has no interest and is far from being optimal. To prevent this
pathological case to occur, we need to impose some incoherent conditions on X with respect to the
set of sparse matrices and assume that the number of samples is large enough, see [30] or [187]
for more formal definitions of these so-called low incoherence hypotheses, which provide reliable
recoveries of the data matrix X in the context of robust PCA, the matrix completion or WLRA
problems.

If all the elements of W are all equal to 1 (or more generally are all equal to a strictly positive real

number), we have p(Y) = %HX — Y||% up to a scaling constant, and this problem is well known

and easily solved as the SVD theory provides the best rank-%k approximation X of a given p X n
real matrix X in terms of the Frobenius norm and also characterizes when this solution is unique
or not (see Theorem [2.1] below and [71]] or [8] for details). Thus, in the simple case when all the
elements of W are equal, but different from zero, it follows that once the SVD of X is available,
its best rank-k approximation X is readily computed. Moreover, if we are only interested in some
X with k < min(p,n), many less expensive alternatives than the computation of the complete
SVD of X are available for computing X [71][178]], including very fast and accurate randomized
algorithms [85][119][128]]. Furthermore, under ideal conditions, i.e., X has no-missing values and
the noise in all its elements can be modeled as zero-mean, independent and identically distributed
(i.i.d.) Gaussian variables, the truncated SVD solution is the maximum likelihood solution and
is, thus, the optimal one. However, this optimal property does not hold for non-i.i.d. Gaussian
noise.

The more general case of uneven noisy observations (e.g., non-i.i.d. Gaussian noise) is in fact a
particular instance of a WLRA problem in which we may assume that there is a ground truth low-
rank matrix X, which we are trying to reconstruct and which is perturbed by non-i.i.d. Gaussian
noise. Thus, implicit in the WLRA problem, is the statistical hypothesis that the input data consists
of the observed (and also perturbed) data and weight matrices, X and W, such that

X=Mo (X +E). (11)

where M is a boolean mask that indicates the observed elements of X (e.g., M;; = 0if W;; = 0
and M;; = 1 otherwise), E is a noise matrix such that E;; ~ N(0, afj) (e.g., E;; is a Gaussian
noise term) and W; is assumed to be modeled as a monotonically decreasing function of c;;, the
noise level for each of the observed elements of X. See [155]][[L80], [[181]] and [27] for examples,
respectively, in the physical sciences, statistics and computer vision community on how such weight
matrix W can be constructed in the case of non-i.i.d. Gaussian noise.

However, for a general choice of the weight matrix W and, even in the simple and very com-
mon case in which the weights are all 0 or 1 (e.g., the missing value or matrix completion prob-
lems [93][91][140]), the SVD of the masked observed matrix (e.g., set X;; = 0 if W;; = 0)
may provide a useful and simple heuristic [[135]], but does not give the desired closest fit to X in
weighted 2-norm (or semi-norm if some weights are equal to zero) and the minimum of ¢(.). When
general nonnegative weights are introduced, the problem of finding Y € ]R’ixkn so that ¢(Y) is min-
imized is a NonLinear Least-Squares (NLLS) optimization problem in a finite-dimensional Hilbert

space.

However, in its general setting, the WLRA problem is not convex (but only bi-convex) because of
the nonconvexity and discontinuity of the rank function [80], has no closed-form solution because
of the low-rank requirement, is known to be NP-hard [[62]] and is, thus, not well understood [167].
Furthermore, for some matrices X and W and some integers k, the WLRA problem has no solution



at all [62] and, in other cases, the cost function ¢(.) may have several local minima [171], a situa-
tion which can not occur in the classical low-rank approximation problem [[171]][75]. This hardness
of the WLRA problem can be partly alleviated and some algorithms with provable guarantees have
been proposed in the machine learning literature by making very strong assumptions such as inco-
herence of the ground truth low-rank matrix X, randomly sampled missing (or observed) entries in
X or that the weight matrix W is spectrally closed to the all ones matrix [30][101][94][L6[114]].
See the book by Vidal et al. [187]] for a good introduction and discussion of these assumptions
and the related algorithms in the case of binary weights (e.g., the matrix completion problem).
However, for many applications these assumptions are unrealistic and violated, especially the as-
sumption of randomly missing entries in the physical sciences, in which the statistical model
is a more realistic framework, but does not provide any proven guarantees of success or provable
time bounds for current WLRA algorithms. Taking into account this challenging background, the
main objective of this paper is to discuss various efficient (pseudo) second-order iterative tech-
niques for minimizing ¢(.), which exploit explicitly the separable properties of this cost func-
tion [158]][190][166][182)][81], and to show how to adapt standard NLLS algorithms to the special
structure and geometry of the WLRA problem in its separable formulation.

The structure of the monograph is the following. Section [2]describes the notation used in the paper
and gives an overview of some important definitions and preliminary results on linear algebra, mul-
tilinear algebra and differentiation of vector and matrix functions relevant to the WLRA problem.
In Section 3] we study the geometry of the WLRA problem, the existence of solutions for it and we
review several of its alternative formulations, which have been used in the literature, demonstrate
their equivalence, which has not always been well appreciated in past studies and, finally, show that
the WLRA problem can be reformulated as a separable NLLS problem [63]][166][87][182][81]].
This result was first used by Ruhe [158]] for solving WLRA problems with binary weights and
k = 1 despite this separable formulation of the WLRA problem is often erroneously attributed to
Wiberg [190] in the computer vision literature [[176][147][150][81]]. In fact, Wiberg [190] (who
was a student of A. Ruhe) has extended the results of Ruhe [[158] for an arbitrary integer k£ and a
slightly different component model specifically designed to the problem of estimating a principal
components model when missing values are present in the data; see also [147][187] for more de-
tails on this slightly different factor model used in [190]. Again in the computer vision literature,
the separable NLLS algorithm originally proposed by Ruhe [[158] and Wiberg [[190] has been con-
fused with the simplest Alternating Least-Squares (ALS) method [176[][[15][187] as first noted by
Okatani et al. [147]]. As a preamble to the variable projection algorithms, Section ] gives a modern
description of the block variant of this ALS method and its recent extensions.This ALS algorithm
was perhaps the oldest and simplest method used to solve the WLRA problem in the statistical
literature [[191][192][93]][72] and can be interpreted as a particular instance of the cyclic block-
coordinate descent method for the WLRA problem. The ancestor of this block ALS algorithm is
the Nonlinear Iterative PArtial Least Squares (NIPALS) method devised originally by Wold and his
collaborators for the missing value problem in PCA, i.e., in the case where the weight matrix is
binary [191][192]][93][91]]. Generalizations of the NIPALS algorithm to arbitrarily weighted least-
squares have been first discussed in Gabriel and Zamir [72] and is now the topic of many recent
papers in different fields [171]{14][167][23)[181][25][S50]. However, nearly all the proposed algo-
rithms dealing with general positive weights are first-order methods, excepted for the optimization
approaches on the Grassmann manifold (e.g., the submanifold of fixed-rank matrices embedded
in RP*™) detailed in [125][27][14]. Section |5 is devoted to a detailed study of variable projec-
tion NLLS methods for solving the general WLRA problem, which use explicitly the separable
property of this WLRA problem [63][[158]]. Variable projection methods originate from numerical
analysis and are efficient methods for solving separable NLLS problems in which some variables of
the problem occur linearly and other nonlinearly; see Subsection for a more formal definition.
Explicit formulations of the gradient vector, Jacobian and Hessian matrices used in these variable
projection second-order methods are given and their very specific mathematical properties are also
derived in this Section[5] Separable NLLS algorithms have a long history in applied mathematics



and excellent reviews are offered in [166[][65][87]. The closed relationships between the variable
projection NLLS method and Riemannian optimization on the Grassmann manifold in the context
of the WLRA problem are also explored in this Section [5 extending and clarifying the results of
Hong and Fitzgibbon [81]][82] who have focused on the binary weights case. Templates and im-
plementation aspects of these variable projection second-order algorithms are detailed in Section[6]
Finally, a summary of our contribution and perspectives for further advancing our understanding of
the WLRA problem and methods for solving it are given in Section

2 Definitions and preliminaries

We first collect in this section some basic notations, definitions and results concerning linear algebra,
multilinear algebra, differentiation of vector and matrices and nonlinear optimization problems,
which will be used frequently in the following sections.

Throughout this monograph, we have tried to adhere to the following conventions: bold capital
letters will denote matrices and bold lower-case letters will indicate vectors. A lower-case letter in
italic, but not in boldface, will indicate a scalar. The symbols R? and RP*™ denote, respectively, the
linear spaces of the real p-vectors and of the real p X n matrices. In some occasions, the sizes of the
vectors or the shapes of the matrices will be given as an upperscript. As an illustration, for a € R,
the symbols aP and aP*™ represent, respectively, the p-vector and the p x n matrix composed of
all a. For u € RP, the symbol diag(u) is used to represent a diagonal p X p matrix with diagonal
elements, [diag(u)]; = u; fori = 1,--- ,p. For any C matrix, the symbol C ; is used to represent
the j* column vector of C and the symbol C;. is used to represent the i*" row vector of C. The
symbol I, is used to denote the identity matrix of order p.

2.1 Linear algebra

For a matrix C € RP*", we denote the transpose, the range and the null space of C by C*, ran(C)
and null(C), respectively:

C;fg- = Cj;,ran(C) = {y € R? / 3x € R" withy = Cx},null(C) = {x € R" / Cx = 07}.

ran(C) and null(C) are vector subspaces of RP and R", respectively. The rank of a matrix C is then
defined by the dimension of the vector space ran(C), i.e., rank(C) = dim(ran(C)). Equivalently,
the rank of a p x n matrix C can be defined as the smallest integer k& = rank(C) such that it exists
A € RP*F and B € R¥*" such that C = AB. From this definition, it is not difficult to show that
rank(C™) = rank(C). Then, it can been shown that

dim(null(C)) + dim(ran(C)) = dim(null(C)) + rank(C) = n , (2.1)
which is known as the rank-nullity theorem or relationship, and also that
rank(AB) < min(rank(A), rank(B)) , (2.2)
if the number of columns of A is equal to the number of rows of B, and, finally, that
rank(A + B) < rank(A) + rank(B) , (2.3)
when A and B are matrices of the same dimensions. We further assume the following equali-
o null(CT) = ran(C)* and ran(CT) = nuil(C)* | (2.4)

where ran(C)~* and null(C)* denote, respectively, the orthogonal complements of the range and
null spaces of C with respect to the standard Euclidean inner products in RP and R", respec-
tively.



We will use mostly the Euclidean norm for vectors and the Frobenius norm for matrices, i.e.,

p 1 P n 1
|lul|2 = (z:u?)é foru € R? and ||C||r = (2:2:C,2])é for C € RP*"™ | (2.5)

i=1 i=1 j=1

which are, respectively, associated to the Euclidean inner product in RP
P
(u,v)s = uvy, (2.6)
i=1

and to the Frobenius inner product in RP*", defined for matrices U and V of identical sizes,
by

P n
(U V)p=Tr (UTV) =) ) U;Vyy, 2.7)
i=1 j=1

where for squared matrices Tr (W) = > P  W,. When we do not specify it, we implicitly
mean these standard norms and inner products for vectors and matrices. Occasionally, especially
in Section |3} we will also use the spectral norm for matrices, which is the natural norm on the set
of p x n real matrices induced by the Euclidean norm for vectors. For C € RP*™  its spectral
norm ||C||s can be computed as the squared root of the greatest eigenvalue of the matrix product
cTc [l ie.,

1Cx|2

= (maximum eigenvalue of CTC)% . (2.8)
x€R™ and x£0" HX”Q

IClls =

A matrix Q € RP*P is said to be orthogonal if QQ” = Q'Q = I,. It is easily verified that the
product of two orthogonal matrices is also an orthogonal matrix. A matrix norm |||| on RP*™ is
called unitarily invariant if ||C|| = ||QCP|| for all orthogonal matrices Q and P of order p and n,
respectively, and the Frobenius and spectral norms are unitarily invariant.

If C € RPX™, then CT € R™*P denotes the Moore-Penrose inverse (or pseudo-inverse) of C and is
defined as the unique matrix which verifies the equalities

cctc=c,ctcct =ct,(cchH)l =cctand (CTC)T =C*C. (2.9)
If C is of full column rank, it is easy to verify that
ct=(cfo)"c’.
In addition, every matrix C~ € R™*P satisfying only the two equalities
CC C=Cand (CC™) =cCC~ (2.10)
is called a symmetric generalized inverse of C.

An explicit formulation of the Moore-Penrose inverse C™ may be obtained with the help of the
Singular Value Decomposition (SVD) of the matrix C

c=uxv’, (2.11)

where U and V are orthogonal matrices of order p and n, respectively, and

01 0 0 0

0 o9 O 0
Y= 0 0 op-1 O ,

0 O 0 On

0 O 0 0



where we have assumed for notational convenience that p > n. The existence of the SVD can
be proved using the spectral theorem for symmetric matrices [71][8]. U and V consist of the
orthonormal eigenvectors of CC” and of C”T'C, respectively. U and V are called, respectively, the
left and right singular vectors of C. The diagonal elements of X are called the singular values C
and will always be taken to be nonnegative and ordered such that

012> 02 2> ** Omin(p,n) >0.

These singular values are the non-negative square roots of the eigenvalues of C*'C or CC7. Then,
in exact arithmetic, if rank(C) = k < n, we have ;11 = o2 = -+ = 0, = 0 and it is easy to
verify that

Cct =VAUT, (2.12)
where A is the n x p diagonal matrix with A;; = ai_l fori = 1,--- ,kand Ay; = 0 fori =
k+1,---,n. We also assume the following important property of the Moore-Penrose inverse C™

for all matrices C:
null(CT) = null(CT) .

A matrix P € RP*P is an orthogonal projector if the following two conditions are satisfied:
PP=PandPT =P (2.13)

and, given an orthogonal projector P € RP*P, its associated complementary projector is defined as
Pt = I, — P and is also an orthogonal projector. As for any matrix, an (orthogonal) projector P
maps vectors into its range ran(P). However, an interesting and special property of any matrix P
verifying PP = P is that it maps vectors of its range ran(P) to themselves. In addition, given an
orthogonal projector P € RP*P and a vector x € RP, the vector Px € R? uniquely solves the linear
least-squares optimization problem

Px = Arg min |[|x —z2. (2.14)
z€ran(P)

In words, Px is the unique closest point to x in ran(P). Note that ran(P+) = ran(P)*, i.e., the

range of P is the orthogonal complement of the range of P. Given a linear subspace V of R?, we
can decompose uniquely any vector x € RP into the sum of one vector in V' and one vector in V.
This is easily verified as, given the (unique) orthogonal projector P onto V', we have immediately
for any x € RP?,

x =Px + (I, - P)x = Px + P*x,

where Px € V and P+x € V1. In such a case, we say that R? is the direct sum of V and V1 and
we write RP =V @ V+. Finally, if the columns of W € RP %k form an orthonormal basis of V/, it
is not difficult to verify that

P=WW"and Pt =1, - WW7 .

Thus, provided that we have an orthonormal basis of V', we can also immediately project onto V-
without constructing a basis for it. Furthermore, if we have such an orthonormal basis of V', we note
that we have also a quick and efficient way of applying orthogonal projectors to vectors as

Px = W(WTx) and P*x = x - W(WTx).

The Moore-Penrose inverse and the SVD are also particularly useful to define and compute orthogo-
nal projectors associated with the range of a matrix, especially if this matrix is rank deficient [[71][8]].
If the rank of the matrix C € RP*™ is equal to k (and looking at the distribution of the singular val-
ues of C is the best way to determine its numerical rank), the matrix

I Ok x (p—k)

_ + T
Pc=CC"=U op—k)xk  (p—k)x(p—k) U,



where U are the left singular vectors of C, is the orthogonal projector onto ran(C). Furthermore,

the matrix
Ok Xk Ok X (p—k)

Pt=1,-CC'=U U’

C P |:0(p—k)><k Ip—k :|

is the orthogonal projector onto the orthogonal complement of ran(C) (e.g., ran(C)1). It is easy
to show that if x € RP then Pcx € ran(C) and Pgx € ran(C)L. In the same conditions, the
matrix

n 8 ka(nfk) T
Por =CTC=V | a-kxk gn-kxmk| Y
is the orthogonal projector onto the row space of C, e.g., ran(C?) = null(C)* and the ma-
trix ok (k)
0 X 0 X{(n—
L to T
PcT —In_C C—V |:0(nk)><k In_k :| V

is the orthogonal projector onto ran(CT)* = null(C). If rank(C) = n < p, then Por = I, and
P is the n X n zero matrix 0™

The Moore-Penrose inverse and SVD of a matrix are particularly useful for solving (rank-deficient)
linear least-squares problems [111][8]]. For C € RP*™ andy € RP, consider the linear least-squares
problem

min [ly = Cx|l2 = [[r(x) 2 with r(x) =y — Cx .

The unique vector X of minimum Euclidean norm minimizing |r(x)|2 is given by C*y as Pcy =
CCty = CxX is the unique closest point to y in the range of C. Even if C is of full column rank,
in which case X = (CTC)~!C”y, we use the pseudo-inverse notation C* for (CTC)~'C7 to
indicate that the normal equations shall not be used to compute the solution of linear least-squares
problems, especially if C is badly conditioned [[L11][[7L][8]].

Note that linear least-squares problems can also be solved and orthogonal projectors be evaluated
with the help of symmetric generalized inverses defined above [[64]][87]]. The advantage is that these
symmetric generalized inverses can be computed much more cheaply than the SVD or the pseudo-
inverse of C with the help of other matrix decompositions such as the standard QR decomposition
with Column Pivoting (QRCP) [L11][64][71][871[8]]. According to this decomposition, there exist
a p X p orthogonal matrix QQ and a n X n permutation matrix P such that, for a given p x n matrix

C of rank &,

R S

QCP = op—k)xk lp—k)x(n—k)| > (2.15)

where R is a £ x k nonsingular upper triangular matrix (with diagonal elements of decreasing
absolute magnitude) and S an k x (n— k) full matrix, which is vacuous if £ = n. Several procedures
are available to compute this QRCP, but the usual one is based on Householder transformations (e.g.,
elementary orthogonal reflectors), which are orthogonal matrices of the form

H(i) =1, - 2v(i)v(i)", (2.16)

where the p-vector v(7) has a 2-norm equal to one [111][71]. Premultiplication by H(7) is fre-
quently used to zero out a sequence of entries in a given column p-vector. Thus, in order to compute
the QR or QRCP decomposition, C is successively pre-multiplied by at most min(n, p) Householder
transformations H (), permuting the columns of C if necessary (thus determining the permutation
matrix P). Also, the orthogonal matrix Q can be compactly stored (as only the vectors v (i) need to
be stored) and explicitly computed as a product of k£ elementary reflectors

Q=H(k)---H(2)H(1) .

For more details concerning Householder transformations, see [111]][[71][8]].



Furthermore, the rank k£ of C can be efficiently estimated in an additional step from the upper
triangular factor R computed during the QRCP, but we omit the details here [1LL1][71][87][8]. Note
that the QRCP is not unique as the permutation matrix P is not unique. However, with the help of
a QRCP of C, the orthogonal projectors P and Pé can be efficiently computed as

B I, 0k*(p—k)
PC =CC™ = QT |:0(p—k)><k’ O(p—k‘)X(p—k?) Q (217)
and kxk kx(p—k)7
_ okxk  gkx(p-
Ps=1,-CC =Q" | o 4k Q. (2.18)
0 Lk ]

Furthermore, a symmetric generalized inverse of C defined by the equations (2.10) can be repre-
sented as

B R! 0Fkx(p—Fk)
Note that this particular symmetric generalized inverse also satisfies the additional equation
cC CcCcC =C.
Furthermore, if k& = n then C~ = C™. Finally, the vector C”y is also a solution of the linear
least-squares problem
min [y — Cx|l2 = [r(x)ll2,

but not the solution of minimum Euclidean norm if k& < n [L11][64][87][8]. In other words, the
pseudo-inverse C* singles out the least-squares solution of minimum Euclidean length, which is
not the case of C.

If £ < n, by applying additional Householder transformations (or, alternatively, Givens rotations) on
the right of the QRCP to annihilate the submatrix S, it is possible to obtain a Complete Orthogonal
Decomposition (COD) of the matrix C of rank &k (see Chapter 5 of [71] or Theorems 29 and 30
of [87] and also [64]). More precisely, by applying these additional Householder transformations,
we obtain the following expression

kx(n—k)
R S } _ [ T 0 }z,

QCP = or—Fk)xk  glp—k)x(n—k) 0(P—k)xk  g(p—k)x(n—Fk)

where Z is an n X n orthogonal matrix and is again implicitly represented by the product of elemen-
tary Householder matrices and T is an k& x k upper triangular matrix of full rank (which is different
from the triangular factor R in the QRCP). The COD of C is then defined as

T ka(n—k) :|

o—Fk)xk  gp—k)x(n—k) (2.20)

QCO = QC(PZT) = [
where Q is the same p x p orthogonal matrix as in the QRCP, T is an k x k nonsingular upper
triangular matrix and O = PZ” is an n x n orthogonal matrix as the product of two orthogonal
matrices. With the help of a COD of C, its pseudo-inverse can be represented by

T-1 ka(p—k) :|

o(n—k)xk  g(n—k)x(p—k) 2.21)

cCt=0 [
It is easily checked that this n X p matrix verifies the four equations (2.9) defining the pseudo-inverse
of C and since, for any matrix C, there is only one matrix having these four properties, the above
matrix is the pseudo-inverse of C. This demonstrates that there is no need to compute a more costly
SVD of C for this purpose. Importantly, with a COD, we also get the orthogonal projectors on the
row space of C and its orthogonal complement as

I, kX (n—k)

PCT = C+C =0 O(n_k)Xk O(n—k)X(TL—k) OT
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and
0kxk 0kx(n—Fk)

PéT =1, — ctc=0 O(n—k)xk OT :

Infk

Finally, if we assume that C is of full column rank £ = n < p, there is no need to compute a QRCP
or COD of C to get the pseudo-inverse and the orthogonal projectors on the row or column spaces
of C as a simple QR decomposition will do the job.

The SVD theory also provides the characterization of the best rank-k approximation of a given p X n
real matrix in terms of the Frobenius norm [71]. As the Frobenius norm is unitarily invariant, we
first note that

min(p,n) 1
Hmw:nmw:( 032, (2.22)
=1
which shows that the Frobenius norm of a matrix is entirely defined by its singular values. From the

SVD of a p x n matrix C = UX V7, we can also obtain directly its spectral norm as
IClls =01 =ULCV ;. (2.23)

Then, the following theorem is the reason for the importance of the SVD for applications involving
low-rank approximation of matrices:

Theorem 2.1. Let the SVD of C € RP*" be C = UXVT withoy > 09 > -+ > Tmin(pn)- 1N
addition, for & such that 1 < k < min(p,n), defined the truncated SVD of C by
Cr=US, VE,

where Uy, and V, are the submatrices formed by the £ first columns of U and V, respectively, and
Yk = diag([o1,- - ,0k]). Then, Cy, provides a matrix of rank at most & that is closest in Frobenius
norm to C and this minimum distance is given by

min(pvn) 1
€~ Culr =, min o IC=Ble=( 3 of)".
BeRPX" with rank(B)<k I=k+1

If o), > op41 orif o, = 0 then Cy, is the unique best approximation of rank at most k& of C.
O

Theorem [2.1]is often called the Eckart-Young Theorem and is in fact valid in any unitarily invariant
norm, see [[71]].

2.2 Multilinear algebra

In the next sections, we also need some operators and results from multilinear algebra [[124]. These
tools will be particularly useful when we need to manipulate matrices as elements of a linear vector
space and for computing derivatives of matrices (or matrix-matrix products) with respect to another
matrix.

For any C and D matrices of the same dimensions, the expression C ® D is used to mean the
element-wise product of the C and D matrices (e.g., the Hadarmard product of two matrices):

[CoD],,=Cy.Dy;. (2.24)

The following property holds for matrices B, C and D of the same shapes:

(BoC,D)p=(C, BOD)s.
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Let C € R?" and C j denotes the j" column of C, then the vec(.) function maps the g x r matrix
C into a ¢g.r X 1 column vector by “’stacking” the columns of C below one another

Ca
CeR?”" = vec(C)=| : | eRI". (2.25)
C.,
The vec(.) operator is an element of .£(R?*" R%"), e.g., is a continuous linear mapping from R?*"

into R?" and is also a bijection. The mat(.) operator is then the inverse mapping of vec(.), which is
a continuous linear bijection from R%" into R?*" such that

mat(vec(C)) = C,VC € R?*" . (2.26)

When it is not obvious from the context what is the shape of the image matrix for a given vector
c € R?", we will use the notation mat,(.) instead.

A useful property involving the vec(.) and Hadamard operators is that the vectorized form of the
Hadamard product of two matrices of the same dimensions can be written as a matrix-vector prod-
uct

vec(C © D) = diag(vec(C))vec(D) . (2.27)

Let further D € R**?, then the Kronecker product C ® D is the ¢.s x r.t block matrix, whose 75"
block is defined by

[C®D]” =CyDfori=1,--- ,gandj=1,---,r. (2.28)
The Kronecker product is a bilinear operator meaning that

(C+D)®E=(CQE)+(D®E),
E®(C+D)=(E®C)+(E®D), (2.29)
a(C®D)=(aC)® D =C® (aD),

where o € R, E is any matrix, and C and D are two matrices of the same dimensions. We assume
that the reader is familiar with the basic properties of Kronecker products (see Chapter 2 of [[124]] for
details). For easy reference, we only state the following relations for any matrices C and D:

(CoD)T =cTeDT
rank(C ® D) = rank(C).rank(D) ; (2.30)
for partitioned matrices:
[Ci1 C]JeoD=[Ci®D Cy®D]; (2.31)
and for conforming matrices C, D, E and F"
(C®D)(E®F)=CE®DF, (2.32)
vec(CDE) = (ET ® C)vec(D) .

This last equality is particularly useful to rearrange a matrix-matrix product as a simple matrix-
vector product:

vec(CD) = vec(CDI) = (I ® C)vec(D)

, (2.33)
vec(CD) = vec(ICD) = (DT @ I)vec(C) ,

where I is the identity matrix of appropriate order. These two relationships illustrate that we can
evaluate the derivative of a matrix-matrix product with respect to one of the matrices by reshaping
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the different matrices as vectors and computing the Jacobian matrix (see Subsection for more
details). Thus, we will use these two relations very frequently in the next sections, without explicit
citation, when we need to compute derivatives of some matrices.

Let X € RP*™. We now introduce the p.n x p.n permutation matrix K, ,,y uniquely defined by the
relation

Kpnyvec(X) = vee(XT) . (2.34)
This permutation matrix is well-known in statistics where it is called the commutation matrix, see

Chapter 3 of [124]] for details. Its explicit form is given by

p

Ko =YY H(i,j) @H(i,j)"

=1 j=1

where H(i,j) is an p X n matrix with a 1 in its i7" position and zeroes elsewhere. Important
properties of the commutation matrix for our application are

T T

T
n,p) pvn) = p’”)K(p7n)

In other words, K, ) is an orthogonal matrix and its transpose and inverse is K, ;). Another
useful property of the commutation matrix is that it can be used to reverse the order of a Kronecker
product

K(;)(X®Y) = (Y ®X)K(,) where X € R”"and Y € R**" . (2.36)

This property will be also used frequently in the calculation of matrix derivatives. The following
Lemma will also be useful later:

Lemma 2.2. Let X € RP*™, then

K nydiag(vec(X)) Ky, ) = diag(vec(XT)) ,
diag(vec(X)) K, p) = K(mp)diag(vec(XT)) .

n,p)

Proof. Omitted.

2.3 Topology of Euclidean vector or Frobenius matrix spaces

For the sake of convenience, we define some notations first. The following subsets of RP*", the set
of p x n real matrices, and R will be used frequently in the following sections.

Definition 2.1. Let p,n, k € N, with & < min(p, n), then

RE*™ = {Y € RP*" and rank(Y) = k} ,
RZ" = {Y € RP™ and rank(Y) < k} ,
REZ™ = {Y € RP" and rank(Y) > k} ,
R ={Y e R”"and Y;; > 0} ,
REY" ={Y e RP"and Y;; > 0},
0PF = (U e RP** JUTU = I},
0" ={U e R /UU" =1,;}

and

R,={xeR/x#0} , Ry ={xeR/x>0}andRix={xeR/x>0}.
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The following definitions will also be useful:

Definition 2.2. Given X € RP*" r € R, the open ball with center X and radius r of RP*"™ is
the set of p X n matrices defined by

Bpxn(X,r) = {Y eRPMand X - Y] < 7“}
and the closed ball with center X and radius r is the set
Ban(X,r) = {Y e RP™and | X — Y| < 7“} .

Note that in these definitions, ||| can be the Frobenius norm or any norm defined on RP*" since
RP*™ is a finite-dimensional vector space over R and, in this case, all norms on RP*™ are equivalent
and induce the same topology [12][26]. Similarly, given x € R", » € R, the open ball with
center x and radius r of R™ is the set of n-dimensional vectors defined by

B, (x,r) = {y eR"and ||x —y| < r}
and the closed ball with center x and radius 7 is the set
Bu(x,r)={y €eR"and |[x —y| <r}.

Again, here,

|| can be the Euclidean norm or any norm defined on R”.

A set U C RP*™ is open if every point of U is contained in an open ball included in U. A set
U C RP*" s closed if and only if its complement in RP*" is open. An arbitrary union of open sets is
open and an arbitrary intersection of closed sets is closed. A finite union of closed sets is also closed.
The closure of a set U C RP*™ is the smallest closed set (in the sense of inclusion) of RP*™ which
contains U and is denoted UU. On the other hand, the interior of a set U C RP*" is the largest open
set (in the sense of inclusion) of RP*™ which is included in U and is denoted U. A set N is called
a neighborhood of X in RP*™ if there is an open set U C N with X € U. A point X is a boundary
point of a set A if every neighborhood of X contains a point of A and a point of its complement B in
RPX™, The set of boundary points of A is denoted bd(A) and we have bd(A) = AN B. Thus, bd(A)
is closed as the intersection of two closed sets. The term frontier refers to the set of points of bd(A)
which are not in A4 (e.g., A/A). As an illustration, the boundary of both the open ball By, (X, )
and the closed ball By, (X, r) is the sphere Spxn(X,7) = {Y € RP*™and |X — Y| = r}, but
the frontier of By, (X, r) is equal to bd(Bpx, (X, 1)) while the frontier of By, (X, r) is empty.
Let now A and B be two subsets of RP*" such that A C B. We say that A is dense in B if B C A
and we say that A is dense everywhere if A = RPX"™. Similar definitions hold for x in R™. In
a finite-dimensional vector (or matrix) space over R, a closed and bounded set is compact and all
closed balls are compact. The preimage of a closed (open) set by a continuous function is a closed
(open) set. The image of a compact set by a continuous function is compact.

Next, we collect some important topological results concerning certain subsets of RP*™ in the fol-
lowing theorem that we will also use frequently in the following sections.

Theorem 2.3. Let p,n, k € N, with k& < min(p, n). The sets OP** and (O)fX" are compact in RP*¥
and R**", respectively. The set RﬁXk is open in RP**_If k # n, the interior of RY*" is empty and
RP™™ is not closed or open in RP*™. The sets RY)," and RZ," are, respectively, open and closed in
RP*X™_Tn all cases, the sets Rixkn and Rixkn are, respectivel§, the closure and the frontier of Rﬁxn in
RP*", and RY™" is dense in RZ}". Furthermore, the set RiXk is an open subset dense everywhere

in RP*k,

Proof. Omitted. See Section 3 and Theorem 2 of [80]], Proposition 2.1 of [[142] and Section 3.1.5
of [3]] for some details. O

14



Importantly, since the rank(.) function defined on RP*™ is an integer-valued and lower-semicontinuous
function, an important result is that the rank function does not decrease in a sufficiently small neigh-
borhood of any matrix X € RP*™ [80]. On the other hand, with the help of the SVD and Theo-
rem (2.1)), it is not difficult to see that if rank(X) = k < min(p, n) then any neighborhood of X
contains matrices of rank £ + 1,k + 2,... min(p, n).

To close this subsection, we finally recall the definition of a convex set for later reference. A subset
C of a normed vector space X is called convex, if

Ax+ (1 =M.y € Cwheneverx,y € Cand0 < A< 1. (2.37)

Geometrically, a subset of a normed vector space is convex, if and only if, it contains the line
segment {A\.x + (1 — A).y /0 < XA < 1} joining each pair of its points x,y. As an illustration,
the open and closed balls of X" and the subspaces of X are all convex. Note, on the other hand, that
the subsets RP™" and R of RP*™ are not convex if k # n , which makes solving the WLRA
problem (P0) challenging.

For more discussion about the topology of RP*™ or arbitrary normed vector spaces, we refer the
reader to [[148][12][26].

2.4 Differential calculus, variational geometry and optimization

We also assume that the reader has some familiarity with differentiation in a Euclidean space
and derivatives of vectors and matrices, and their properties. Useful references on these topics
are [148][26][124].

Let X be a Euclidean space, e.g., a real vector space of finite dimension, say k, equipped with a
scalar product (.,.) x and the vector norm ||.|| x induced by this scalar product. Let now ¢(.) be a
function from an open set {2 C X to some other Euclidean space, say ). In the following, we may
have Y =R, Y = RP or Y = RP*™. We say that ¢(.) is o(||h||x) if

Ve € Ry, 30 € Ry, such that ||hi|y <6 = ||¢(h)||y <¢|hlx .
Similarly, we say that ¢(.) is O(||h||x) if
3\, 7 € Ry, such that [y <1 = [[¢(h)[ly < Allh][x .

Notations like o(||h||$) or O(]|h||% ), for & € N, will also be used to distinguish functions tending
to zero faster than ||h||$ instead of faster than ||h||x .

With these notations, a function ¢(.) from the open set 2 C X to the Euclidean space ) is said to
be differentiable at a € €, if there exists a linear operator ¢ (a) from X to Y such that

¢(a+h) = ¢(a) + ¢ (a)(h) + o(|b].x) -

The set of (continuous) linear operators from X to ) is denoted by £(X,)). If Y = R, then ¢(.) is
a real-valued function, ¢’ (a) is a linear form and it can be represented by an unique element of X',
called the gradient of ¢(.) at a and denoted by V¢(a), which verifies

’

¢ (a)(h) = (Vé(a),h)x,Vh € X .

In the same conditions, e.g., when ) = R, we can consider the function from §2 into £(X,R),
which at a € (2 associates the linear form ¢'(a). If this new function is itself differentiable, we
get the second-order differential of ¢(.) at a, which is denoted by ¢ (a) and is an element of
£L£(X, £(X,R)) ~ £(X,X;R). In other words, ¢ (a) can be identified with an unique bilinear
form, also noted ¢ (a) € £(X, X; R) by an abuse of notation, and defined by

17

[¢" (a)(h)](k) = ¢" (a)(h, k) , V(h,k) € X x X .
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This bilinear form is also symmetric and yields the following second-order approximation of ¢(.)
ata

¢(a+h) = ¢(a) + ¢ (a)(h) + ¢ (a)(h,h) +o(|h]%).
Again, using the Euclidean structure associated with X, the symmetric bilinear form ¢ (a) can be

associated with an unique symmetric linear operator from X to X, called the Hessian of ¢(.) at a,
denoted by V2¢(a), and defined by

¢ (a)(h, k) = (V*¢(a)(h), k) x = (h, V*¢(a)(k))x , V(b k) € X x X .

Note that both V¢ (a) and V2¢(a) depend on the scalar product (.,.)x, while ¢ (a) and ¢" (a)
do not. When X = R* and is equipped with the standard Euclidean inner product defined in
Subsection and the canonical basis of R¥ is used to represent vectors in R*, the self-adjoint
linear operator V2¢(a) is represented by a k& x k symmetric real matrix, which is known as the
Schwarz’s theorem [26]]. Then, by a slight abuse of notation, we will also use the symbol V2¢(a)
to represent this k X k symmetric matrix and we can write

¢ (a)(h,k) = (V2p(a)(h), k) = hTV¢(a)k , V(h, k) € RF x RF .

In the following sections, instead of the generic notations ¢ (a) and ¢ (a) for the first- and second-
order derivatives of a (twice) differentiable function ¢(.) from 2 C X to ) at a point a € €, the
symbols D, J, V, V2 will be used for the (Euclidean) derivative of a real matrix, the Jacobian
matrix (e.g., derivative) of a real vector function, the gradient (e.g., first derivative) and Hessian
(e.g., second derivative) of a real functional, respectively.

As a first illustration, a ¢ x r matrix function C(a) for a € Q = R* can be interpreted as a
(nonlinear) mapping from the linear space of parameters, R¥, into the space of linear transformations
£L(R",R?) = Y, which can be identified to the linear space R?*" [26]]. Consequently, the derivative
of the matrix function C(.) at a point a € R is an element of £(R*, £(R",RY)), or equivalently
L(RFE, RI*™) ~ RI*"*F and can be interpreted as the tridimensional tensor D(C(a)) € RIx7*F
defined by

8Cij (a)

[D(C(a))],;, = Gay OrE=Logii =l ril=1 0k, (2.38)

following [63]].

On the other hand, the first derivative of a real g-vector function r(.) at a point a € R” is an element
of £(R* RY) ~ R9*F If R¥ and RY are equipped with their usual Euclidean inner products and
the canonical bases of R¥ (e.g., the columns of the identity matrix I;,) and RY (e.g., the columns of
the identity matrix I;) are used to represent vectors in these two linear spaces, the first derivative of
r(.) at a point a € R¥ can be identified to the Jacobian matrix J(r(a)) € R9** defined by

_ Ori(a) . o
[J(r(a))],; = Pa; TOTi=loasi =1k, (2.39)

where r;(a) is the i** component of the real g-vector r(a). Note that each i*" row of the Jacobian
matrix J(r(a)) € R?¥ is equal to the transpose of the gradient of the real function r;(.) at the point
a € R¥,

[J(x(a))], = Vri(a)T .
In addition, if r(.) is continuously differentiable at a point a € R¥, we have the following first-order

Taylor expansion
r(a+da) =r(a) + J(r(a))da+ O(||dal|3) . (2.40)

As another illustration, if R” is again equipped with its usual Euclidean inner product and its canon-
ical basis, the gradient of a real functional ¢(.) at a point a € R¥ forms a k x 1 column vector,
ie.,

[Vo(a)], = ag;@) fori=1,---,k, (2.41)

a;
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and the Hessian of a real functional ¢(.) at a point a € R¥ can be identified with a k x k symmetric
matrix, V2¢(a), defined by

_ Pp(a) _ P*¢(a)

i 8a¢6aj - 8aj8ai

(V2¢(a)], = [V%(a)}ji fori=1,---,k;j=1,---,k. (242

Finally, if ¢)(.) is at least twice continuously differentiable at a point a € R”, we have the following
second-order Taylor expansion

¢(a+da) = ¢(a) + (da, Vo(a))2 + %W%(a)daa da)z + O(||dal3)

— ¢(a) + dal Vo (a) + %daTVQQZ)(a)da +O(|ldall3) . (2.43)

Let K be a nonempty subset of R* or more generally a nonempty subset of an arbitrary normed
vector space. We recall that a point & € K is a global minimizer of a real function ¢(.) defined over
IC, if and only if, Va € K, we have ¢(a) > ¢(a). On the other hand, a is a local minimizer of ¢(.)
over K, if and only if, 3r € R, such that Va € K and ||a — a||2 < r imply ¢(a) > ¢(a). Similar
definitions hold for strict global and local minimizers of ¢(.) over K.

Let now € be an open subset of R* or more generally an open subset of a normed vector space of
finite dimension. A necessary condition for a point a € 2 to minimize a real function ¢(.) defined
and assumed to be twice continuously differentiable on €2 is that the gradient of ¢(.) at a is equal to
the zero-vector of the ambient linear space, i.e.,

Vé(a) = 0%, (2.44)

and this condition defines the first-order Karush-Kuhn-Tucker (KKT) condition [[148[][26]. If such
KKT condition is satisfied then a is said to be a first-order stationary or critical point of ¢(.).
However, first-order critical points of ¢(.) can be minimizers, but also maximizers or saddle points
(e.g., points for which the Hessian matrix has both positive and negative eigenvalues). A necessary
condition for a first-order stationary point a to be a local minimizer of ¢(.) is that the Hessian
(bilinear form or matrix) V2¢(4) is positive semi-definite [148]][26]:

V2p(a)(da, da) = (V2p(a)da,da), > 0, Vda € RF . (2.45)

Such first-order critical points for which the Hessian is positive semi-definite are called second-
order stationary or critical points of ¢(.). On the other hand, a sufficient condition for a first-order
stationary point & to be a strict local minimizer of ¢(.) is that V2¢$(4) is positive definite (second-
order KKT condition). These assertions can be derived by noting that the second-order Taylor
expansion of ¢(.) at a first-order stationary point a reduces to

¢(a+da) = ¢(a) + %W?qﬁ(é)da, da)z + O(||dal3) ,

see [[148]][26] for details.

We now consider the case, where we seek to minimize a real function ¢(.) on a linear subspace
T C Q of dimension s, where 2 is an open subset of R¥ on which ¢(.) is defined and twice-
differentiable. Obviously, we must have dim(Y) < k. In these conditions, we can consider ¢(.) as
a function from 2 to R, but we can also consider its restriction to Y, ¢ (.). If ¢(.) is differentiable
on 2 than ¢ (.) will be differentiable on Y as well and their differentials verify

!

¢ (a)(b) = ¢y (a)(b) . Va,be T.

In other words, the linear form gb/T (a) is nothing else than the restriction of the linear form ¢’ (a) to
Y. Furthermore, if we equip both R* and its linear subspace Y with the same Euclidean structure
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induced by R¥, we have, by definition, (a, b)y = (a,b)y,Va,b € Y. In these conditions, the linear
forms ¢'(a) and ¢(a) can be both represented by their own gradients, V¢ (a) and V¢ (a), which
are, respectively, elements of the linear spaces R* and T such that

¢ (a)(b) = (Vé(a),b)2 and ¢y (a)(b) = (Vér(a),b)y ,Va,b e T .

Since the linear forms ¢'(a) and ¢+ (a) coincide on Y, we deduce immediately that

(Vo(a),b)a = (Vor(a),b)y,Va,be T .

Next, remember that V¢ (a) € R¥, while Véy(a) € T, but we can easily expressed Vo (a) as
a function of V¢(a). More precisely, using the two complementary orthogonal projectors on Y
and Y (considered here as k x k symmetric and idempotent matrices rather than linear operators
as discussed in Subsection , denoted, respectively, by Py and P+, and defined on R, we
have

Vé(a) = PyVe(a) + P¥Ve(a), with PyVe(a) € T and PxVe(a) € T+,
and this implies immediately that

(Vo(a),b)2 = (PrVe(a),b)2 = (PrVé(a), b)y = (Vor(a),b)r,Va,be T .

Then, by the unicity of the gradient of ¢y (.) at a € Y, we get, by identification, the vector equal-
ity
Vor(a) =PyVe(a),Vaec T. (2.46)
In words, the gradient of ¢ (.) at a € T is simply the orthogonal projection on Y of the gradient of
#(.) at a, considered as an element of R” instead of Y. The interpretation of this result is simple and
is that it is not necessary to check all the feasible directions in RF to satisfy the first-order stationary
condition for a point a € Y if the search space is reduced to Y, only those belonging to T matter
in that case. Similarly, it is not too difficult to verify that the linear operators V2¢~(a) and V2¢(a)
are related by
V2¢y(a)[b] = Py (V2¢(a)[b]),vb € T, (2.47)

where P~ is now interpreted as an orthogonal projector operator rather than as a matrix. However,
keep in mind that, in the above formulae, V2¢~ (a) is expressed as a non-symmetric linear operator
from R¥ to R” rather than as a symmetric linear operator from Y to Y (or a s X s symmetric matrix),
but both operators coincide on Y. Finally, T being a linear space of dimension s, the definitions
of the first- and second-order stationary points of ¢ (.) are exactly similar to those stated above.
Namely, the first-order KKT condition is met if PyV(a) = 0* and the second-order stationary
(KKT) condition is equivalent to say that the bilinear form associated with the self-adjoint linear
operator PyoV?2¢(a) is positive semi-definite (positive definite) over Y, fora € Y.

Next, we consider the problem of the minimization of a smooth function ¢(.) defined on a smooth
submanifold M of dimension 7 embedded in R¥. This problem enters in the domain of differential
geometry and optimization on Riemannian manifolds described comprehensively in [3[][164][11].
We first precise what we mean by a smooth function and a smooth embedded manifold in R” in the
following definitions, which will be sufficient for our purpose.

Definition 2.3. Given any set Q C R* and a mapping ¢(.) from @ to R™, we say that o(.) is CP
smooth if, Va € @, there is a neighborhood U of a in R* and a C? differentiable mapping ¢(.) from
U to R™ that agrees with ¢(.) on U N Q). Here we assume that p lies in N, U {oo}.

Definition 2.4. Let M be a nonempty subset of R¥. We say that M is a C? embedded submanifold
of dimension r of R*, with r < k, if for each point a € M, there is an open neighborhood U around
a in R¥ such that U N M = f~1(0*") for some CP differentiable map f(.) from U to R¥~", with
its differential at a, f (a), being a surjective linear operator, which is equivalent to say that f (a)
has full rank equal to k — 7.
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The mapping f(.) is called a local defining function for M at a. This definition implies that, locally
around a, a smooth embedded submanifold (of dimension r) looks like a subspace of dimension
r of R, which is also the dimension of the kernel of f’ (a), see Theorem 3.12 of Boumal [11]
or Theorem 2.1.10 of Robbin and Salomon [164] for details. More precisely, if M is a smooth
submanifold of R”, it admits a tangent space noted 7M., which is nothing else than the kernel of
f'(a), where f(.) is any local defining function for M at a (see Theorem 3.15 of Boumal [11]] or
Theorem 2.2.3 of Robbin and Salomon [164]]) and this tangent space can be interpreted as a vector
subspace of R¥ that approximates the smooth submanifold locally. Thus, a smooth (sub)manifold
of dimension 7 is defined as a set that locally looks like a r-dimensional space, but can be very
different globally.

Next, we clarify what we call a tangent vector to an arbitrary subset C of a general vector space X
at a point a € C in the following definition, which will also be sufficient for our purpose:

Definition 2.5. Let X' be a normed vector space and C' a nonempty subset of X'. A vectord € X is
a tangent vector to C' at a € C, if and only if, it exists & > 0 and a mapping £(.) from [—«, o] to X
such that

a+td+te(t) e C,Vt e [—a,a], and }in% e(t)=0,
—

or, equivalently, if it exists an open interval / of R containing ¢ = 0 and a function £ : I — C such
that £(.) is derivable at t = 0 with d = £'(0) and £(0) = a.

The set of all tangent vectors to C at a € C'is noted T,C. If T,C is a linear subspace of X, it is
called the tangent space to C at a.

Note that, in this definition, it is only required that the function £(.) is derivable at ¢ = 0, not on all /
and this definition is sufficient for many results stated in [[L1] or [164]] for a C? or C'*° differentiable
function £(.) on all I. Furthermore, keep in mind that if M is a C? embedded submanifold in the
sense of Definition [2.4] all the elements of its tangent space at a given point a € M, defined as the
kernel of f'(a) for any given local defining function f(.) for M at a, verify Definition [2.5{and the
terminology is thus consistent [[11][164].

Let M be a C? embedded submanifold of dimension r of R¥ in the sense of Definition (Z.4). If
we now endow R¥ with its standard Euclidean inner product, 7,,M, which is a linear subspace of
R*, admits an orthogonal supplementary subspace in R¥, which is called the normal space of M at
a and is denoted by N3 M in the following. Both 7, M and N, M are linear subspaces of R* and
we have the identity: R¥ = T, M @ NaM, which is equivalent to say that any vector of R¥ can be
written uniquely as the sum of an element of 7, M and an element of ANy M.

Suppose now that we want to minimize a C? smooth function ¢(.) from a smooth submanifold
M C RF to R. To define and also analyze Riemannian optimization methods on M for solving
this kind of problems, we need to define the notions of the Riemannian gradient and Hessian, which
will be obviously different from their Euclidean analogs as M is only locally homeomorphic to an
Euclidean vector space. First, similarly to the standard case of a differentiable function from an
open set U to R, the smooth function ¢(.) admits a differential at a € M, which is a linear mapping
from 7, M to R denoted also by ¢/ (a) [3N[164][1L1]. If, Va € M, we equip Ta.M with the standard
Euclidean inner product induced by R¥, e.g.,

<'7 >7—aM = <'7 .>2,Va eM )

M is then, by definition, equipped with a smoothly varied inner product on all its tangent spaces and
(M, (., .)2) is a Riemannian manifold [3][164][L1]]. In this setting, the Riemannian gradient of ¢(.)
at a € M, denoted here by Vg¢(a), is then defined as the unique vector in 7, M satisfying

/

¢ (a)(b) = (Vré(a),b)7,m = (Vre(a),b)2 . Vb € TaM ,
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where ¢ (a) is the differential of the smooth mapping ¢(.) at a in the sense defined above. We can
also define the Riemannian Hessian of the smooth mapping ¢(.) at a, denoted by V%¢(a), which
is a self-adjoint linear operator from 7, M to T, M defined by

V4é(a)[b] = Vi, Vre(a), Vb € TaM ,

where @(,)(.) denotes the so-called Levi-Civita connection on M. The Levi-Civita connection
@na &4 on the Riemannian manifold M acting on two vector fields, 7, and &,, in the tangent bundle
of M (the tangent bundle is the disjoint union of all the tangent spaces of the manifold M, see
Definition 3.42 in Boumal [11]) is a generalization of the notion of directional derivative of a vector
field on the manifold M. In this way, the Levi-Civita connection @nga can be interpreted as the
directional derivative of the vector field £, € TaM in the direction of 7, € To M. Note further
that the Riemannian gradient V p¢(.) defined for all a € M is a vector field from M to its tangent
bundle and, in this condition, the Riemannian Hessian V%¢(a)[b] can thus be interpreted as the
directional derivative of the Riemannian gradient of ¢(.) at a € M in the direction of b € Ta M.
See Section 3.5 of Boumal [11]], Chapter 3 of Robbin and Salomon [164] or Section 5.3 of Absil et
al. [3]] for more information.

Furthermore, if ¢(.) is a C? smooth mapping, it can be extended to a C differentiable function ¢(.)
on an open neighborhood U of R* such that M C U (see Proposition 3.31 of Boumal [11]) and
if, in addition, we equip the submanifold M with the Euclidean metric of the ambient linear space
on all its tangent spaces, we have the following relationships between the Riemannian gradient and
Hessian of ¢(.) with the Euclidean gradient of ¢(.), respectively:

Vro(a) = Pom(Vo(a)),Vae M. (2.48)
and

Vio(@)[b] = Prou(J(Vro() (b))
= Pru (J(PEMV$(a))[b]>,Va € M,¥b € TaM , (2.49)

where P, ¢ denotes the orthogonal projector operator onto 7aM in R* and J(V¢(a)) is the
usual Euclidean derivative (e.g., Jacobian matrix operator) of the Riemannian gradient of ¢(.) at
a. In words, if the metric on M is inherited from the ambient Euclidean space, the Riemannian
gradient is just the tangent space projection of the embedded gradient in the ambient space and the
Levi-Civita connection on M is the tangent space projection of the Levi-Civita connection on the
ambient space, which is equivalent to the Euclidean (directional) derivative.

Alternatively, again in the case of an embedded submanifold, the Riemannian Hessian of ¢(.) can
be defined by means of so-called second-order retractions, which are second-order approximations
of the exponential map, see Propositions 5.5.4 and 5.5.5 in [13] and Proposition 3 in [1]] for details.
This also allows to derive the Riemannian Hessian of a cost function defined on an embedded
submanifold in terms of standard Euclidean derivatives as in equation (2.49). See Appendix A
of [183] for an illustration with the Riemannian Hessian of the the cost function ¢(.) used in the
formulation of the WLRA problem in the case of binary weights and also Proposition 2 in [116]
for a generalization to an arbitrary twice differentiable cost function ¢(.) defined on the smooth
matrix submanifold R,‘ZX" embedded in RP*™, These results are useful in our WLRA context and
will be used later, see equation (3.9) in Subsection [3.2]

Finally, the first- and second-order stationary conditions for a C” smooth real function ¢(.) de-
fined on a submanifold M C RF are exactly similar to their standard Euclidean counterparts when
the search space is reduced to a linear subspace embedded in R* [89]] : a vector & € M is a
first-order critical point for ¢(.) if the vector Vr¢(a) € TaM is equal to the zero-vector. Using
equation (2.48)), this is equivalent to say that the usual Euclidean gradient of the differentiable ex-
tension () at &, V¢(a), is orthogonal to TaM, e.g., that Vp(a) € NaM. Thus, & € M is a
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first-order stationary point of the C? smooth real function ¢(.) if one of the following equivalent
conditions are satisfied

Vo(a) € NaM <= Prm(Ve(a)) = 0° < |Prm(Vo(a))]2=0, (2.50)

where ¢(.) is a differentiable extension in the ambient linear space of the smooth function ¢(.) at
a. On the other hand, a vector a € M is a second-order critical point for ¢(.) if it is a first-order
critical point for ¢(.) and if, in addition, the self-adjoint operator V%$(a) defines a (symmetric)
positive semi-definite bilinear form on 73 M. Finally, a vector & € M is a strict (local) minimum
of the smooth real function ¢(.) if it is a first-order critical point for ¢(.) and if, in addition, the
self-adjoint operator V2R¢(é) defines a (symmetric) positive definite bilinear form on T3 M.

In the following, we will also be concerned with the minimization of a smooth real mapping ¢(.)
defined over a smooth submanifold M C RF (or M C RP*¥), where ¢(.) is invariant under
the action of a certain group G, which allows us to define an equivalence relation ~ in the total
computational space M. In these conditions, all the elements of a given equivalence class of ~
have the same value for ¢(.). The quotient M/ ~ generated by this equivalence relation consists
of elements that are equivalence classes. If a € M/ ~ then its vector representation in M is a.
Because of the invariance property, we want to minimize ¢(.) over the set of equivalence classes
M/ ~ instead on M. This leads to the notion of smooth and Riemannian quotient manifolds if
some conditions on the group G are satisfied [3]|[[L1]]. An important example of quotient manifolds
is the Grassmann manifold which is the collection of all linear subspaces of a given dimension & in
a particular Euclidean space of dimension n > k and is denoted by Gr(n, k); see Chapter 9 of [11]]
for a comprehensive overview of general quotient manifolds and Gr(n, k). More precisely, each of
these linear subspaces can be represented by a n x k matrix of rank £ whose columns form a basis of
this given subspace and all the n x k matrices of rank k& which are associated with the same subspace
of rank £ form obviously an equivalence class, which can be identified with each subspace of rank
k embedded in the Euclidean space of dimension n. See Section [3| for more concrete examples of
Grassmann manifolds in the context of the WLRA problem.

On such smooth quotient manifolds, the concept of tangent space to the quotient manifold M/ ~
ata € M/ ~ can be also defined and this abstract tangent space will be denoted by TaM/ ~
or simply by 73 M by an abuse of notation. Furthermore, the notions of Riemannian gradient and
Hessian of the smooth mapping ¢(.) defined (again with a slight abuse of notation) on M/ ~ and
such that ¢(a) = ¢(a),Va € M/ ~ witha € a C M, can be extended. First- and second-
order optimality conditions of ¢(.) for an element of M/ ~ can also be formulated. More detailed
information on the related backgrounds can be found in Section 3.4 of Absil et al. [3] or in Sec-
tion 9.8 of Boumal [11]]. Comprehensive introduction to these abstract notions are also provided
in [130][132][133)[14]. Fortunately, when M is an embedded submanifold of R¥ (or RP**) and
inherits of the Euclidean (or Frobenius) metric of the ambient linear space, each abstract element of
TaM/ ~ (where a € M/ ~ and a € M) can be uniquely represented by an element of the tangent
space ToM whose direction in the total space M does not induce a displacement (from a) along
the equivalence class a. This is achieved by decomposing the tangent space 7, M to the total space
M at a in the following complementary and orthogonal direct sum

7;./\/1 - HaM @ VaM )

where HaM and Va M are orthogonal (with respect to the inner product of the ambient linear
space) linear subspaces of 7o M. VaM is called the vertical space of M at a and is the set of
tangent vectors to M at a, which do induce a displacement along the equivalence class a. The
horizontal space H,M is the orthogonal complement of V, M and provides a valid and one-to-one
representation of the abstract tangent vectors to the quotient space M/ ~ at a; see Section 9.4
of [L1] for more information. Displacements in the vertical space leave the vector a, representing
the equivalence class a, unchanged. This justifies to restrict both tangent vectors and metric to the
horizontal space Ha M [3]][L1]].
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Provided that the inherited Euclidean metric defined in the total space M is invariant along the
equivalence classes in M/ ~, the quotient space M/ ~ endowed with this (Riemannian) metric
is called a Riemannian quotient manifold of M [3]|[[11]]. For such Riemannian quotient manifold
M/ ~ whose total space M is a submanifold embedded in a Euclidean space, we can then obtain
convenient practical representations for the abstract Riemannian gradient and Hessian of c;S() (de-
fined on M/ ~) at a by simply replacing the tangent space T, M by its horizontal space H,M in

expressions (248) and (2:49):
Vro(a) ~ Pu.m(Vo(a)),Vae M. (2.51)
and
V2,6(2)[b] ~ P (J(PHa MmVd(a)) [b]),Va € M,Vb € HaM | (2.52)

where P4, o( denotes now the orthogonal projector operator onto 7, M in the ambient linear space
R*, b is an abstract tangent vector of the quotient manifold M/ ~ at & € M/ ~, which is
uniquely represented by the so-called horizontal lift b € H,M, and (;3() is a CP differentiable
extension of the smooth function ¢(.) defined on M to an open neighborhood U of R¥ (or of
]RpXk) such that M C U. See Mishra et al. [130][132]][133]] or Boumal and Absil [[14] for concrete
illustrations of these abstract objects in the context of the WLRA problem. Importantly, the first-
and second-order critical conditions for ¢(.) on the quotient manifold M/ ~ can now be expressed

and evaluated concretely in terms of Py, g (Vg%(a)) and Py (J (P, MVg?)(a)) [b]) as for a

”standard” submanifold embedded in a Euclidean linear space. As an illustration, the first-order
stationary condition for a € M/ ~ becomes

Py m(Vo(a)) = 0" < [Py m(Vo(a))|2=0. (2.53)

The minimization of a real function ¢(.) over a nonempty (arbitrary) set C C R* (or more generally
over a subset of a Euclidean or Frobenius linear space) is more involved than solving the same
problem over the whole linear space R”, or over one of its linear subspaces or one of its embedded
smooth submanifolds described above. The first difficulty comes up in characterizing the optimality
of feasible solutions itself, e.g., the necessary first- and second-order conditions for a point & €
to be a local minimizer of ¢(.) over K. Here, the feasible set X and its topological properties play
a role as important as the properties of the function ¢(.) itself as it is first necessary to characterize
which search directions are admissible around a € K. It is well known now that these admissible
directions are related to the notions of tangent and normal cones to the set I at a, see Chapter 6
of Rockafellar and Wets [165] and also Ruszczynski [[160]. Moreover, minimizing an even C'™
differentiable real function ¢(.) over a nonempty subset IC C R¥ leads to different and confusing
notions of stationarity [165][84][112][144][151].

We now introduce the required elements of variational geometry to characterize the first- and
second-order stationarity conditions of a possible local solution a to the minimization of ¢(.) over
a nonempty (arbitrary) set /IC C R¥,

Definition 2.6. A subset C C R¥ is called a cone if it contains the zero-vector and contains with
each of its vectors, all positive multiples of that vector, e.g.,ifa € C = da e C,V\ € R,.,.

As an illustration, the set consisting of a nonzero-vector a € R* and all of its positive multiples \.a
(with A > 0) is a particular cone, which is called a ray. In other words, a cone, which is distinct
from {0F}, is therefore composed of the union of the rays it contains.

Next, if K is a nonempty subset of R, the (dual) polar of C, noted K°, is the set
Ko = {beRk/<a,b>2 SO,VaeIC}. (2.54)

First of all, we see that the polar of }C depends on the scalar product used in R¥, if we changed this
scalar product then K° is also changed. Geometrically, KC° is the set of all vectors in R¥, which
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have an angle of at least 90° with every vector in C. Next, note that K° is a cone, as it obviously
contains 0%, but also \.b for any A > 0if b € K° K¢ is further convex and closed in R” as the
above definition of KC? expresses /C° as the intersection of a family of closed half-spaces, which are
also all convex:

ko= {bERk/<a,b>2 go}.

ackl

If K is a nonempty subset of R, its orthogonal complement is the set:
KL= KN (-K)° = {b €R*/(a,b)y =0, Va € /c} . (2.55)

We deduce immediately that X is a closed convex cone of R¥ as the intersection of two closed
convex cones. Obviously, K is also a linear subspace of R¥. Interestingly, if C is a linear subspace
of R*, we have = —K and, consequently, K- = K°. Thus, polarity generalises the notion of
orthogonality between linear subspaces discussed in Subsection [2.1]to arbitrary nonempty subsets
of R¥. If IC; and K, are two nonempty cones of R*, we have

(K1UK2)? = (K1 +K2)? =KINKS.
In addition, if 'y and K5 are two closed convex cones then
(’Cl M ICQ)O = IC‘{ + IC(QJ ,

and, finally, the property K°° = K is true if K is a closed convex cone. See Deutsch [39] for more
details on (convex) cones and their polars.

We now introduce the general concepts of tangent and normal vectors at a nonempty set I C
R*, which generalize the notions of tangent and normal vectors at a smooth submanifold of R*
introduced above, following [[165]]; see also [[79] or [[L60] for a more gentle introduction to these
concepts.

Definition 2.7. For a nonempty set X C R¥ and a point a € K, a vector d € R” is said to be

tangent to /C at a, when there exists a sequence (ay)xen, in K tending to a and a sequence (tx)xen,
(ax—a)

in R, tending to zero (e.g., decreasing to zero) such that the vectors by, = = tend tod, e.g., if
) ag —a
lim w =d.
k—o0 tr
Note that, if limy_,o (a’gé) = d, it is implicit that the sequence (ay)xcn, tends to a, as otherwise

the above limit does not exist as the sequence (tj)xen, tends to zero. Consequently, some authors
define a tangent vector without the condition that the sequence (ay)xen, tends to a. Furthermore,
different, but equivalent, definitions of a tangent vector are also used in the literature, see Guig-
nard [60], Equation 2.2 of Schneider and Uschmajew [173] and Section 5.1 of Hiriart-Urruty and
Le Marechal [79]] for details.

This new definition of tangency generalizes the classical Definition [2.5|in which a tangent vector d
to /C at a is the derivative at a of some curve drawn on /C. This classical definition is not relevant
here as K can be a subset of R¥ of discrete type and also because half-derivatives are key here
instead of full-derivatives as in standard differential geometry.

We observe immediately that 0¥ is always a tangent vector at K for any a € K: it suffices to take
a; = a,Vk € N,. Furthermore, if d is a tangent vector to K at a, then «.d for @ > 0 is also a
tangent vector to /C at a since it suffices to change ty, to % in the Definition [2.7|of a tangent vector.
In other words, the set of all tangent vectors to /C at a in the sense of Definition [2.7]is a cone. The
next theorem further shows that the set of all tangent vectors to K at a is in fact a closed cone,
which is called the tangent cone (or the contingent or Bouligand’s cone) to X at a and is denoted by

TEK.
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Theorem 2.4. Let K be a nonempty subset of R* and let a € K. The set 72K of all tangent
directions for X at a in the sense of Definition 2.7]is a closed cone.

Proof. Omitted. See Lemma 3.12 of [160] or Proposition 5.1.3 of [[79]. O

Furthermore, it is not difficult to see that if a is an interior point of I (e.g., a € l&), we have
TEKC = RF. Thus, “the interesting” points are those on bd(K), the boundary of K. We next define
the notion of normal vectors or directions to a set /C in the regular sense following [165]]:

Definition 2.8. For a nonempty set  C R¥ and a point a € K, a vector d € R” is said to be normal
to K at a in the regular sense, or a regular normal, if

(d,a—a)s <o(|la—al2),YVae K,

where we denote by o(||]a — a|2), for a € K, a term with the property that 7o|(|‘lli_é£|‘|l2)

when a tends to a in K, with a # a.

tends to zero

The set of normal vectors to K at a in the regular sense is called the Frechet normal cone to K at a
and is denoted by N7 .

This name is justified by the following result, which provides a more comprehensive interpretation
of the set of normal vectors in the regular sense to K at a.

Theorem 2.5. Let K be a nonempty subset of R* and let a € K. The set N7 K of all regular normal
vectors is characterized by

de NJK < (d,a); <0,Vae TPK .

In other words, we have N7 K = (TZK)® and the Frechet normal cone to K at a is the polar of the
Bouligand tangent cone to K at a and is, thus, a closed convex cone.

Proof. Omitted. See Propostion 6.5 in Rockafellar and Wets [[165]]. O

Thus, the normal vectors to K at a in the regular sense, apart from 0¥, are simply the vectors d of
R* that make a right or obtuse angle with every tangent vector a to /C at a. Importantly, if the subset
KC is an embedded submanifold of R¥, the Bouligand tangent and Frechet normal cones to K at a
reduce, respectively, to the tangent and normal spaces to X at a [165], e.g.,

TEK = TaK and NI K = NaK .

Thus, in a sense, the notions of Bouligand tangent and Frechet normal cones generalize the concepts
of tangent and normal spaces to a smooth submanifold, described above, to an arbitrary nonempty
set K embedded in a given Euclidean vector or Frobenius matrix space. Furthermore, we will
see now that the first- and second-order optimality conditions for mimimizing a real function ¢(.)
over KC can also be interpreted as an extension of the first- and second-order optimality conditions
required over a smooth submanifold discussed above.

The motivation and interest for the above paragraphs about cones, tangent and normal directions are
related to this task and come from the following Theorem [2.6] which provides a first basic first-order
necessary condition for a vector a to be a solution of the minimization of a real function ¢(.) over a
nonempty (arbitrary) subset K C R¥ (or more generally a subset of a normed vector space of finite
dimension).

To be more precise, consider a nonempty set  C R¥, a differentiable function ¢(.) : Q@ —
R, where Q is open in R¥ and such that  C €, and the constrained optimization problem
mingex ¢(a). Note that we don’t assume here that K is open, so if the constrained problem has
a (local) solution a, this solution a can be a boundary point of the feasible set X', in which case
the necessary conditions of optimality formulated above in equations (2.44) and (2.43) do not have
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to be satisfied because the perturbations da to the vector a such that a + da ¢ K do not have to
be taken into account and therefore they may correspond to a decrease of the cost function ¢(.).
In order to obtain a correct first-order necessary condition for optimality in a such case, the next
theorem shows that we can restrict the set of possible perturbations da to the tangent directions to
K at a in the sense of Definition[2.7] e.g., to the elements of the Bouligand’s cone to K at a.

Theorem 2.6. Let C be a nonempty subset of R* and assume that ¢(.) is a differentiable real
function from an open subset 2 of R¥ to R such that IC C . If ¢(.) has a local minimum over K at
a, then ¢(.) has not descent vector d € TPK, i.e.,

(Vo(a),d)2 >0, vd € TPK, (2.56)
which is equivalent to say that
—Vo(a) e NI K = (TEK)° . (2.57)

In words, if a vector a is a local minimizer of ¢(.) over K, the anti-gradient —V¢(a) is a normal
vector in the regular sense to C at &, which is equivalent to say that —V¢(a) is an element of the
Frechet normal cone to  at a.

Proof. See Theorem 3.24 of Ruszczyinski [160], Theorem 6.12 of Rockafellar and Wets [165] or
Theorem 1 of Guignard [60] for a proof. O

Thus, Theorem [2.6] and equation provides a first-order optimality condition for the problem
of minimizing ¢(.) over K at a point & and we will say that a is a Frechet first-order stationarity
point for this minimizaion problem if such condition is fulfilled. However, beware that other first-
order optimality conditions have been proposed in the literature by replacing the Frechet normal
cone ./\faf K in equation by other cones like the so-called Mordukhovich or Clarke normal
cones depending on the assumed properties for the function ¢(.); see [163][84][116][151][144]
for more information. However, if we only assume that ¢(.) is a continuously differentiable or
twice continuously differentiable function, the above Frechet stationarity provides the strongest
necessary condition [116][[144] and this is the first-order optimality condition we shall use in this
monograph.

We now derive a more convenient expression to check that a given point & € K is a Frechet first-
order stationary point based on the notion of metric projection onto an arbitrary nonempty subset
IC € R* (or more generally a subset of an arbitrary normed vector space), which generalizes the con-
cept of an orthogonal projection operator onto a linear subspace introduced in Subsection|2.1

Let first /C be a linear subspace of R* and denote by Proj «(.) the orthogonal projector map-
ping onto the subspace K. Proji(.) is linear, idempotent (ProjsoProj, = Projy), non-expansive
(|Proj(a)l2 < |lalla , Ya € R* ) and it defines a direct sum of R¥ as a = Projc(a) +
Proj,.(a), Va € R*,

We now generalize this operator to the case where K is only a nonempty closed and, eventually,
convex set in R¥. We will also see that, if K is in addition a cone in the sense of Definition
almost all the above properties of an orthogonal projector can be conserved or extended to the metric
projection operator. Let us first define precisely the metric projection operator with the following
definition.

Definition 2.9. Let K be a nonempty subset of R¥ and a € R*. An element b € K is called a

nearest point to a from K if
la =Dz = d(a,K),

where d(a, K) := infgex [[a — d||2. The number d(a, K) always exists and is called the distance
from a to K. Next, the possibly empty, discrete or infinite set of all nearest points from a to K is
denoted by Px(a). In other words,

Pe(a):={bek/|la—b|s=daK)}.
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This defines a mapping Pi(.) from RF to the subsets of K called the metric projection onto /.

If each a € R” has at least (respectively, exactly) one nearest point in /C, then K is called a prox-
iminal (respectively, Chebyshev) set [39]. In other words, K is proximinal if Pc(a) # () ,Va € R*
and is Chebyshev, if and only if, Pc(a) = {b} , with b € K, Va € R*. In this last case, Px(.) can
be viewed simply as a mapping from R” to K in the usual sense. This will be for example the case
if K is a linear subspace of R¥ (in which case Px(.) is simply the orthogonal projector Proj-(.)) or,
more generally, if X is a closed convex set, as we will show shortly.

First, if we assume that K is a nonempty closed subset of R¥ then all points a € R* have at least
one nearest point in K. To see this, define a real function f,(.) from R* to R, Va € R¥, by

fa(b) =|b—als, Vb e R*
take a point ¢ € K and define the sublevel set
Se ={b €R"/ fa(b) < fa(c)} .

S, is a compact set of R as f,(.) is continuous, [—00 , fa(c)] is closed in R and S, is bounded by
definition. Then, we have obviously
d(a,K) = inf b
(a, k) bellIClmSC fa(P),
which has a solution in /C as f,(.) is continuous and K N S, is compact (since K N S, is closed and

bounded) in R*. This implies, the existence of, at least, one nearest point in C to a for all a € R*
if KC is closed.

On the other hand, if K is a convex subset of R*, then Va € R*, a has at most one nearest point
in K. To demonstrate this claim suppose that K is convex and that a € R* has two distinct nearest
points in X, say by and bso. By using the parallelogram law with d; = by —a and do = by — a,
we get

[d1 + da|3 + ||di — da|3 = 2.||d1 |3 + 2-[|d2|3
Hbl + bsy
2

1
— a3 = [[br — a5 — ;[[by —bs[5 .

Since K is convex, 214P2 belongs to K and we have || 2122 —a||2 < ||b; — a||2, which contradicts
the fact that by is a nearest point to a in K.

In summary, if K is a nonempty closed and convex subset of R¥, Pc(a) = {c} withc € K, Va €
R*, and, by an abuse of notation, the metric projection defines effectively a simple metric projection
mapping Px(a) = c, which to each a € R” associates its unique nearest point in K. Interestingly,
when K is a nonempty closed and convex set, the point Pic(a) = c is equivalently characterized by
the following property:

Pc(a)=c<=(a—c,b—c)2<0,Vbe L, (2.58)

see Theorem 3.1.1 of Hiriart-Urruty and Le Marechal [[79] for a proof. This equivalence can be
obviously restated with the help of the polar cone of the set (L — c) as

Pc(a)=c<=a—-ce (K-c¢)?,

which generalizes the property a — Proji-(a) € K when K is a subspace of R¥ and Proj(.) is the
orthogonal projector onto K. Furthermore, when K is a nonempty closed and convex subset of R¥,
we have the following additional properties [79][39]]:

- the set {a € R¥ / Pic(a) = a} of fixed points of P(.) is K itself;
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- the metric projection mapping is idempotent, e.g., PcoPx = Py and this justifies the term metric
projection for Pi(.);

- The metric projection mapping Py (.) is nonexpansive in the sense that ||Pc(a) — P (b)|l2 <
la—Dbl2, Va,b € R¥, implying that the metric projection mapping P (.) is uniformly continuous
on R¥. Furthermore, if K is also a cone, 0% € K and we have || Pc(a)|]2 < ||a]|2 , Va € R¥, as for
the orthogonal projector Proj,(.) when K is a subspace of R¥;

- and, finally, Py(.) is a linear operator if and only if K is a linear subspace of R¥.

Suppose now that K is a nonempty subspace of R¥. Then, K is a closed convex set and the metric
projection operator Px(.) is well defined as a mapping from R to K. However, we also know from
the results of Subsection 2.] that

cirellfC |a — dlj2 = mingek||a — d|2 = [|a — Proj(a)l]2 , Va € RF

where K is a nonempty linear subspace of R* and Proj «(.) is the unique orthogonal projector
operator onto K. Consequently, as the metric projection operator Py (.) also solves uniquely this
minimization problem in /C, we deduce immediately that Proj,-(a) = P(a), Va € R¥. Thus, when
K is a linear subspace, the metric projection mapping Py (.) is nothing else than the orthogonal
projector operator onto /C, Proj(.), suggesting again that we can interpret the metric projection
mapping as an extension of the orthogonal projector mapping.

All these different properties confirm that we can somehow interpret the metric projection mapping
as an extension of an orthogonal projector mapping when the set of fixed points is a closed and
convex subset rather than a linear subspace. Furthermore, we come even closer to an orthogonal
projector, if we further assume that /C is also cone, since in that case we have

a = P(a) + Pxo(a) with (Px(a), Peo(a))s =0, Va € R¥

which generalizes the canonical orthogonal decomposition a = Projy-(a) + Proj,. (a) when K is a
subspace, see Section 3.2 of [[79]] for details.

Since, we will mainly use the metric projection to project onto closed cones (e.g., the Bouligand’s
tangent cone to C at a when KC is a nonempty, eventually closed, subset of R¥), we focus now specif-
ically on the properties of the metric projection operator, which are still valid in this case.

First, note that if C is a closed subset of R, the distance function defined as d¢(a) = d(a,C) from
R* to R is well-defined (since C is closed) and continuous on R¥, see example 1.20 of Rockafellar
and Wets [163]] for a proof. Next, Va € R, the set Po(a) = do 1 (a) is nonempty (as shown above),
bounded and closed, and thus compact in R¥. It is closed as the reciprocal image of the singleton
{d(a,C)} of R by the continuous distance function d¢(.). It is bounded, because if we take a fixed
point ¢ € C, we have, Vb € F:(a), by definition, the inequality ||a — b||2 < ||a — c||2 and the
distance of b to a, Vb € Pg(a) is bounded by ||a — c||2.

We next state the following Lemma, which will be useful to prove our next Theorem:

Lemma 2.7. Let C be a closed cone in R*. Va € R* and Yb € P-(a), we have
IIblle = max(O,maxceC,HcHFNa, c)g) =+/(a,b)s.
Proof. Omitted. See Proposition A.6 of Levin et al. [[112] for a proof. O
Theorem 2.8. Let C be a closed cone in R¥. Va € R¥ and Vb € P¢(a), we have
Ibl3 = l[all3 — d(a,C)?
implying that all the elements of Pz(a) have the same length, and

ac(C’ < Pg(a)={0"}.
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In words, if a belongs to the polar of the closed cone C, its metric projection over C, Pc(a), is
reduced to the zero-vector of the ambiant linear space and reciprocally.

Proof. First, we have the equalities
b3 = lla - (a—b)|3
= [lal3 + [la = b|j3 — 2(a,a — b)2
= [lal3 + [la = blj3 - 2[lal|3 + 2(a, b)2
= [la—b|3 — [lal3 + 2(a, b)2 .
Now, since C is a closed cone by hypothesis, using Lemma (2.7), we have ||b||3 = (a, b)s, from

which we get
Ibl3 = lla = blI3 — a3 +2[blI3 ,

which is equivalent after simplification to
)13 = llall — la = b||3 = [lall3 - d(a,C)

as claimed in the theorem.

We now demonstrate the implication a € C° = P(a) = {0*},Va € R¥. Ifa € C°, forc € C, we
have first
la = cli3 = [lal3 + lle]l3 — 2(a, c)2

and, as a € C°, also the inequality (a, c)o < 0. This implies that the term ||c||3 — 2(a, ¢)s is strictly
positive, Vc € C\{0"}, and we get the inequality

la —cll3 > Jlall3 , Ve € C\{0"}

and also
la—cll2 > |la]l2 , Ve € C\{0*},

after simplification. In other words, 0% € C is the unique nearest point in C to a, e.g., Pc(a) = {0F}
if a € C°, as claimed above.

Reciprocally, we now demonstrate the implication 0% € Pg(a) = a € C°, Va € R”. First, as C is
a closed cone by hypothesis, using the first assertion of the Theorem demonstrated above, we have
|all2 = d(a,C) and, Vc € Pc(a), we have ||c||2 = 0 and, thus, Pz(a) = {0*}. In other words, 0"
is the unique nearest point to a in C. Furthermore, from Lemma (2.7), we have also

maxcec,||c||2:1<a> c)2 <0.

In order to demonstrate that a € C°, e.g., that (a,d)s < 0, Vd € C, we now proceed by contra-
diction. Suppose that it exists d € C such that (a,d)s > 0. Then, d # 0* and ||d||2 # 0, and we

have d
maXcec,||c||2:1<a’ c)y <0< (a, mb )

which is a contradiction, since ﬁ € C, because C is a cone, and ||m||2 =1.

Summarizing, we have, Va € R,
ac(C® <« Pe(a)={0"},

as claimed in the Theorem and we are done. O
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Now, we can come back to our problem of reformulating the first-order stationarity condition (2.57)
for a point & € K, KC being an arbitrary subset of R”, to be a (Iocal) minimizer of a real function ¢(.)
differentiable over an open neighborhood of /. An application of Theorem [2.§]to the anti-gradient
—V¢(a) and the tangent Bouligand’s cone 7;316, which is a closed cone, leads to the following
equivalent first-order critical conditions

~Vo(a) € N K = (TPK)? <= Prsc(-Ve(a)) = {0} . (2.59)

Moreover, by a small abuse of notation, we can write Prs,-(—Vé(a)) = 0 and the first-order
stationarity condition for & € C to be a (local) minimizer becomes

|Proc(~Vo(a)l2 =0, (2.60)

where PTB c(—=V(a)) designs now any of its elements since they have all the same length ac-
cording to Theorem [2.8] Note the similarity of this first-order condition (2.39) or (2.60) with the
one stated above in equation (2.50) in the case where K is an embedded smooth submamfold of
RF.

To conclude these paragraphs on optimality conditions for a real function ¢(.) at a point & € IC,
where /C is an nonempty arbitrary subset of R, we now recall in the following theorem the neces-
sary second-order condition for a point a € K to be a (local) minimizer over K of a cost function
#(.) twice continuously differentiable over an open neighborhood of K in R¥.

Theorem 2.9. Let K be a nonempty subset of R¥ and assume that ¢(.) is a real function twice
continuously differentiable over an open neighborhood of K in R* and that & € K is a (local)
minimizer of ¢(.) over K. Then, for every d € TEK satisfying (Vé(a),d)s = 0 we have

(Vo(a),c)2 + ([VZe(&)](d),d)2 > 0, Ve € T o)k, (2.61)

where 7;3 KC is the Bouligand tangent cone to C at a and 7'(’: d)IC is the second-order (Bouligand)

tangent set to K at a in the direction of d € ’EFIC (see Definition 3.41 in Ruszczynski [[160] for
a precise definition of this second-order tangent set). Note, however, that 7'(2 d)lC is not a cone in
general, nor it is convex.

Proof. Omitted. See Theorem 3.45 of Ruszczynski [[160] for a proof. O

Using Theorem we will say that & € K is a (Frechet) second-order stationarity point of ¢(.)
over K if it is a (Frechet) first-order stationarity point for ¢(.) and if, in addition, the conditionm
is fulfilled.

In the following sections, we will also manipulate (differentiable) scalar, vector or matrix functions
with a matrix argument A € RP*"™. As an illustration, let ¢(.) be a scalar function defined on RP*".
If RP*™ is equipped with its usual Frobenius inner product, the gradient of ¢(.) at a matrix variable
A € RP*" js also a p x n matrix, i.e.,

0p(A

Alternatively, we can interpret this gradient as a linear form (V¢(A)) € £(RP*",R) defined
by

(V4(A))(C) = (Vo(A), C)r = Tr (Vo(A Z Z cw ,VC € RP*™

=1 j=1
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On the other hand, the Hessian of ¢(.) at A € RPX™ can be viewed as a 4'" order tensor of dimension
pXnXpxn,instead of a symmetric matrix (see equation (2.42))) as in the case of a vector argument,
which is equal to

9*p(A)

2 —_——_—,—.— ) — e ": P . e “ .. . f— P

[v ¢( )]ijkl_aAijaAkl fOI‘Z—l, P 17 anak 17 7p’l 15 ,
(2.63)

Equivalently, we can view V2¢(A) as a bilinear form (VZ¢$(A)), from RP*™ x RP*™ to R, defined

by

82
(V2¢( Z 8A¢8Akl CijDkl s VC, D € RP*"
i,5,k, g

Finally, another very useful representation of V2¢(A), implicit in the preceding one, is as a huge
Pp.n X p.n symmetric matrix

82(/5( )
(726, = G

fori=1,---,pn;j=1,--- ,pn,

where a; is the i'" element of a vectorized form of A, e.g., a = vec(A) or a = vec(AT). For ex-
ample, in Subsectionwe will derive the Hessian of a real (variable projection) functional (.) of
the matrix variable A € RP** (defined in the next section) using this specific representation.

The first and second derivatives of a matrix function f(.) from RP*™ to R?*" can also be viewed as
higher order tensors. However, it is generally more convenient to represent them as linear or multi-
linear operators [26]. For example, the first derivative of f(.) at A € RP*"™ is a linear operator from
RP*™ 1o RI%", e.g., Df(A) € £(RP*" R9*"), and the second derivative of f(.) at A, D?f(A), is
an element of £ (RPX™, £(RP*™, R7*")), which is isomorphic to £ (RP*™, RP*"; R1*"), the set of
bilinear maps from RP*" into R9*" [26]. Thus, D?f(A) can be interpreted as a bilinear operator
from RP*™ x RP*™ to RY*". In this way, the Hessian of a scalar function ¢(.) with a matrix
argument A € RP*" discussed above is the first derivative of its gradient, which is a mapping from
RP*™ to RP*™, and, thus, this Hessian can be viewed as a mapping from RP*" to £ (RP*™ RP*"™),
e.g., for A € RP*", [V2¢(A)] € £(RP*",RP*") and is a linear operator from RP*" to RP*".
Furthermore, we can identify the bilinear form (V?¢(A)) with [V2¢(A)] [26] and they verify the
equality
([V26(A)](C) , D)r = (V26(A))(C, D), ¥C,D € RV*™.

This identification of (V2¢(A)) with [V2$(A)] can be very useful in practice as evaluating directly
[V24(A)](C) (e.g., the directional derivative of the gradient of ¢(.) in the direction of C) can
be much cheaper and efficient than computing analytically the full Hessian V2¢(A). This is for
example the approach followed by Boumal and Absil [13]][14] in their Newton Riemannian trust-
region method for solving the WLRA problem in a Grassmann manifold framework (recall that a
Grassmann manifold is the collection of all linear subspaces of a given dimension in a particular
Euclidean space as already discussed above).

Keep also in mind that all the above notions of a smooth function, smooth manifold, tangent space
to a smooth manifold, tangent and normal cones to an arbitrary subset and metric projection onto
an arbitrary subset can be defined without any difficulties in the case when the ambient linear space
is RP** instead of R if the linear space RP** is equipped with the standard Frobenius inner prod-
uct [116]]. Moreover, the linear spaces RP*E and RP* are isomorphic and the Frobenius metric on
RP* is equivalent to the standard Euclidean metric on RP** thanks to this isomorphism.

We conclude that preliminary section by a few more definitions about nonlinear optimization, which
will be useful for our next sections.

A function ¢(.) is said to be nonlinear in some scalar parameter «, vector parameter a or matrix

parameter A if the derivatives agg), 8&9 and ag 1&)

are functions of «, a and A, respectively [87].
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As an illustration, let r(.) be a real-vector function from R” into R? and further assume that r(.)
is at least twice continuously differentiable. Then, the real function ¢(.) from R” into R defined
by

1

b(a) = %Hr(a)”% = $r(a)"x(a) fora < " (2.64)

is called a Non-Linear Least-Squares (NLLS) functional. If we differentiate ¢(.) with respect to
a € R* (e.g., we compute its gradient at a) and equate the derivative to zero, this leads to the
following equation

Vo(a) = J(r(a)) r(a) = OF (2.65)

which may be used in practice to test the convergence of NLLS iterative algorithms employed for
minimizing ¢(.) over R¥ [148]][45][123]. This last equation shows that the vector r(a) is orthogonal
to ran(J(r(a))), the linear subspace spanned by the columns of the Jacobian matrix of the real ¢-
vector function r(.) at a, if a is a stationary point of ¢(.). Furthermore, if ¢(.) is a NLLS functional
then its Hessian matrix is

q
V2p(a) = J(r(a))” )+ r(a)Vir(a (2.66)
=1

lth

where V2r;(a) is the Hessian matrix of the /" component of the g-vector function r(.) at a (i.e.,

r;(a)) given by

2
[Ver(a)]ij:mforizl,--- Jkandj =1, -k,

for! = 1,---,q. Note that the factor % in the definition of the NLLS functional ¢(.) has
been introduced here only for notational convenience as without it a factor 2 will appear in the two
preceding equations defining V(.) and V?¢(.) and in many equations of this paper. Furthermore,
the second-order Taylor expansion of the NLLS functional ¢(.) at a point a € R” has the following
form

¢(a+da) = ¢(a) +da’ J(r(a)) r(a) +

L daT <J< (@) r(a) + 3 r() Vi (a >) da+O(|dal) .

These special forms of the gradient, Hessian and Taylor expansion of ¢(.) are exploited by methods
for solving NLLS problems, see Subsection and [45][1123]][I87]] for details.

Finally, we give the following definition, which will be also useful in the next sections:

Definition 2.10. Let m,n,p, k € N, (e.g., the set of strictly positive integers). A NLLS problem
associated with a cost function ¢(.) from R* into R and a residual real-vector function r(.) from R”
into R™ is said to be separable if the parameter vector a € R* can be partitioned as

a= [lc)] withbeR", ceRPandn+p==F,
in such a way that the subproblem

mino([2]) = 3l 2 I

is easy to solve numerically for every fixed b € R” [63]|[166][87].
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In the following, we will be particularly interested in the particular case when r( [lj ) is linear in
ceRP e,

r( [b]) = F(b)c — g(b) with F(b) € R?”*? and g(b) € RY .

Let c(b) denotes one solution of the above subproblem for a given b € R™ and formulate the

problem
min 0(0) = ol | o) |) = 51| oo -

In doing that we have replaced our initial k-dimensional NLLS minimization problem by a n-
dimensional one and we have separated the vector variables b and c [[166]|[65]. This definition is
also valid for a cost function ¢(.) from RP** into R and a residual real-matrix function r(.) from
RP** into R™*™, Algorithms for minimizing a separable real function +(.) with a vector or matrix
argument are called variable projection methods [63]][[95][96][166][10][149].

3 Alternative and separable forms of the weighted low-rank approxi-
mation problem

In this section, we first provide some theoretical insights into the WLRA problem and the exis-
tence of solutions for it. Of course, some information on the subject is already available in the
literature [1250][33][171][62][167], but further investigations are clearly needed both theoretically
and numerically, especially about the solvability of the WLRA problem. Moreover, the WLRA
problem in its general form is much less well understood that the matrix completion or low-rank
approximation problems [62]|[167]]. We also explain how the WLRA problem can be reformulated
in several different, but related, ways such that variable projection algorithms for separable NLLS
problems [[63][96][166][10] can be used to solve it efficiently even when the number of missing
entries in the input matrix is high. Finally, we highlight the closed links between variable projection
methods and Riemannian optimization on Grassmann manifolds [3[][11], which are two seemingly
different approaches often used to solve the WLRA problem numerically. Despite the similarity of
the two frameworks has already been highlighted in some studies (e.g., [82]), the near equivalence
of these two approaches (from a numerical point of view) in the context of the WLRA problem
has not been well appreciated in the literature, probably because these two approaches have been
developed in different communities [S1][125][28[14][81][88].

3.1 Nonconvex formulations of the WLRA problem

A reasonable and efficient way to tackle the low-rank constraint in the formulation of the
WLRA problem is to introduce a bilinear factorization model of the low-rank matrix solution as
Y = AB with A € RP*¥ and B € R¥>*" [57]|[72][I71]]. This non-convex bilinear formulation has
a very long history in statistics [191][[192]][93] and has been revitalized recently for solving simi-
lar semi-definite problems [[18]]. This re-parametrization technique is justified by the fact that any
matrix Y of rank at most k can be written as Y = AB, with A € RP** and B € R¥*" and that,
reciprocally, any such matrix product AB is of rank at most & (see Subsection [2.1]for details). Note
that a similar multiplicative formulation holds for the (Eckart-Young) Theorem which solves
the WLRA problem in the simple case where all elements of W are equal to one [57]. In recent
decades, this bilinear factorization approach for low-rank matrix decomposition (often called the
Burer-Monteiro factorization in the machine learning literature [18]]) has also been the subject of
intense research (for efficiency reasons) in solving large-scale convex optimization problems as this
(nonconvex) reformulation of the original convex problems allows to drastically reduce the num-
ber of optimization variables from p.n to (p + n).k, when k is small (e.g., & < min(p,n)), and,
thus, allowing it to scale to problems with thousands or even millions of variables [86][156][117].
However, as we will illustrate below, this increased efficiency comes with a price as the intrinsic
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bilinearity of the multiplicative (Burer-Monteiro) formulation makes the landscape and geometry of
the factored objective functions much more complicated than the original (convex) ones with addi-
tional first-order critical and solution points that are not global optima of the factored optimization
problems, which can be also badly-conditioned matrices [[117]].

We begin with the following well-known and simple result:

Theorem 3.1. For X € RP*", W € R (i.e., W;; > 0), VW € RE*" with VW,; = /W,
and any fixed integer k¥ < rank(X) < min(p,n), the problem is equivalent to the problem
(P1):

1
min ©*(A,B) = -|[VW © (X — AB)|)%. (P1)
AcRpxk BeRkxn 2

In other words, if we consider the range of ¢(.)
C,={yeRy /3IY cRY" withy = p(Y)},
and the range of ¢*(.)
Cyr = {y € Ry / 3(A,B) € RP* x RF" withy = p*(A,B)} ,

these two subsets of R have the same infimum (e.g., greatest lower bound) and if this infimum is a
minimum for one subset, the other subset also admits a minimum and these two minima are equal.

Proof. Since elements of the ranges C,, and C,« are sums of squares, they are bounded below by
zero and both C, and C,« admit an infimum greater or equal to zero, say €, and €.+, respectively.
Now, we will demonstrate the stronger result C, = C,« in which case the assertions in the theorem
are obvious.

Suppose first that y € C,. Then, Y € RZ," such that y = ¢(Y). Now let
Y =UznV”

be the SVD of Y, where it is assumed that X is a diagonal matrix with the singular values of Y
arranged in decreasing order of magnitude in the diagonal. Since Y is of rank less than or equal
to k, this SVD will have no more than k singular triplets with a singular value distinct from zero.
Thus,

Y =U,X,. V],

where Uy, and V, stand for submatrices formed by the first £ columns of U and V, respectively,
and X, is the submatrix defined by the first k£ columns and rows of ¥. Defining A = Uy and
B = Eng, Y can be factorized as

Y =AB with A € R"*and B € R"" .
However, the equation Y = AB implies that y = ¢(Y) = ¢*(A,B) and, thus, y € Cy».

Reciprocally, assume that y € Cy+. Then, it exists (A, B) € RP*F x R¥*" such thaty = ¢* (A, B).
If we define Y = AB, we have rank(Y) < min(rank(A), rank(B)) < k according to equa-
tion (2:2) and we conclude that Y € RZ}". In these conditions, y = ¢*(A,B) = ¢(Y) and

y € C, and we are done.
O

Remark 3.1. Since any p x n matrix Y of rank at most k£ can also be written as Y = AB with
1) AeRVF BeRM™,

) A cRP*E BRI,

) A ecOQP* BeRMM,

) A eRP*kF BeQm,

w N
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and, reciprocally, any of these AB matrix products is also of rank at most & and the range of ¢*(.)
is also equal to

e RP* x R¥™ and y = ¢ (
€ RP*F x RF*™ and y = ¢*(
€ QP*F x RF*™ and y = ¢*(
€ RP*F x OF*" and y = % (A

Cyr={ycR;/3(AB
={yeR+/3A,B
={yeR,/3IAB
={yeRy/3A,B

) Y

A B)}
A,B)}
: A.B)}

)
)
)
B)

~— ~— ~— ~~—

;-

In these conditions, it is immediate that the problems (PO) and (PT)) are also equivalent to the prob-
lems:

1) min ©"(A,B),
AcRY*F, BeRkxn

2) min 4 (A,B),
AcRpxk BeRF*"

3 min *(A,B),

) AG@PXk,BGkan SD ( )

1) min +"(A,B),

AcRrxk BeQF*"

where ¢*(A, B) = 3||VW © (X — AB)||% and we will use these alternative forms to demonstrate
some important properties of the WLRA problem in this section and the followings. l

Remark 3.2. By using the rank-nullity relationship in Subsection [2.1} another way to tackle
the low-rank constraint in the WLRA problem is to impose this low-rank constraint on the di-
mensions of the null space of Y (or YT instead on the range of Y (or Y7T) as in the formula-
tion (PO) [S1[1250[127][182]. Since, from equation (2.4), we have

null(Y) = ran(YT)L and null(YT) = ran(Y)* .

This is equivalent to impose the low-rank constraint on the dimensions of the orthogonal comple-
ments of ran(Y) or ran(Y™T) and leads to what we will call the formulation of the WLRA
problem, which has the following form if the low-rank constraint is imposed on the dimension of
ran(Y)+

min FNY) = SIVW o (X - YR, @)

NeRP* (P~ yeRpxn with NTY=0(p—k)xn

or its transpose formulation (P2t)), if the low-rank constraint is imposed on the dimension of null(Y) =
ran(YT)*,

min (N, Y) = %H\/W@ X-Y)Z.  ®w

NeRziinik)a Y eRPX7 with YN=0PX (n—k)

If p < n, the formulation (P2)) should be preferred as the number of parameters to be estimated is
reduced and vice versa if p > n. Here, the rank constraint is imposed by the equalities

N7y = 0®=F)*" gnd YN = gp*("—k) |
which are, respectively, equivalent to
dim(null(Y™)) > p — k and dim(null(Y)) > n — k

since all the columns of N belong to the null space of Y, or Y in the second case, and N is of full
column rank in both cases. Obviously, since by the rank-nullity relationship (2.1)) we have

dim(null(YT)) + rank(YT) = p,dim(null(Y)) + rank(Y) = n and rank(YT) = rank(Y) ,
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this is equivalent in both cases to the rank constraint rank(Y) < k, which is used in the formu-
lation (PO) of the WLRA problem. Further inspection along the same lines of Theorem [3.1] will
demonstrate that this formulation is also equivalent to the formulations and (PI). When
W ¢ Rﬁ’rx*”, Edelman et al. [51] and Manton et al. [125] have proposed a Grassmann manifold
framework to solve problem (P2) as the solution of this problem depends only on the span of the
columns of N. A Grassmann manifold is the collection of all linear subspaces of a given dimension
in a particular Euclidean or Frobenius space, see Subsection [2.4] and [11]] for a good introduction
on manifolds and optimization on manifolds. Furthermore, they have described a large variety of
first- and second-order algorithms for minimizing the cost function ¢**(.) in this framework. As
we will illustrate below, the solutions of the problem also do not depend on the individual
elements of the matrices A and B, but only on the range of A and, thus, can also be formulated as
an optimization problem on the Grassmann manifold [47][14].

In these conditions, it is not difficult to recognize that each algorithm develops for minimizing ¢**(.)
(when W € Rﬁi") has a dual formulation for minimizing ¢*(.) and vice versa, as determining the
range of A leads implicitly to determine its orthogonal complement. In practical applications, the
choice between an algorithm to minimize ¢*(.) or its dual version to minimize ¢**(.) will depend
on the values of &, p and n. For small values of k, the formulation (PT] is likely to be more efficient
as the size of the matrix variables will be smaller and, conversely, the formulation can be a
better choice for large values of £ as we will deal with smaller matrix variables when minimizing
©**(.). We will come back to these alternatives in the next sections. Finally, we mention that it is
probably possible to extend the algorithms proposed by Manton et al. [[125] to minimize the cost
function ¢**(.) to the case where W € RE™" instead of RE.", see [28]] for work in this direction.
But, this is not pursued here, as in most applications, we use values of k£ which are much more
smaller than min(p, n) for which the formulation (PI) is likely more economical. l

Remark 3.3. A popular way to tackle the WLRA problem is also to consider the simpler problems:

. 1
min oY) = [VW o (X-Y)|}, (3.1)
YeRPX" 2
or 1
min ¢ (A,B) = S [VW o (X - AB)|, (32)

pXk kX
AER]™", BER ™™

which are equivalent (as rank(AB) = k if rank(A) = rank(B) = k, see Subsection 2.1)) and are
also frequently solved by Riemannian optimization methods applied to smooth fixed-rank matrix
manifolds [186][130][132] as the cost functions ¢(.) and ¢*(.) are infinitely differentiable (e.g.,
of class C'°° ) and the set Rﬁxn is a smooth (C*°) embedded submanifold of RP*™ of dimension
(p + n — k)k (see Proposition 1.14 in Chap. 5 of [[77], Example 8.14 of [106] or Section 7.5 in
Chap. 7 of [LT]}). This approach is justified by the fact that RY*" is dense and open in RZ}" (see

Theorem i meaning that with an initial guess in RY™", an iterate belonging to R”’"™ or a non-
smooth point of ¢(.) are both unlikely to occur in practice.

However, these two simpler problems are not mathematically equivalent to and for any
choice of the weight matrix W as the submanifold Rﬁxn is not closed in RP*™ and a solution of
<k >
This implies that these simpler problems may not admit a global minimizer, while such global mini-
mizer will exist for problems (PO) and (PI) [33]]. Furthermore, closedness of the domain is important
in (non-convex) nonlinear optimization to garantee that the limit point of the iterative sequence is
still in the domain of interest. As the set Rixn is not closed, some matrices in R‘iﬁ” can be the limit
points of the iterative sequences in Rﬁxn leading to so-called spurious critical points which do not

belong to the smooth fixed-rank manifold RZX” [112]. Similarly, a sequence might also cross the

these simpler problems may be on the frontier of R} ™", which is R”,", as stated in Theorem

frontier of Rixn at a certain iterate and the rank might fall below k breaking the sequence. For all
these reasons, it is better to solve the WLRA problem over RZ," rather than over R *". Note, on the
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other hand, that optimization algorithms on smooth fixed-rank manifolds are not strictly applicable
on Rﬂff as this set is a (non-smooth) real algebraic variety, not an embedded smooth submanifold
of RPX7 (see Proposition 1.1 in [22], Lecture 9 of [74] or [L1][173]] for details). More precisely,
Y € Rﬂén is, by definition, a space of matrices with a given upper bound on their ranks and is
naturally an algebraic variety as the rank condition on a matrix is equivalent to the vanishing of all
of its (k + 1,k + 1)-minors, which are polynomials of degree k + 1. Rﬂzn is then defined as the
solution set of polynomial equations therefore a so-called real determinantal variety [74]. Extending
(first-order) optimization algorithms developed for smooth fixed-rank manifolds to real determinan-
tal varieties like R’gf” is a very active area of research recently [[173][112][145][143l], but variable
projection techniques, which are the focus of this monograph, can also be used for that purpose. ll

Thus, it is equivalent to minimize ¢(Y) or ¢*(A, B) for solving the WLRA problem. However,
the WLRA problem (e.g., in the formulations and (PI))) has no known closed form solution
in the general case and is known to be NP-hard [62] as already discussed in the Introduction [I}
For certain classes of weighting matrices, a globally optimal solution can be found and one such
class is obviously the unweighted case (e.g., W;; = 1), since in that case the solution of the
WLRA problem is given by the Eckart-Young Theorem Another very important specialization
of this is the case where all the elements of W are greater than 0 in which case it is possible to
demonstrate that the WLRA problem has a well-defined solution as demonstrated in Theorem
below. Moreover, in the case where all the elements of W are greater than 0 and the rank of W is
equal to 1, the solution of the WLRA problem can also be found via a generalization of the SVD
in which we use diagonal metrics and scalar products different from the identity matrix in R” and
R™ (see Theorem 3 of [125] and also [62][167]). Finally, if & = rank(X), the WLRA problem
is equivalent to the consistent matrix completion problem, which is to find one matrix X of rank
at most k consistent with the observed entries (e.g., W;; # 0) of X € szn (e.g., the problem
of recovering large matrices of low rank when most of the entries are unknown). In this case, the
problem is also well-posed since X is obviously a solution to the consistent completion problem
and we have gp(}/i) = 0 for all solution matrices X [46][47]. In the general case, a very large variety
of iterative methods have been previously suggested to solve the WLRA problem or convex and
smooth proxies of it, especially in the framework of low-rank matrix completion, which is also NP-
hard [30], and is the focus of lot of recent research [[LS7|[L77Z][30][32][L88][ILO0][86][140]. Both
the WLRA and matrix completion problems are also frequently recast as an optimization problem
on smooth matrix manifolds as already noted above [3]][125][1690[47][14][L1].

The formulation of the WLRA problem is well suited to derived theoretical properties of the
WLRA problem such as the existence of solutions for this problem. On the other hand, the interest
of the alternative formulation and its variants (see Remark [3.1)), is that smaller matrices are
manipulated and the introduction of the (non-unique) parameterization Y = AB allows us to re-
cast the WLRA problem as a standard unconstrained NLLS minimization problem as we will show
below. This is particularly useful to derive practical algorithms to solve the WLRA problem as we
will illustrate in the next sections.

Remark 3.4. The problem (PI)) or its variants is over-parameterized. More precisely, if Cisa k x k
invertible matrix, we have

AB=A(CCH)B=(AC)(C™'B) and ¢*(A,B)=¢*(AC,C'B).

Consequently, the set of global minimizers of ¢*(.) can be empty or infinite, but never finite or an
isolated minimum implying that the Hessian of ¢*(.) is at best positive semi-definite, but never pos-
itive definite, see Subsection2.4] for details. This can severely degrade the performance of standard
optimization algorithms, which are mostly developed for isolated optima [45][139]]. Furthermore,
this scaling ambiguity tends to make the cost function ¢*(.) of problem (PI) badly-conditioned,
especially when the matrix C or its inverse is nearly singular. To overcome this difficulty, many au-
thors have proposed to add different regularizers to ¢*(.) as we will discussed later in this section.
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Notice also that, if A € RiXk and B € RZX”, these two full rank matrices have p.k and k.n
degrees of freedom, respectively. However, specifying the matrix product AB in ¢*(.) is equivalent
to use the matrix product (AC)(C~'B) for any k x k matrix C of rank k, which is equivalent to
specify the column space of AB. Hence, the matrix product AB, or its column space, has only
p.k+ kn—k.k = (p+n— k).k degrees of freedom in general, which is consistent with the fact
that the set RZX" is a smooth submanifold of RP*"™ of dimension (n + p — k).k as already noted in
Remark [3.3]above.

More generally, as all the matrix products (AC)(C~'B) share the same column space, possibly
remedies for the implicit over-parameterization in the formulation (P1]) can be to recast the WLRA
problem as an optimization problem on a Grassmann manifold [47][28]][[14][125][130][132] as dis-
cussed in Remark@] or to use variable projection methods [158][27][150][147]]. Moreover, these
two seemingly different approaches for solving the WLRA problem are in fact tightly related as we
will illustrate below. l

The cost functions ¢(.) and ¢*(.) are the composition of several infinitely differentiable functions on
their respective domain of definition and, consequently, are also infinitely differentiable as smooth-
ness is preserved by composition thanks to the standard chain rule [26]. Since ¢(.) and ¢*(.) are
smooth, they are also continuous on their respective domains. However, in the next theorem, we
give a direct demonstration of the continuity of ¢(.) and ¢*(.) by making clear that the WLRA
problem differs from the standard low-rank approximation problem only by the choice of a differ-
ent metric than the standard Frobenius metric on RP*™. This metric is derived from the norm or
seminorm induced by the choice of the weight matrix W € Rﬁxn.

Theorem 3.2. Using the same notations and definitions as in Theorem [3.1] the objective function
defined in problem (PO)
@ :RP S R:Y = oY) :%WVV@(X—Y)H%,
and the objective function defined in problem (P1))
©* RPF X R 5 R: (A, B) = ¢*(A,B) = %WW@ (X — AB)|%,
are continuous on their respective domains of definition.

Proof. We first define a weighted norm or seminorm (if some of elements of W are equal to zero)
of an p X n real matrix Y as

1Y |3y = vec(Y) diag(vec(W))vec(Y) ,

where vec(Y) stands for the vectorized form of Y, i.e., a vector formed by stacking the consecutive
columns of Y in one p.n-dimensional vector (see equation (2.23)) in Subsection [2.2)). If none of
the elements of W is equal to zero, ||||w is obviously a norm on RP*™ and, as RP*™ is a finite-
dimensional vector space over R, all norms on RP*"™ are equivalent, induce the same topology and
are continuous functions on RP*™ with respect to this topology [26][12]. On the other hand, if some
of the elements of W are equal to zero, ||||w is only a seminorm on RP*™ e.g., ||||w is a real-valued
function : RP*"™ — R, which verifies, for all Y,Z € RP*" and o € R,

IY|w >0,
[aY|lw = |al[Y]w,
1Y +Z[lw < [[Yllw + [|Z]lw -

However, even if ||||w is only a seminorm, it is still continuous with the respect to the unique
topology on RP*™ as demonstrated by Goldberg [58].
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Now, ¢(Y) may be expressed as
1
P(Y) = SIVW & (X~ V)l
1
= §||vec(\/W ®(X - Y)) ||%
1
= §Hvec(\/ W) © vec(X —Y)|3

= %vec(X - Y)Tdiag(vec(W))vec(X -Y)

1
=-|IX -Y|3% .
2H lw

In other words, ¢(.) is the composition of the residual matrix function: Y +— X — Y, the norm or
seminorm: Z + ||Z|w and the square function: 3 — 2. As all these functions are continuous on
their respective domain of definition, we conclude that ¢(.) is also continuous on RP*".

Similarly, ©*(A, B) may be expressed as
N 1
#'(A,B) = J[VW O (X - AB)|%
1
= §vec(X - AB)Tdiag(vec(W))vec(X — AB)
1
= 21X — ABJRy

and ¢*(.) is also the composition of several continuous functions on their respective domain of
definition and, consequently, ©*(.) is also continuous on RPX* x RFx7,

O

As ¢(.) is continuous on its domain of definition, it is not difficult to show that the problem (P0) has
a well-defined solution when all the elements of the weight matrix W are strictly positive as stated
in the next theorem.

Theorem 3.3. For X € RP*" different of the zero matrix of RP*" and W € RE7" (i.e., W;; > 0),
and any fixed integer k < rank(X) < min(p,n), the set of global minimizers of (Y) on RZ," is
nonempty and compact.

Proof. This theorem is a direct consequence of Theorem 3.1 stated without proof in Chu et al. [33]],
but we give a direct proof for completeness.

As W € RE." by hypothesis, we first observe that ||[|w defines a norm on RP*™. Let us now
consider the closed ball with center X and radius r = || X||w with respect to this norm in RP*™:

Ban(X,T) = {Y e RPX™ and HX — YHW < ’r} .

Bpyn (X, 1) is not empty as the zero matrix of RP*", which is also an element of RZ}", is in this
closed ball. As RP*™ is a finite-dimensional vector space, this closed ball is also a compact set
(as it is by definition a bounded set). Furthermore, as Rﬂxkn is closed in RP*"™ (see Theorem ,
the intersection of IR{ZE” and Ban(X, r) is also closed and bounded and, thus, compact in RP*™.
Now, as ¢(.) is continuous on RP*™ and the image of a compact set by a continuous function is also
compact, we conclude that go(]Rp Xk" N Bpxn(X, r)) C C, is a compact set in R and, thus, a closed

and bounded interval of R. Thus, ¢(.) attains its infimum on RZ,™ N By, (X, 7). In other words,
itexists Y € RZ" M Byyn (X, ) such that

P(Y) < (Y). VY € RE" N Byn(X,7) .
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It remains to show that ¢(Y) = ¢, where C,, is the infimum of ¢(.) on RZ}", i.e., that Y is also

a global minimizer of ¢(.) on ]Rzgcn. By definition of c,, we already have ¢, < gp(?) and it is

sufficient to show that ¢(Y) < ¢, to demonstrate the theorem.
Suppose on the contrary that ¢(Y) > €, then it exists Y € R’gf such that (YY) > ¢(Y) > ¢,
by definition of ¢,,. However, this implies that

SIVW O (X - Y)lI} = oY) < oY) = 5 [VW o (X - T)]}

and it follows that R
X -Y[w < [IX=Y|w < [X[w=r.

In other words, Y € R’gn N Bpxn(X,7) and o(Y) < gp(?), which contradicts the assertion that

Y is a minimizer of ¢ on RZ}" N By, (X, r) and we are done.
- O

Remark 3.5. Using the equivalence between problems (P0) and stated in Theorem [3.1] above,
we conclude that the set of global minimizers of ¢*(.), when the weight matrix is strictly positive,
is also nonempty. However, in the formulation (PI)) of the WLRA problem, an important point to
keep in mind is that, if the solution set is not empty, problem has an infinity of solutions as
A and B are not determined uniquely and we can normalize them in an arbitrary manner without
changing the value of ¢*(A, B) (see Remarkabove). Moreover, if o € R,, (oA, éﬁ) is also
a solution of (PT), which shows that the set of solutions in RP*¥ x R¥*" is unbounded and, thus,
not compact despite the set of global minimizers of ¢(.) is compact in RP*". ll

Remark 3.6. In the unweighted case (and with no missing values), the WLRA problem has an
unique global minimum and all critical points of ¢(.) or ¢*(.) which are not global minimizers are
saddle points (e.g., critical points whose every neighborhood contains both higher” and “smaller”
points for ¢(.) or ¢*(.)), see Section 2.1 of [171] and Theorem 1.14 of [75] for details. In other
words, ¢(.) or ¢*(.) do not admit local minima in the unweighted case despite they are not convex
functions.

While Theoremm shows that the WLRA problem has still well defined solutions when W € Rﬁin
because ||||w is a norm, several authors have illustrated by examples that ¢(.) or ¢*(.) can have
multiple local minima in addition to saddle points when the weights are all different of zero, but
not uniform (see Section 2.1 of [171] and Example 1 of [62]]). Such local minima emerge espe-
cially when the weights become significantly non-uniform (see Figure 1 of [171] for illustration).
When W has zero entries, the situation is even worse as ¢(.) or ¢*(.) may have multiple local
minima [91]], but the infimum of ¢(.) or ¢*(.) can also be unattained, see Example 2 of [62] for
illustration. W

An alternative and insightful demonstration of the above theorem can also be given using the notion
of the level sets of a continuous real function as defined in Chapter 4 of Ortega and Rheinboldt [148]].
More precisely, for v € R, the level set of ¢(.) at level v is the set L(v) = {Y € RE}" / o(Y) <

’y}. In other words, L(+y) is the subset of R%C” whose elements Y verify the inequality ¢(Y) < 7.
Obviously, L(7y) is empty if v < €, where C,, is the infimum of ¢(.), and is the set of the global
minimizers of ¢(.) if ¥ = €, (which can be also empty in the general case where W € RE*" as
discussed above).

As ¢(.) is continuous on the closed set R”}" and the range of ¢(.), Cy, is included in the non-
negative half-space of R, then every level set of o(.) at level ~ for > C,, is closed in RP*"™ as
the reciprocal image of the closed interval [C,, Y| by a continuous and real function is also closed.
Under these conditions, a necessary and sufficient condition for the set of global minimizers of ¢(.)
to be nonempty and compact is that ¢(.) has a nonempty and bounded level set L(+y) as this implies
that L(~) is compact in RP*™ (see Propositions 4.2.2 and 4.3.1 in Chap. 4 of [148]]). However,
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since L(7y) is simply the intersection of ]Rixkn and the closed ball with center X and radius /2.y
(with respect to the norm ||||w) if all the elements of W are strictly positive, L(y) is nonempty and
bounded by definition for all v > ¢,. This also proves that the set of global minimizers of ¢(.) is
nonempty and compact if all the elements of W are strictly positive as stated in Theorem

In the more difficult case, where some elements of W are equal to zero, ¢(.) is still continuous
as ||||w defines a seminorm on RP*™ and every level set of ¢(.) is also automatically closed and the
question of the existence of a global minimizer of ¢(.) reduces again to the existence of a bounded
level set L(~y) according to the previous discussion. However, in the case where some of the ele-
ments of W are equal to zero, the seminorm ||||w does not define the topology of RP*™ [58] and
the level set L(~y) is not automatically bounded, so that the question of the existence of a nonempty
and compact set of global minimizers is still unanswered in that case.

In order to discuss in more details, the existence of a nonempty and compact set of global mini-
mizers of ¢(.) when some elements of W are equal to zero, let 2 C [p] x [n] be the set of indices
of the elements of W such that W;; # 0, where [L] = [1,2, ..., L]. With this definition, from a
weight matrix W with some zero elements and any A € R, (e.g., A > 0), we can define a new
p X n weight matrix Wy as follows

M TN i) ¢

This new weight matrix W induces a norm ||||w, on RP*", which is closely related to the semi-
norm ||||w. More precisely, for any A € Ry, and Y € RP*", we have ||Y|w < [|Y|w,, which
provides another simpler and different proof that ||||w is a continuous real-valued function on RP*™
(see Theorem [3.2), and also

tim ¥ flw, = [ ¥ w

Furthermore, for any v € R, with v > ¢, we have the implications

X =Y[w, <V27=[X-Y[w < V27 =¢(Y) <7.

This shows that RZ,™ N By, (X, v/2.7) C L(7y) where Byyn (X, /2-7) is the closed ball of center
X and radius /2.y with respect to the norm |||, on RP*™. While the reciprocal inclusion L(7) C
Bpxn(X,/2.7) is obviously false in general, the fact that limy_,o ||[Y|lw, = [[Y|lw suggests
that for some weight matrices W, it may still exist v > ¢, and A € R, sufficiently small such
that L(y) C Bpxn(X,1/2.7) so that L(y) = RZ,"™ N Bpun(X, /2.7) because of the imposed
rank constraint on the p x n matrix Y in the formulation (P0). In such cases, (.) will have a
bounded level set and, consequently, the set of global minimizers of ¢(.) will be nonempty and

compact.

3.2 Landscape connections of formulations [P0|and [P1]of the WLRA problem

As noted above, the cost functions ¢(.) and ¢*(.) are obviously infinitely differentiable as they are
polynomial functions of the entries of Y or (A, B), respectively. In these conditions, a natural and
more modest question to ask, in addition of the existence of an absolute minimum of these cost
functions, is the following: is there a connection between the first- and second-order critical points

of p(.) and p*(.)?

To begin with, we first derive the gradient of ¢(.) at’ Y € RP*™. We have the following differentia-
tion rule for a differentiable function g(.) defined from RP*"™ to RP*™ and VY, H € RP*":

D(Y %IIQ(Y)II%)(Y)[H] = (Dg(Y)[H], g(Y))F -
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Here, we have ¢(Y) = $||g(Y)||% with g(Y) = VW ® (X — Y), and we get

Dep(Y)[H] = (Dg(Y)[H],g(Y))
= (VW o -HVW o (X-Y)),
=(Wo (Y -X),H),.

By the unicity of the Frobenius gradient of ¢(.), this implies that
Vo(Y) =W o (Y — X), VY € RPX™ (3.3)

In particular, the gradient of (.) at X is V(X)) = W @ (X — X) = 0P*", which implies that X
is a first-order critical point of ¢(.) if the feasible set is the whole linear space RP*"™. However, in
most cases, especially when W € Rﬂi”, X is the unique first-order critical point of ¢(.) considered
as a function defined on the whole linear space RP*™. In other words, and as expected from Sub-

section forY € R’gﬂ", V(YY) cannot be used alone as a test of the optimality of Y in solving

the WLRA problem because perturbations of Y which take it out of the feasible set Rﬂzn are
not allowed and they may correspond to a decrease of the cost function ¢(.). -

In general term, V2p(Y) is a 4" order tensor of dimension p x n x p x n, but VZp(Y) can
also be viewed as a bilinear form (V2p(Y)) from RP*™ x RP*" to R and also as a self-adjoint
linear operator [VQ@(Y)] from RP*™ to RP*™ (see Subsection for details), and we have the
equality

(V2¢(Y))(C,D) = ([V*¢(Y)](C), D) , VC,D € RP*™

Taking into account the particular form of V(YY) derived in equation (3.3), we have simply
[VZp(Y)](C)=W o C, VC € R
and, thus, the bilinear form of V2(Y) is defined by
(V*¢(Y))(C,D) =(W® C,D),, VC,D € RP”*".

In particular, the Hessian quadratic form (Vzgp(Y)) for any p x n matrices Y and C is simply
given by
(V%(Y))(C,C) = [VW & C|[F > 0. (34

Thus, (VZ¢(Y)) is always positive semi-definite and is even always positive definite when W €
X

Y™

In summary, for Y € R2,", V(YY) and V2o (Y) cannot be used alone as test conditions for the
global or local optimality of Y in solving the WLRA problem because in most settings the
unconstrained local or global minimizers of ¢(.) do not satisfy the rank constrained rank(Y) < k
and, also, for a given matrix Y of rank less than k, not all the search directions or perturbations
have to be taken into account for determining the criticality conditions only those for which the
rank constraint will be satisfied.

Thus, to continue with, we now characterize precisely the critical points of the rank-constrained
minimization problem over the real-algebraic variety R’gn, which is a closed subset of the
matrix space RP*™ as stated in Theorem (2.3)). To this end, we first identify RP*™ and RP™ with
the two isomorphisms vec(.) and mat(.), defined in equations (2.23) and (2.26). Next, we note that
the Euclidean scalar product in RP" and the Frobenius inner product in RP*"™ are intimately related
since

(C,D)r = Tr (C"'D) = (vec(C),vec(D)), , VC,D € RP*"

and, reciprocally,
(c,d)y = (mat(c),mat(d)),, , Vc,d € RP" .
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Based on these considerations, it is rather straightforward to extend the notions of tangent vectors,
Bouligand tangent and Frechet normal cones, and metric projection in R”"" summarized in Subsec-
tion[2.4] especially, Theorem and equations (2.59), to the case of the matrix space RP*™.

Thus, a matrix D € RP*" is said to be tangent to RZ," at’ Y € RY’" if there exist a matrix sequence
(Y;)ien, in RZ," tending to Y and a real sequence (t;);en, in R, tending to zero such that

im Yi=Y) _p

i—00 t;

The set of all tangent matrices to RZE”, at'Y is a closed cone (see Theorem (2.4) for details), also

called the Bouligand tangent cone to R‘%{” at 'Y, and denoted by 72 Rﬂ::", similarly to the case of
the vector space RP" discussed in Subsection [2.4] Its polar is deﬁned by

(TERZ) = {D € R / (D, Y)p <0, VY € TgRZ,"

and is also a closed convex cone called the Frechet normal cone to R’gf” at 'Y, noted as N‘SZ; ]R%Cn,
again similarly to the case of the vector space RP-" discussed in Subsection -
Finally, a point Y € Rp < 1s a Frechet first-order stationary point for the WLRA problem (PO) if
one of the following equivalent conditions is satisfied

(Vp(Y),Y)p >0, VY € TBIR{pX” ,

— Ve(Y) e NGRZ™ (3.5)

Pfgmgn(*vso( ) ={07"},

where Vo (Y) is given by equation (3.3)) and PTBRPM(—V@(?)) is the metric projection of the
¥ <k
antigradient —V(Y) onto TB ]Rp > defined by
P popxn(—V(Y)) = Arg  min —Ve(Y)-Y|%.
ey (VYD) = At i |- Ve(Y) - VI
Note that the set P. BRpm( V(Y)) is always nonempty as TBRP " is a closed cone, but it is

not necessarily reduced to a singleton as TgR <} is not convex in RP*", see Subsection for
details. -

However, VZ € P, BRpm( Ve(Y)), we have

1Zlr = /Il - Ve(YV)[% — d(~Ve(Y), TERE™?

where the distance from —V(Y) to Ty BRE™ ) is given by

d(=V ( )s ;BRan) inf | — V‘P( )—Tlr
Te’r‘!ngc"
= min | — W(i)— T|F,
TeT@’Rg"

again because TBRp <k 1s aclosed set. In other words, all elements of PTBRPM( Vi(Y)) have

the same Frobenius norm and by the same small abuse of notation as used in equation (2.60) of
Subsection the Frechet first-order stationary condition for ¢(.) can be expressed as

||P75Rgzn(—V¢(Y))|’F =0,
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where P pppxn (—=V(Y)) designs now any of its elements. However, to use these results, we first
¥ <k

need to find convenient practical expressions for Tg Rﬂi}n and the metric projection operator onto
this closed set.

In order to derive a more convenient way for checking if a matrix Y € Rﬂzn is a Frechet first-order
stationary point for ¢(.), we first note that the set R, stratifies into the set Ry " for s = 1,--- , k,

e.g.,
k
pXn __ pPXn
RE" = |J RS
s=1

Furthermore, it is well-known, that each set R5 ™" is a smooth submanifold of dimension (p+n—s).s
embedded in RP*" and that its tangent space at Y € RE™" is given by
TyRE*™ = [UyMVY + UV + Uy VT /M € R, U € RP** 'V € R™*
with UL U = V§V = 055}
A B
il 11T
= {[UYUY] |:C O(p—s)X(n—s):| [VYVY]
with A € R*** B ¢ R*(n=5) and C c R(p—S)XS} ’

where Y = UyXy VY is the thin SVD of Y with UL Uy = VL Vy = I, and Xy is a s x
s diagonal matrix with strictly positive diagonal elements (e.g., the singular values of Y), and
[UyUs] and [Vy V5] are, respectively, p x p and n x n orthogonal matrices. See Example 8.14
of Lee [106]], Section 7.5 of Boumal [11] or Proposition 4.1 of Helmke and Shayman [78]] for proofs
and further details. Furthermore, the equivalence of the two definitions of the tangent space Ty R ™"
can be easily verified by direct computations.

Interestingly, if each Y € RE*" is identified by its singular triplets (Uy, Yy, Vy ), then the first
formulation of 7y R5™"™ shows that, to represent an element of 7 R:*"™, we only need to store
the small matrices M, U and V. Furthermore, this formulation also shows that the elements of
Ty RZ*™ have a rank of at most 2.s. On the other hand, the second formulation is useful for deriving
the normal space to RE*"™ at Y, noted Ny R%™", which is the orthogonal complement of Ty R5™"
in RP*" with respect to the Frobenius inner product:

N RE™ = (TyRE<™)E
and also the orthogonal projectors on both Ty RE*™ and Ny RE*" as we will see now.
First, the second formulation reveals immediately the dimension of Ty R5*" as
dim(TyRE™) = s.s+s.(p—8)+s.(n—s)=s.(p+n—s).
Next, it is obvious from this formulation of 7y RL*" that Ny RY*™ is equal to
NyRPXM = {U#N(V{()T with N € R@*S)X("*S)} . (3.6)
Obviously and as expected, we have
dim(NyREX™) = (p—s).(n — s) = p.n— s.(p+n — s) = dim(RP*") — dim(TyRE*™)

and the maximum rank of the matrix elements of Ny RY™" is min(p,n) — s according to equa-
tion (2.2). Next, by definition, the orthogonal projection of an arbitrary Z € RP*™ onto Ty R5™"
satisfies both

Z-P

TyRIS’X"(Z) = USLKN(VSL()T )

for some N € R(P—s)x(n=5) and

P wpn(Z) = UyMVYy + UV + Uy VT,
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for some M € R¥** U € RP*% and V € R"*® with UgU = V%F(V = 0°*%. Combined, these
two statements imply that

Z = UyMV% + UVY + Uy VD + UgN(Vy)T .

If we define now the orthogonal projectors associated with the column and row spaces of Y and
their orthogonal complements

Py=UyU{ , Py =VyVy Py =1,-Pyand Py =1, - Py,
we have, using orthogonal relationships,
PyZPy = (UyMVYy + Uy VT)Py = UyMVY
PGZPy = (UVY + UyN(Vy)")Py = UVY,
PyZPy = (UyMVY + Uy V) Py = Uy VT,
Using these results, we deduce that the orthogonal projector onto Ty R:*™ is given, equivalently,
by
P wrxn(Z) = PuZPy + PGZPy + PuZPy;
= ZPy + PyZPy; = Z(VyVy) + (UyUY)Z(L, — Vy VY)
=PuZ +PHZPy = (UyUV)Z + (I, - UyUL)Z(Vy VYy) |

T~

from which, we can also derive the orthogonal projector onto Ny R5™"™ as

P prin(Z) = P;YMX”(Z) =Z— P pren(Z)
=Z— (UyUY)Z — (I, - UyU3)Z(Vy Vy)

= (I, - UyUL)Z(1, — Vy V) = PHZPy .
In these conditions, if Z € Ny R2*", we have P Ny P (Z) = Z, which implies that
ULZ = UL (I, - UyUD)ZI, - VyVy) = 057",
ZVy = (I, - UyUL)Z(T, — Vy Vi) Vy = 07%5.
Reciprocally, if Z € RP*" with UL, Z = 0°%" and ZVy = 0P*¢, we have

P (Z) = (ZVy)VL + Uy (UL Z)(I, — VyVY)

— Oan + OpXTL — OpXTL

Ty REX™

and Z € NyREY™™. In other words, we get an alternative formulation of ANy RS as
NyREX™ = {7 € RP*"™ with U Z = 0°™ and ZVy = 0°*°} |

where the columns of Uy and Vy are, respectively, the leading s left and right singular vectors of
Y, which is of rank s.

Armed with these various results on the smooth manifold R,*" embedded in RP*", we can now
reformulate the definitions of the Bouligand tangent cone to ]R’ixkn at a matrix Y of rank s < k and
of the metric projection onto that closed set as follow.

Theorem 3.4. Let Y € RY}" with rank(Y) = s < k, the Bouligand tangent cone to R, at Y is
given by
TS?RZ;EN = TyR*" ¢ (Nngxn N R?Xﬁs) ,

where @ stands for a direct orthogonal sum with respect to the Frobenius inner product in RP*™,
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In addition, the metric projection of an arbitrary Z € RP*" onto T{? Rﬂxkn is given by

P Z) = PTYRan(Z) + PRan (PNngxn(Z)) 5

BmppXn
TYRSIC ( <k—s

where PTYRZ;M (.)and P Ny REX™ (.) are the two unique complementary orthogonal projectors onto

the linear subspaces Ty R5*" and Ay R5*", which are orthogonal to each other with respect to the

Frobenius inner product in RP*", and where P pxn (.) is the metric projection onto the closed set
<k—s

pXn
ng_s.

Proof. For aproof, see Theorem 3.2 and Corollary 3.3 of Schneider and Uschmajew [[173]], Theorem
6.1 of Cason et al. [31] or Example 20.5 of Harris [74]. O

First note that, in Theorem P spoxn (Z) is always a nonempty set as TS?RZX,C" is a closed cone,
Y B<k <

but it is not neccessarily reduced to a singleton as T{?R’gn is not convex. More precisely, the
cardinality of PT\?RZ” (Z) relies on the cardinality of the set PR’éﬁ . (P Ny REX™ (Z)).

For an arbitrary T € RP*", the metric projection of T onto RZ," _is the set defined by

Py (T) = Arg min | T — Z|r.
Sk—s Zc <k—s

Thus, the elements of Pppxn (T) are easily determined with the help of the Eckart-Young Theo-
<k-s
rem and are the best approximation of rank at most £ — s of T with respect to the Frobenius

norm. In other words, PRZ@ " (P Ny REX™ (Z)) is single-valued when

Ok—s (PNYREXn(Z)) > Ok—s+1 (PNYRgX7L(Z)) ,

in which case its unique element is given by the truncated SVD of rank k£ — s of P NYRan(Z)
according to Theorem [2.1)), or, when,

Uk*S(PNnyZX”(Z)> =0 s

in which case
Proon (P grxn(Z)) =Py prn(Z) .

<k-s
In the above equations, o;('T) denotes the i*" largest singular value of the matrix T. Furthermore,
when PR’;E? ) (P Ny REXT (Z)) is single-valued then PTs?RZC »(Z) is also single-valued according to
Theorem 3.4

In order to clarify the practical meaning of Theorem|3.4] it is now useful to distinguish the two cases
rank(Y) = s = kand rank(Y) = s < k.

Obviously, in the first case, when s = k, we get
BmppXn __ pXn

and

In words, when rank(Y') = k, the Bouligand tangent cone to Rﬂxkn at'Y coincides with the tangent
linear space to szn at Y. Furthermore, the metric projection onto this Bouligand tangent cone is
nothing else then the orthogonal projector onto the tangent linear space to szn at Y. Finally, from
these results, we deduce immediately that the Frechet normal cone to R%C" at Y, which is defined

as the polar of 7ERE,", also coincides with the normal space to R}*" at Y (e.g., the orthogonal
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complement of Tpr ™ in RP*™ with respect to the Frobenius inner product) when rank(Y) = k.
IfZ e NJRY" = (TBRPX") (T¥RY*™)° then, by definition,

(Z,Q)r <0, VQ € TyRY*".

However, since Tszxn is a linear space, if Q € TyRixn then —Q also belongs to TyR,gxn, from
which we deduce
(Z,Q)r >0, VQ € TyRP*"

and we get the equivalences

Z e NYRE <= (Z,Q)p =0,VQ e WR) " <= Z € (T RE*™) L = Ny RPX™

Summarizing the preceding results, when Y & Rgxn and Z € RP*", we have

TERL = TR
= {UyMVY + UV + Uy V! /M € R¥F U € RP*F 'V € R™F
with UL, U = ViV = 0F°},
NYFR‘?ZH — (TYRP];X”)L — NYszn

= {T € R”" with U{L'T = 0"*" and TVy = 07**} | 3.7)
= Z(Vy VL) + (UyUL)Z(1, — Vy V)

(
= (UyUY)Z + (I, - UyUy)Z(Vy Vy)
= (I, - UyUy)Z(I, — Vy Vy)
where the columns of Uy and Vv are, respectively, the leading k left and right singular vectors of
Y, which is of rank k.

These results are further consistent with the more general result that, when M is an arbitrary sub-
manifold embedded in RP*" or IRP, its tangent and normal spaces at an arbitrary Z € M coincide
exactly with the Bouligand tangent and Frechet normal cones to M at Z, see Example 6.8 of Rock-
afellar and Wets [[165]] or Theorem 3.15 of Ruszczynski [160]] for details.

Furthermore, from the above results, we see that Y & Rﬁxn is a Frechet first-order stationary
point for the WLRA problem in its formulation if it satisfies one of the following equivalent
conditions:

()(Ve(Y),Z)r > 0,VZ € {UgMVL + UVL + Ug VT /M € R¥* U € RP* V e R™F)
(2)UL V(YY) = 0" and Vp(Y)Vy = 0775 |

B)Ve(Y)(VyVY) + (Uy UL Ve(Y)(I, — Vg Vy) = 07"

where the columns of Uy and V+ are, respectively, the leading £ left and right singular vectors of
Y, which is of rank k.

Obviously, the second condition is the more convenient for our purpose and, as Vo(Y) = W ©
(Y — X)) according to equation (3.3)), it translates to the simple statement

UL (Wo (Y -X))=0""and (Wo (Y - X)) Vg =07~ (3.8)
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We now consider the case where Y € Rifcn, e.g., when rank(Y) = s < k. In that case, we deduce

from Theorem that the structure of Tg R}gn is more complex as it contains T?Rg *™ but also
matrices of rank less or equal to k— s which intersect orthogonally R%Cn (with respect the Frobenius

inner product) and also sum of elements belonging to each of these two sets.

A key-remark for deriving a simple condition of Frechet first-order stationarity for ¢(.) at a point
Y € R”," is the following. Assume that rank(Y) = s < k and consider an arbitrary matrix

Z € RZ," . We have
Z - PTYRZ;X“(Z) + PNYRgxn(Z) B

since PTYR;;M(.) and P NYR;;Xn(.) are two complementary orthogonal projectors with respect
to the Frobenius inner product in RP*". Clearly, by definition, PTYR€Xn(Z) € T¢RY*™ and
PN?R{:X” (Z) € NgRE*"™. Furthermore, as the orthogonal projector P NgREX™ (.) never increases

the rank of a matrix, we also have P N?RPM(Z) € R’;ins as Z € Rﬁis, and we conclude
that

which implies finally that Z € TERZ,". In other words, we have the inclusion RZ," - C TORE,".

From this relationship and Theorem 3.4} it is not difficult to see that an equivalent formulation of
TORE,™ is
Y <k
BmopXn _ 4 X pXn
TYng = Ty REX™ 4 RS s

where the direct orthogonal sum @ is now replaced by an ordinary sum, see Hosseini et al. [84] for
more details.

Now, if Z € RZ," | —Z also belongs to RZ," and, thus, any element of NZRZ," needs to be

orthogonal to Z,VZ € RZ," . Next, if T € NZRZ," and T # 0P*", this implies that T must be
orthogonal (with respect to the Frobenius inner product in RP*"™) to its best approximation of rank
k — s given by the Eckart-Young Theorem [2.1] which is absurd, and we conclude that

NYRE" = {077}

In this condition, if Y € R”’", the Frechet first-order stationary condition for ¢(.) at Y € RZ}"
reduces to

Ve(Y) =077,
which translates to the simple matrix equality W ® (Y — X) = 0P*", using equation (3.3).

Collecting all the above developments, we have demonstrated the following theorem, which is used
without proof in Ha et al. [83] in a slightly larger setting where ¢(.) is a continuously differen-
tiable function instead of the objective function associated with the formulation (PO) of the WLRA
problem.

Theorem 3.5. Let Y € R2,", with rank(Y) = s < k. Then Y is a Frechet first-order stationary
point for ¢(.) if N
UL(Wo (Y -X))=0""and (W o (Y - X)) Vg = 07",
when rank(Y) = s = k, or if )
W o (Y - X) = 0P<n

when rank(Y) = s < k and the columns of Uy and V- are, respectively, the leading s left and
right singular vectors of Y, which is of rank s.
O
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Any local minimizer Y of ¢(.) in the set R’g{" must satisfy the first-order conditions stated in
Theorem[3-3] though these conditions are not sufficient in general, see Theorem 6.12 in Rockafellar

and Wets [1?5] and also Ha et al. [83] for more details. However, in the case where rank(Y) < k
and W © (Y — X) = 0P*", we deduce immediately that

VW 0 (Y — X) = 0P*"

and Y is obviously a global minimizer of ((.) and a solution of the WLRA problem in this particular
case.

We now derive a more convenient expression than the one given in Theorem [2.9to verify that a
matrix Y € RZ}" is a Frechet second-order stationarity point of ¢(.) over RZ,". First, we observe
that, in the case where Y € R”" is a Frechet first-order stationarity point of ¢(.), Ve(Y) = 0P*"
and Y € R”," is a global minimum of ¢(.) over RP*™ and, thus, (VZ¢(Y)) is a positive semi-
definite quadratic form over RP*™ (note, alternatively, that (VQcp(Y)) is always positive semi-
definite according to equation (3.4) ). From these results, when rank(Y) < k is a Frechet first-
order stationarity point of ¢(.), we deduce immediately that the condition in Theorem [2.9|is
verified and consistently Y is also a Frechet second-order stationarity point of ((.) in the sense of

Theorem
Next, in the case where Y € RP™", we first recall from equations that
TERE = TyRY™ and NYRE™ = NgRD™
and the Frechet first-order condition is thus equivalent to
Ve (Y) € NyRY™,

which is exactly similar to the statement that the Riemannian gradient of (.) at Y € Rﬁxn is equal
to zero by equation (2.50). In other words, in the case rank(Y') = k, the Frechet first-order condition
for ¢(.), considered as a function defined on R?k", at Y stated in equation (3.8) is equivalent to the
Riemannian first-order condition for the restriction of ¢(.) over the embeddded smooth submanifold
RP*™ at Y stated in equation (2:30).

Furthermore, when rank(Y) = k and Y is a Frechet first-order stationary point, equation (2.61) in
Theorem (2.9), specialized to the case of RZ,", simplifies to

(Vo(Y),Z)r + ([V2%(Y)] (D), D)5 > 0, VD € TyRY™VZ € Tig o) RY" .

This condition is strictly equivalent to the statement that the Riemannian Hessian of () aty,
(V%QO(Y)), is positive semi-definite over TyR,Z;X", as noted in [[197] and [110]. Next, using the
explicit formulation (in terms of standard Euclidean derivatives) of this Riemannian Hessian of the
smooth function ¢(.) defined on the smooth submanifold RP*™, derived in Proposition 2.2 of [186]
and Proposition 2 of [115]], the statement that (V2R<p(Y)) is positive semi-definite is equivalent
to

(VEe(Y))[D,D] = (V?¢(Y))[D,D] +2.(Vy(Y), Uy CE'B(Vy))r >0, (3.9

VD € TyRP™™, and where the thin SVD of Y € R is given by Y = Uy ¥y VL with
UTYUY = V%C(VY = I and Xy is a k x k diagonal matrix with strictly positive diagonal el-
ements (e.g., the singular values of Y) and

A B

D = [UyUy] [C 0(p—k)><(n—k)j| Ve V3]" e TR,

where A € RF*F B € RF*("=F) C ¢ RP=F)*F and [UYU%{] and [VYV%{] are, respectively,
p X p and n X n orthogonal matrices.

Using equations (3.3)) and (3.4), the previous discussion leads to the following theorem, which
characterizes more explicitly the Frechet second-order stationarity points of ¢(.).
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Theorem 3.6. Let Y € ]Rﬂxkn, with rank(Y) < k. Then Y is a Frechet second-order stationary
point for ¢(.) if it is a Frechet first-order stationary point for o(.) and if, in addition, in the case of
rank(Y) = k, if

IVW oD% > ~2.(W 6 (Y - X), U CES'B(VE) ) p, VD € TRRE™ ., (3.10)

where the thin SVD of Y € RP*" is given by Y = Uy Xy VL, the columns of Uy € RP*(P=F)
and V%{ € R™("=k) form, respectively, orthonormal bases of ran(Y )+ and ran(¥Y™)* and

A B

D = [UyUy] [C 0(p—k)><(n—k):| (Ve Vy]" € RRY",
where A € RF*k B ¢ RFx(n—F) C ¢ RP—F)xk
U

Interestingly, observe that, using equation (3.6)), when Y € Rﬁxn is a Frechet first-order stationary
point for ¢(.), both Vo(Y) = W ® (Y — X) and U%CE;B(V#)T are elements of Ny RP ™"
as CE;IB e R(n=k)x(n—Fk),

We now characterize the critical points of the factorized cost function ¢*(.), which is used in the
formulation (PI) of the WLRA problem. ¢*(.) is defined on the product space RP*¥ x RFX™,
which is a ”standard” Euclidean linear (product) space. In other words, the gradient, Hessian and
critical points of ¢*(.) are defined in the usual way (see Subsection as there are no additional
constraints on the matrix variables A € RP** and B € R**". Thus, the pair (A, B) is a first-order
stationary point of ¢*(.), if and only if,

VQO*(A, B) — (OpXk7 kan) 7
and a second-order stationary point of ¢*(.) if, in addition,
(VZQD*(Au B)) ((C7D)7 (C, D)) >0, V((L D) e RP*k  RExn 7

where the second derivative (Hessian) (VQ(,D* (A, B)) is a (symmetric) quadratic form mapping
from (RPXF x RFX7) x (RPXF x RFX7) to R.

By definition, ¢*(.) is the composition of ¢(.), from RP*™ to R, with the bilinear mapping, from
RPXF x RFX™ to RPX™ defined by (A,B) — AB, V(A,B) € RP*k x R¥*"  Furthermore,
©(.) and this bilinear mapping are C'*° differentiable. Thus, using the standard chain rule on the
differential of the composition of two differentiable functions, we can easily obtain the two partial
derivatives of ¢*(.) since, V(C, D) € RP*¥ x R¥*" we have, using properties of the Tr(.) operator
stated in Subsection 2.1}

Dy (A,B)(C) = (Vo(AB),CB),,
=Tr (w (AB)"CB)
= Tr (CBVg(AB)")
=Tr (C(Vy(AB)B")")
—Tr (( (AB)BT)"C)
V(A

B)B',C),

and, similarly,
D¢(A,B)(D) = (Vp(AB),AD)
=Tr (Vo(AB)"AD)
—Tr ((A7V4(AB))'D)
= (ATVp(AB),D),,
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Thus, by the unicity of the Frobenius gradients of the partial functions ¢’ (.) and ¢}(.), and equa-

tion (3.3), we get
Ve (A,B) = Vp(AB)BY = (W © (AB - X))B? € R,
Veis(A,B) = ATVp(AB) = AT (W © (AB — X)) € RF*" | (3.11)
and, finally, we obtain the gradient of *(.) at any pair (A, B) € RP** x R¥*" a5
V' (A,B) = (V@a(A,B), Vop(A, B))
— ((W o (AB-X))B",AT(W o (AB - X)) . (3.12)

Consequently, the pair (A, B) is a first-order stationary point of ©*(.) if
(W® (AB - X))B” = 0¥ and AT(W © (AB — X)) = 0"

We now derive a convenient expression for the quadratic form (V2<p* (A, B)) in order to character-
ize the second-order stationary points of ¢*(.), which are defined by the conditions

V(p*(A?B) - (Opxk70k><n)
and
(VZQO*(A’ B)) ((C7D)7 (Cv D)) Z 0 5 V(C, D) [ RpXk X kan .

This will be useful to determine the relationships between the critical points of ¢(.) and ¢*(.) in
Theorem [3.7] below.

V(C,D) € RP*F x R¥*" we have by the bilinearity of V2¢*(A, B)
(C, 05" 4 (07, D),
(C kan) Opxk D )
(VQ * A B )((C kan ’ C kan))
+ (V29*(A,B)) ((07*%, D), (0P**, D))
+2.(V2*(A,B)) ((0°**, D), (C,0%*™)) . (3.13)

(V3'(A,B))((C.D), (C.D)) = (V4" (A, B))(

The last equality resulting from the fact that V2¢* (A, B) can also be considered as a self-adjoint
(e.g., symmetric) mapping from RPXF x R¥*" to RPXK » RFX™ with respect to the inner product in
RP¥k 5 RF*™ (see Subsection 2.4 for details).

Next, for the same reason, using the expression for V¢’ (A, B) given in equation (3.1T) and prop-
erties of the Tr(.) operator, notice that

(V20" (A, B)) ((C,0°%), (C,0%™)) = ([V2¢" (A, B)]((C,0M™)), (C,0°") )k, g

= (V20 (A,B))(C,C)

= ([V*¢A(A.B)](C).C)
={((Wo CB)BT c>F

~Tr ((Wo CB)BT)C)

F

=T (C((Wo CB)B")")

~Tr (CB(W o CB)")

=Tr

/_\/_\/'\

(W CB)'CB)
=(W®CB,CB),
= (V*»(AB))(CB,CB),
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where the last equality results from equation (3.4). Similarly, we have
(V20" (A, B)) (07, D), (0, D)) = ([VZ¢*(A, B)]((0"*,D)), (0"" D)) gpir, grnn
= (V'¢B(A ))( D)
= ([V2¢i( A,B D),D)
= (AT(W®AD),D),
~Tr ((AT(W© AD)) D)

F

=Tr (W © AD)"AD)
=(W®oAD,AD)
= (V*¢(AB))(AD,AD) .

We now reformulate similarly the last factor in the right-hand side of equation (3.13) in terms of
Vo(AB) and (VZp(AB)):

(V2¢"(A,B))((0*, D), (C,0"")) = (D (VA (A, B))(D),C)
= (Ds((W ® (AB-X))B")(D),C)

W © (AB - X))D” + (W © AD)B”, C>F

(D(Wo (AB - X))"C) + Tr (B(W © AD)"C)

=Tr (CD(W & (AB - X))") + Tr (CB(W © AD)")
(W® (AB-X),CD), + (W ®AD,CB)

= (Vp(AB),CD),, + (V*¢(AB))(AD,CB) .

Summarizing the preceding results, we have

’

(V20" (A, B)) ((C,08*™), (C,0%*™)) = (V¢4 (A, B))(C,C) = (V*p(AB))(CB,CB),
(V2" (A,B))((07*, D), (0"*, D)) = (V’¢3(A,B))(D,D) = (V*¢(AB))(AD, AD),
(V20" (A,B))((07*, D), (C,0°")) = (V ( CD), + (V*¢(AB))(AD,CB),

(3.14)

and this implies, finally, using the symmetry and bilinearity of the bilinear form (V2¢*(A,B))
that

(V?¢*(A,B))((C,D),(C,D)) = (V’»(AB))(CB,CB) + (V?¢(AB))(AD, AD)
+2.(V*¢(AB))(AD,CB) + 2.(Vp(AB),CD)
= (V*¢(AB))(CB,CB + AD)
+ (V*¢(AB))(AD, AD + CB)
+2.(Vo(AB),CD),,
= (V*¢(AB))(CB + AD,CB + AD)
+2.(Vp(AB),CD) . . (3.15)

Thus, the second-order stationary condition for ¢*(.) at (A, B), e.g., that the quadratic form (VZ¢*(A, B))
is positive semi-definite, is equivalent to the inequality

(V*¢(AB))(CB + AD,CB + AD) > —2.(Vy(AB),CD)
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or, using equations (3.3) and (3.4)), to the more convenient inequality
IVW © (CB + AD)|r > —2.(W & (AB — X),CD),., ¥(C,D) € RP*¥ x RF*" .

Note that, while these inequalities based on the quadratic expression of V2@ (AB) and the gradient
V¢ (AB) are sufficient for our purpose in this section, it is rather straightforward to obtain the
general bilinear form of V2¢* (A, B) since

(V2¢*(A,B))((C,D), (E,F)) = (V*¢*(A,B))((C+E,D+F),(C+E,D+F))
— i(v%*(A,B)) (C-E,D-F),(C-ED-F)).

Furthermore, a vectorized formulation of the symmetric bilinear mapping (VZ¢*(A, B)) will be
also derived later in Section [l

We are now in the position to characterize more precisely the connections between the critical points
of ¢(.) and ¢*(.) in the following theorem, which is a reformulation and a slight extension in our
WLRA context of results first given in Ha et al. [[83]] and later refined in Levin et al. [[113]] and Luo
et al. [115].

Theorem 3.7. Let (A, B) € RP** x R**", Then:

(1)If AB € Rﬂ?" is a Frechet first-order stationary point of ¢(.) in the sense of Theorem |3.5|then
(A, B) is a first-order stationary point of ©*(.).

(2) Reciprocally, if (A, B) is a first-order stationary point of ¢*(.) such that AB € RY*" then AB
is a Frechet first-order stationary point of ¢(.) in the sense of Theorem

(3) Moreover, if (A,B) is a second-order stationary point of ©*(.) such that AB € R”}", then

AB is a Frechet first-order stationary point of ¢(.) in the sense of Theorem and, thus, also
a Frechet second-order stationary point of ¢(.) and even a solution of the WLRA problem in its
formulation (POJ).

(4) Reciprocally, if AB € R”’"™ is a Frechet second-order stationary point of ¢(.) then (A, B) is
a second-order stationary point of ¢*(.) and also a solution of the WLRA problem in its formula-

tion (PI).

(5) Finally, if (A, B) is a second-order stationary point of ¢*(.) such that AB € R, then AB
is a Frechet second-order stationary point of ¢(.) in the sense of Theorem

(6) Reciprocally, if AB € RP*™ is a Frechet second-order stationary point of ¢(.) then (A, B) is a

second-order stationary point of ¢*(.).

Proof. (1) : In order to prove the first assertion, we assume that AB € Rﬂzn is a Frechet first-order
stationary point of ((.) and we consider separately the two cases rank(AB) < k and rank(AB) =
k.

If rank(AB) < k, according to Theorem [3.5] we have Vip(AB) = 0P*" and we deduce immedi-
ately that

Vea(A,B) = Vo(AB)B” = 077F |
Veis(A,B) = ATVp(AB) = 0",
In other words, the pair (A, B) is a first-order critical point of ©*(.).
On the other hand, if rank(AB) = k, again according to Theorem we have
Vo(AB)TUp = 0% and Vo(AB)V 45 = 0P*F

where the columns of U 45 and V 4p are, respectively, the first k left and right singular vectors of
the matrix product AB in its thin SVD, e.g., AB = Usp> 45V aB.
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As rank(AB) = rank(A) = rank(B) = k, we have ran(AB) = ran(A) and ran(BTAT) =
ran(B™), and also

ran(U sp) = ran(AB) = ran(A),
ran(V z5) = ran(BT AT) = ran(BT) .
This implies that it exists C € R**¥ and D € R*** such that
A =TU,5C and BT = V5D
In these conditions, we have
Vi (A, B) = Vo(AB)BY = (Vo(AB)V 45)D = 0P*F |
Vep(A,B) = ATVp(AB) = CT (U} 5Vp(AB)) = 07",

as AB is is a first-order critical point of ((.). In other words, we have Vo* (A, B) = (0P*F, 0k*")
and the pair (A, B) is a first-order stationary point of ©*(.).

(2) : Reciprocally, if the pair (A, B) is a first-order stationary point of ¢*(.) such that AB € RY*",
we have also rank(AB) = rank(A) = rank(BT) = k, which implies again that U 45 and A span
the same column space and that their columns form two bases of ran(U 4p) = ran(A). Similarly,
V 45 and BT span the same column space and their columns form two bases of ran(V ap) =
ran(BT). In these conditions, it exist C € R*** and D € R*** such that

Uap=AC and V45 =B'D.
Using the first-order optimality conditions of (A, B) for ¢*(.), we have
Vo(AB)BT = 07*% and ATVp(AB) = 0"
which implies that
Ve(AB)Vap = (Vp(AB)BT)D = 07*F |
Vo(AB) Uap = (Vo(AB)TA)C = (ATVy(AB)) C = 08",
and the matrix product AB is a first-order critical point of ¢(.) in the sense of Theorem

(3) : To demonstrate the next claim of the theorem, let u; € RP, vi € R™ and 0; € R be,
respectively, the first left and right singular vectors and the first singular value of Vo(AB) € RP*™,
We first recall from equation (2.23)) in Subsection [2.1| that the spectral norm of Vi (AB) is given
by

IVe(AB)|ls = 01 = uf Vo(AB)v; .

Moreover, as demonstrated just before Theorem the hypothesis that the pair (A, B) is a second-
order stationary point of ¢*(.) is equivalent to the inequality

IVW © (AD + CB)|r > —2.(Vo(AB),CD) ., V(C,D) € RV x RF*"

Now, suppose that AB < Rizn then A or B are not of full rank since k& < min(p,n). Without
loss of generality suppose that rank(A) < k. By the rank-nullity theorem (2.1)), this implies that it
exists a unit vector w € R¥ such that Aw = 0P. Let

(Ce, Do) = (—uyw!  cwvl) e RPF x R vee Ry, .
By hypothesis, the pair (A, B) is a second-order stationary point of ¢*(.), which implies that

|VW & (AD, + C.B)||s > ~2.(V(AB),C.,D.),. .
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Now, we have
AD.+C.B = c.vaF{ — uleB = —uleB ,

since Aw = OP. Furthermore, as |w||3 = wl'w = 1, |[Vo(AB)||s = ul Vo(AB)v; = 07 and
Tr (EFG) = Tr (GEF) , VE € R”™ F € R""™ G € R™*?
we deduce that

(Vo(AB),C, DC>F = (Vp(AB), —c.uleWV1T>
= —c.(Vyp(AB), u1V1T>F
=—c.Tr (V@(AB)Tulv{)
=—c.Tr (VITVQD(AB)Tul)
= —cvIVp(AB) u;
= —cul Vp(AB)vY

= —C.01 .

F

Using these different results, the preceding inequality simplifies to
VW © (0w B) || > 2.c.o1 = 2.c.|[Vo(AB)||s ,

which holds for any ¢ > 0. On the other hand, since the left-hand side of the last inequality is the
Frobenius norm of a fixed element of RP*", which is not a function of c, it must be finite and this
implies that [|[Vp(AB)||s = 01 = 0, i.e., Vo(AB) = 0P*™. Consequently, since rank(AB) < k
by hypothesis, AB is a Frechet first-order stationary point of ¢(.) in the sense of Theorem and
even a solution of the WLRA problem in its formulation (P0).

(4) : if AB € R”}" is a Frechet second-order stationary point of (.) then this pair is a fortiori
a Frechet first-order stationary point of ¢(.) and, according to Theorem also a solution of the
WLRA problem in its formulation (PI)). By an application of Theorem 3.1} we deduce immediately
that the pair (A, B) is a solution of the WLRA problem in its formulation (PI]) and, thus, also a

second-order stationary point of ¢*(.).

(5) and (6) : the proofs of these two assertions can be found in Luo et al. [115]], especially their
Corollary 2, and we omit them here.
O

On the other hand, we highlight that, if the pair (A, B) is a first-order stationary point of ¢*(.) such
that AB € Rixkn, then AB is not necessarily a Frechet first-order critical point of ¢(.), as noted by
Ha et al. [83]]. As an illustration, consider the pair (0P**, 0¥*™). Obviously, this pair is a first-order
critical point of *(.), but 0P*kQ**" = QP*" is not a Frechet first-order critical point of ¢(.) in the
sense of Theorem [3.5as Vp(0P*") = —W © X, which is not equal to 0P*™ as soon as we have
for some pair of integers (7, j), X;; # 0 and W;; > 0. Thus, in general, 0P*" is not a Frechet
first-order stationary point of ¢(.) and is obviously not a solution of of the WLRA problem in its

formulation (PO).

In addition, it is also possible to demonstrate that if the pair (A, B) is not a second-order stationary
point of ©*(.), then AB € RY," is not a (local) minimizer of ¢(.) over RZ}", see Ha et al. [83]]
and Levin et al. [113] for details. a

3.3 Approximate and regularized forms of the WLRA problem

In practice, instead of an exact solution of the WLRA problem, which can even not exist if missing
values are present as noted above, one often seeks an approximation of X such that

IVW o (X - X)|[F < (1+e)c,
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where X € Rﬂén denotes the approximation, C,, is the infimum of ¢(.) and € € (0, 1) is a tolerance
parameter called the approximation error. In such framework, Razenshteyn et al. [167]] recently
show that in the case that W has at most 7 distinct rows and 7 distinct columns, there is an algo-
rithm solving the above approximate version of the WLRA problem in 207/ €)poly(n) time with
probability of success at least 9/10. In the case that W has at most r distinct columns, but any
number of distinct rows, there is also an algorithm solving the approximate version of the WLRA
problem in 20(k2.r?/ E)poly(n) time with probability 9/10. These bounds imply that for constant r
and €, even if r is as large as © (log(n)) in the first case, and © (1/log(n)) in the second case, the
corresponding algorithms are polynomial time. Razenshteyn et al. [167]] also consider the case when
the rank of the weight matrix W is at most 7, which includes as special cases the two above cases,
and devise an n®*+*7/9) time algorithm for this more general case again with probability 9/10. In
other words, assuming that W has low rank, the algorithms of [167] achieve a 1 4+ ¢ multiplicative
approximation to the infimum of ¢(.).

Alternatively, some authors have recently developed simple and greedy algorithms with additive
error bounds for the WLRA problem which do not require any structural assumption on W, see
Bhaskara et al. [25] for general weights and also Musco et al. [[135]] in the case of binary weights.
In such approach, one seeks an approximation X of X such that

VW o (X = X)[IF <€+ X[For [VW & (X = X)|[F < v+l X]E

where «y is a (small) real constant of the order of ¢, and the rank of X is of the order of k. Such
methods with additive guarantees are interesting in applications (e.g., give sufficient matrix com-
pression) when €, is only a small fraction of the squared Frobenius norm of X.

However, as these different algorithms with provable guarantees are inherently slow due the hard-
ness of the WLRA problem and it is an open problem to determine when the WLRA problem has
a closed form solution in general when some of the weights are zero, several authors have also
proposed to minimize other related cost functions, which are convex, more smooth, and with a
well-defined, nonempty and compact set of global minimizers, instead of problems or (PI) to
address these issues [47][14][129][L3 L[LS7ZN[L7ZZ][100][1O1][23].

As a first illustration, [129][131] have proposed the following convex relaxation to the rank con-
straint imposed in the formulation (PO):

min oY) = S [VW o (X~ V) + AV
YeRpxn 2
Here ||'Y]||. is the nuclear norm (also called the trace norm), which is equal to the sum of the singu-
lar values of the p X n matrix Y and A € R, is a regularization parameter controlling the nuclear
norm of the minimizer Y ()) of this Lagrange form of (P0). ¢ (.) defines a convex function of its
argument so that the above problem as an unique solution. Furthermore, it can be demonstrated that
the rank of ?(A) tends to zero when A\ grows unbounded so that this proxy can provide suboptimal
low-rank minimizers of problem when this Lagrange form of is solved for a range of val-
ues of A [129][131]]. Moreover, as the rank of S?()\) increases when A decreases, if this problem is
solved for a range of decreasing values of ), the iterative algorithm can use efficiently the solution
for the previous value of A as warm starts [[129][86]].

Another class of related methods are maximum margin matrix factorization (MMMF) methods [[157]]
[177][23][117]], which use a factorization model of the matrix Y, as in the formulation (PI)) of the
WLRA problem, but are also equipped with a regularization term A € R, as in the above Lagrange
form of problem (PO):

: « 1
min wx(A,B):i\IVW®(X—AB)H%+ (IA[F +Bl%) .  (MMMEF)

AcRpXk BgRkxn

o | >
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Not surprisingly (e.g., taking into account the equivalence between the original problems
and stated in Theorem [3.1)), there are closed relationships between the set of global mini-
mizers of these Lagrange and regularized formulations of problems (PO) and (PI)), see Theorem 3
and Lemma 6 in Mazumder et al. [[129]] and also Hastie et al. [86] for details. However, the above
MMMF criterion is not convex in (A, B), but only bi-convex as for the original problem (PI), e.g.,
for a fixed B matrix, the modified function go}i() is convex in A, and for a fixed A matrix, the func-
tion ¢} (.) is convex in B. As the MMMEF criterion is not convex, it can have possibly several local
minima as the original problem (PI)) [72][171[157]] and ALS algorithms (see Sectiond)), which are
very often used to solve these MMMF and problems, get frequently stuck in sub-optimal local
minima for a small value of k or a poorly chosen starting point, especially if some elements of the
weight matrix W are equal to zero [[72][171]. However, Ban et al. [23] have demonstrated, extend-
ing the results of Razenshteyn et al. [[167], that it also exists polynomial time algorithms solving
this weighted and regularized MMMF formulation of the WLRA problem, with provable guaran-
tees, and also sharper time bounds than those proved in [[167].

Some other recent works have proposed to add to ¢*(A, B), or similar regularized cost functions
using the bilinear Burer-Monteiro approach, a balancing regularizer of the form

A

where A controls the weight for the regularizer as before [156]][193][200][201]. R(A, B) implicitly
forces the A and B matrices to have the same energy and, thus, helps to remove the scaling ambi-
guity which inherently affects the cost function ¢*(.) and the minimization of ©*(A, B) in the (P))
formulation of the WLRA problem as discussed in Remark above. Moreover, for many cost
functions which use the bilinear Burer-Monteiro approach, adding this balancing regularizer does
not compromise the quality of the solutions [156][117][201][146].

Many of the proposed recent approaches also recast the WLRA problem as an optimization prob-
lem on the Grassmann manifold Gr(p, k) or on the two Grassmann manifolds Gr(p, k) and Gr(n, k)
(where Gr(p, k) is the set of k-dimensional linear subspaces of R?) and introduce a regularization
parameter A € R, as in the above Lagrange forms of problems (PO) and (PI) in order to ensure
smoothness of the objective function and hence obtain good convergence at the expense of slight
increase of the objective [LOO][LOL][47][131][114]. An interesting example in this class of methods,
as it is closely related to the formulations or (PI)) of the WLRA problem, is the unconstrained
Riemannian optimization methods on a single Grassmann manifold Gr(p, k) described in Boumal
and Absil [[13])[14] for solving the matrix completion problem, which we now discussed in some
details.

To this end, for any weight matrix W € RE*", let us define the set Q C [p] x [n], be the set
of indices of the elements of W with W;; = 0 (e.g., {2 is the complement of §2 in [p] x [n]) and the

seminorms
YR =Y Yiand|Y[Z= > Y5.
MISY (i,5)eQ

With these definitions and in our notations, Boumal and Absil [13[][14] proposed to solve the fol-
lowing optimization problem

. 1 A
min  g(Y) =S [[VW o (X-Y)[&+ S5,
YeRrPX™ 2 2
eRY,

where, as before, A\ € R, is a regularization parameter, which ensures that the solution to this
problem exists and the cost function g is smooth. They give the following interpretation for the
minimization of the cost function g, which makes sense for the matrix completion problem: “we
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are looking for an optimal matrix X of rank at most k and we have confidence vW. ij that )A(ij
should equal X;; for (4, j) € £ and smaller confidence A that }A(ij should equal zero for (i,5) € Q.
They have also illustrated that the solutions of this problem are largely insensitive to the value of
A provided it is much smaller than the strictly positive values W;;. As an illustration, for matrix
completion problems in their experiments, they used A = 10~ and W,; = 1if (4, j) € €. Finally,
they describe and apply second-order Riemannian trust-region methods (RTRMC2) and Rieman-
nian conjugate gradient methods (RCGMC) [11] to solve this problem efficiently and accurately,
which are still state-of-the-art algorithms on a wide range of problem instances.

Interestingly, we now show that the minimization of the cost function g(.) proposed by Boumal
and Absil [13][14] is in fact a simple instance of formulation of the WLRA problem so that
the variable projection framework can also be used to solve this problem as we will illustrate in the
following sections. More precisely, if, for any p x n weight matrix W with some zero elements and

any A € R, (e.g., A > 0), we define as above an p x n weight matrix W, € R’ﬁn as

o Wij if(i,j)GQ
(W], = {A (i) ¢’ (3.16)

and we introduce the projection operator associated with an p x n weight matrix W by Pq :
RP*™ — RPX™ with Po(X) = X where

we can rearrange the cost function g(.) introduced by Boumal and Absil [13]][14] as

1
a(Y) =S IVWx 0 (Xa =Y, (3.18)

and it is readily observed that the minimization of this cost function g)(.) w.rt. Y € Rixkn is
equivalent to the form (PO)

, 1 1
min - g\(Y) = 5 [VWr 0 (Xo = Y)[IF = 51X - Y,
YeRL™

of a standard WLRA problem in which we use the matrices X and W, in place of X and W,
respectively. Furthermore, as all the elements of the weight matrix W are greater than zero for any
A € Ry, ||| w, defines a norm on RP** and Theorem [3.3[shows that the set of global minimizers

of gx(.) is nonempty and compact, so that the minimization of this cost function is a well-posed
problem. In other words, for any A € R, there exists X, € RZ}" such that

X, =Arg min g\(Y).
YeRY,"

In addition, if we take a regularization parameter A\ (also called the Tikhonov parameter, see [70])
sufficiently small, the following theorem shows that the minimization of gy(.) with a Tikhonov
parameter tending to zero is an interesting alternative to the formulations and of the WLRA
problem, which are not well-posed when some elements of the weight matrix W are equal to zero
as discussed above.

Theorem 3.8. Let X € RP*", W € R*" (i.e., W;; > 0), k € N, with k < rank(X) < min(p, n)
and A\ € R, (i.e., A > 0). Furthermore, using definition (3.18)) of the cost function, g,(.), let

S . - 1 _
X\ = ArgYH%lglxngA(Y) and f(A) = gA(Xy) = 5[ X — X, for A € R
ERZY
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then

li =&
/\lig) f()\) CSD )

where C,, is the infimum of the cost function ¢(.) used in the formulation of the WLRA problem
and X = Po(X) where P, is the projection operator associated with the p x n weight matrix W.

Proof. We first show that f(.) has a well defined limit, ¢, when f(.) tends to zero. To demonstrate
this result, we first note that f(.) is an increasing function. For « € R, and A € R, with o > A,
let

X, =Arg min go(Y)and X, = Arg min g,(Y)
YeRL" YeRY"

then we have R R R
1Xe — Xaliv, > 1Xa - Xallv, > 1Xa - Xaly,

which implies that f(a) > f(\). Furthermore, for all A € R, we have
1 - 1 . o
£ = 51Xa ~ Kalldy, > 11Xa ~ Kally = ¢(Ky) > ¢,

which shows that lim_,o f(\) exists and that limy_,o f(\) = ¢y > c,,.

It remains to show that €, > €. To this end, suppose that €, < €, then it exists Y € RZ;" such
that ¢, < ¢(Y) < ¢y, otherwise ¢, is not the infimum of (.). As

lim [Xo = Y3y, = X — Y[y and |Xo — Y[[3, > |X - Y|y forall A € R..,
N
it also exists a € R, such that
1 2 1 2 _
o(Y) = §||X - Y[w < §HXQ - Ylw, <¢;.

However, we also have

_ 1 < 2 1 2 _

¢; < fla) = §||XQ - Xallw, < §||XQ - Yl|w, <¢y

and we obtain a contradiction.
O

Thus, one way of getting an useful approximate solution to the WLRA problem when missing
values are present is to use a continuation Tikhonov method that approximately solves a sequence of
regularized WLRA problems for a sequence of decreasing Tikhonov parameter A\. The approximate
solution of one regularized WLRA problem with Tikhonov parameter A; (e.g., the minimization
of gy, (.) ) is taken as the starting point for the next regularized WLRA problem with Tikhonov
parameter A\;+1 < A;. This kind of Tikhonov methods has already been proposed in the context
of ill-conditioned and uniformly rank-deficient NLLS problems [52][53]][54], see Section @ where
such methods are further discussed.

3.4 Variable projection formulation of the WLRA problem

We are now ready to show that the alternative formulation (PI)) or its variants (see Remark [3.1)) of
the WLRA problem

1
. * A., B)= - \/W@ X — AB 2
aepi D #(AB) =S ( )

is a separable NLLS problem as stated in the Definition [2.10] of Subsection [2.4] [63]][166]. This
means that the minimization of ©*(A, B) is a mixed linear-nonlinear least-squares problem where
the associated residual function e(A, B) is linear in some variables and nonlinear in others.
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In order to demonstrate this result, we first write * (A, B) as
. 1

where the residual vector function e(A, B) € RP-" is defined by

1
ie(Av B)Te(Aa B) )

e(A,B) = vec(VW © (X — AB)) . (3.19)
Using equations (2.27) and (2.33), the residual function e( A, B) can be further transformed as
e(A,B) = diag(vec(V W))vec(X — AB)
=vec(VW © X) — diag(vec(vVW))vec(AB)
=vec(VW © X) — diag(vec(VW)) (I, @ A) vec(B) ,
and e(A, B) is finally equal in explicit matrix form to
[ vV W.1X_1 ] [ diag(V WI)A 0 0 0 [ B_1 |
: 0 0 0 :
VWX 0 diag(vVW ;)A 0 B,
: 0 - 0 . 0 :
| VWX ]| 0 0 0 diag(VW,)A | L B ]

In this residual function, we first note that all the lines corresponding to a zero weight (e.g., W;; =
0) can be eliminated when evaluating this function in real computations. The same is true for all the
equations of the following sections and in a practical computer implementation of the algorithms
used to minimize ¢*(.). However, for notational simplicity and because we want to consider at the
same time both the cases W € RE*" and W € RE7", we do not introduce an incidence matrix
in our equations to indicate which rows or columns must be eliminated as was done for example
in [147][28]][37][66][14]. Then, we may write

#'(A,B) = J[x— Fla)b)[3,

where x = vec(vVW®X), a = vec(AT), b = vec(B) and F(a) is the block diagonal matrix

Fi(a) 0 ce. 0 0
F(a) = @ Fj(a) = 0 Fj(a) 0 = diag(vec(\/W)) (In ® A) ,
= 0 ... 0 0
|0 0 . 0 Fy(a) |
(3.20)

where

. T
F;(a) = diag(VW ;)A = diag(VW )(mathp( )) )
The reason and interest of defining the vectorized form of A as

a =vec(AT), (3.21)

instead of simply vec(A) as usually done, will become clear in the next sections. From this formu-
lation, it is clear that minimizing ¢*(.) is a separable NLLS problem, since for a fixed matrix A, we
have a linear least-squares problem to determine the optimal vector b= vec(B) ie.,

1
b = Arg min ¢ (A,B) = f||x—F(a)b)H§.

beR™
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Moreover, we observe that the residual function e(A, B) is linear in both A and B, since

F(a)b = ( é diag(\/W.j)A)b
j=1

= diag(vec(vVW)) (I, ® A)vec(B)
= diag (vec(\/W))vec(AB)
= diag (vec(\/W)) (BT ® I,)vec(A)
= diag(vec(\/W)) (BT ® Ip)K(hp)K(p’k)vec(A)
= diag(vec(\/W)) (BT ® Ip)K(kyp)vec(AT)
= diag(vec(\/W))K(mp) (Ip ® BT)a
=K, p)dzag(vec(\/WT)) (I, ® BT)a

p

K p) ( @ diag(vVW; )BT> a
i=1
Defining now

[ Gi(b) © 0 0 |

) 0 . 0 ... 0
Ghb)=PGb) =] : o0 Gbm o0 : (3.22)
- 0 ... 0 . 0
| 0 0 . 0 Gy(b) |

where

Gi(b) = diag(vVW ;)BT = diag(v'W,) (maty,(b))"

we note that the residual function e(A, B) may then be written in the following alternative matrix
form

e(A,B) =x—F(a)b
=x - K p ( @ diag(\/Wi.)BT)a
i=1

=x — K, ,)G(b)a
= KupKpmx — Ky Gbla
= K(mp)K(pm)vec(\/W ©X) - K G(b)a
= K(nyp)vec((\/w ® X)) - K, G(b)a
— Ko (2~ G(bJa)
where z = vec((vVW © X)T). This implies that ¢* (A, B) may also be expressed as

(A B) = 5 (2~ G(b)a)" K(, Ky (2~ Glb)a)
= (5~ G(b)a)! (s~ G(bJa)
= L llz— G(b)al}

which shows that the roles of A and B are interchangeable in ¢*( A, B) as already noted in the case
of binary weights for example in [147]. As for the choice between the formulations and
of the WLRA problem (see Remark [3.2)), the choice between the formulations

. 1 ) 1
@(AB%=QW—F®WW§Or@(AB%=jﬁ—G®hﬁ
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depends on the values of p and n, and the first one should be preferred if p < n as the number of
parameters to estimate (e.g., A) will be smaller once the other matrix variable (e.g., B) has been
eliminated as we will show below, and vice-versa if p > n. Furthermore, in what follows, we note
that the matrices A and B can be used in an interchangeable manner with their vectorized forms
a and b, respectively, as the mapping vec(.) is a bijective homeomorphism (see Subsection for
details).

Thus, the problem of minimizing ¢*(.) is separable and this property can be exploited in a least-
squares estimation, and a number of special purpose algorithms have been proposed in this con-
text [93][96][63N[166[[10][(149][1/]. Moreover, it has been demonstrated that these special algo-
rithms provide greater stability than standard NLLS methods, besides reducing both the dimension-
ality of the optimization problem and the necessary number of iteration steps [136][65][37][17]]. In
most cases, the total computational work decreases with separable methods even though the code
describing the separable problem is slightly more complicated than in standard NLLS algorithms.
We now discuss how to reformulate the problems and so that we can exploit the separa-
tion property by eliminating one of the matrix variables (e.g., B if p < n) and devise more efficient
algorithms to solve these problems.

Assuming that p < n, for a fixed A matrix, we have a linear least-squares problem to determine
the optimal vector b = vec(B) which will minimize the cost function ¢*(.) and the solution of this
linear least-squares problem is b= F(a)*x where x = vec(vVW ® X) and F(a)™ is the pseudo-
inverse of the p.n x k.n matrix F(a), see Subsection Inserting now b in ¢*(.), we obtain a new
nonlinear functional + : RP"* — R involving only the vectorized form of the A matrix

1 1 1
V(@) =Sl (Tpn = F(a)F(a)") x||3 = §|!P$(3)XH§ = §||r(a)||§ ; (3.23)

where PI%( a) i the orthogonal projector onto the orthogonal complement of ran (F(a)) and r(.) is

a nonlinear residual function of a = vec(A™) defined by
r:RPF — RP" a s P x =x — Fa)b = K, (z — G(b)a) . (3.24)

r(a) is called the variable projection residual of X at A (or equivalently of x at a) and the func-
tional ¢ (.) can be termed a variable projection functional since Pé a) is an orthogonal projector
involving only the vectorized form of the A matrix [63]. Again, if we take into account the block
structure of F'(a), we obtain an alternative formulation of (.), which is useful for computational
purposes,

1 n
vla) =5 > wi(a).
j=1
where 1;(.) denotes the j th atomic function, which is defined for all a € RP*, by

V(@) = P, %3
= (T, — Fj(a)F;(2)")x;l3
— | (Ip ~ (diag(\/W_j)A) (diag(JW,j)A)+> VW, 0X,)|3. (3.25)

Here P%j(a) is the orthogonal projector onto the orthogonal complement of ran (Fj(a)) and x; =
VW ;o X ;.

This new formulation of our NLLS problem, based on the cost function #(.), suggests that the min-
imization of *(.) can be separated in two steps. Once a A matrix has been obtained by minimizing
¥ (a), the B matrix can be obtained by solving a large block diagonal least-squares problem, which
is equivalent to solve n independent smaller linear least-squares problems. The rational for em-
ploying this separation of variables to minimize ¢*(.) is given by the following theorem, which is a
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slight variation of a theorem originally proved by Golub and Pereyra in a more general setting (see
Theorem 2.1 in [63]]).

Theorem 3.9. With the same notations and definitions as in Theorem [3.1] the problem (PI) is
equivalent to the problem

: T _ _ 1 1 2
Jin ¢(vec(AT) = ¥(a) = 5 IPrxls , (VP1)

where a = vec(AT) € RP* and x = vec(vW ©® X) € RP™. In other words, if we consider the
range of ¢*(.), Cy+, and the range of 9(.),

Cy = {y € R /3A € RP* withy = 1) (vec(AT))},

these two subsets of R have the same infimum and if this infimum is a minimum for one set, the
other set also admits a minimum and these two minima are equal.

Proof. As in Theorem @, Cy+ and Cy, are bounded below by zero and, thus, admit an infimum
greater or equal to zero, say €, and €y, respectively.
Suppose first that €, < €,+. Then, it exists A € RP*¥ such that

ey < v(vec(AT)) = (a) < e, ,

where a = vec(AT) € RP*, Now, let b = F(a)Tx € R*" and define B = mat(b) € RF¥*", we
have
Pf;(a)x = (I,, —F(a)F(a)")x=x—F(a)b

and
[P xll5 = IIx — F(a)bll5 = [VW o (X — AB)| %,

which implies that ¢)(a) = ¢* (A, B). In other words, we have ¢*(A,B) < €+, which contradicts
the assertion that .« is the infimum of ¢*(.). This shows that ¢, > C,-.

Suppose now that €.+ < €. Then, it exists (A, B) € RP** x R¥*" such that ¢« < ¢*(A,B) <
Cy, otherwise €.+ is not the infimum of ¢*(.). However, if we define b = F(a)*x € R*" and

~

B = mat(b), we have
VW © (X~ AB)||} < [VW © (X ~ AB)|},
as, for a fixed A matrix, b = vec(ﬁ) is the solution of the least-squares problem

i —F(a)bl|2 = mi VW o (X — AB)||?
Jnin [x — F(a)bl|3 pin l ( )2

This implies that ¢ (a) = ¢*(A, ]§) < ¢*(A,B) < ¢y, which contradicts the assertion that ¢, is
the infimum of ¢/(.). This demonstrates that C,« > Cy.

Finally, the inequalities C,« > €, and €+ < €y, imply that €+ = Cy,, which proves the first part of
the theorem.

Now assume that A minimizes (), e.g., 1(vec(AT)) = () = Cy. If we let b = F@)*x
and B = mat(b), we have

1 1 S | o PN
0(@) = 5 IPE@x = Slx— F@bI = JIVW o (X - AB)|} = »*(A,B)

and the equalities C,- = €y and ¥(a) = ¢y show that p* (K, ]§) = C,+ and we conclude that
(A, B) is a global minimizer of ¢*(.).
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Reciprocally, assume that (;&,ﬁ) minimizes ¢*(.), e.g., go*(;&,ﬁ) = Cy+. Leta = mat(AT),
b = F(a)"x and B = mat(b), we have

¢y < (@) =" (A,B) < ¢*(A,B) = ¢, =&y,

which implies that 1)(a) = ¢, and a is a global minimizer of ¢(.) and we are done.
0

An alternative to the minimization of ¢(.) in the variable projection approach can be introduced
with the help of a QRCP (see equation (2.15)) in Subsection of the matrix F(a) of rank r <
k.n
R S
Q(a)F(a)P = |:0(p.nr)><r O(p.nr)x(kﬂr)] )
where Q(a) is an p.n x p.n orthogonal matrix, P is an k.n X k.n permutation matrix, R isanr x r
nonsingular upper triangular matrix and S an r x (k.n — r) full matrix. Then, if Q(a) is partitioned

aw- [210].

where Q1 (a) and Q2(a) are, respectively, 7 x p.n and (p.n — ) X p.n submatrices, using results

in Subsection|2.1] we have
1 Qrxp-n
P = )
Q(a) F(a) {Qg(a)}

This implies that, for all a € R*? and x = vec(vVW © X) € RP™,

PE XI5 = 1Q(a)Pr@)x|3 = Qz(a)x|3

as first noted by Krogh [95] and Kaufman [96] and later by Shen and Ypma [[175]. Thus, instead
of minimizing the variable projection functional 1/ (.) to solve the (VPI)) problem, we can minimize
the variable orthogonal functional ¢*(.) defined by

¥*(a) = |Qa(a)x]3, (3.26)

assuming that the rank of F(a) stays constant in a neighborhood of a solution a of the prob-
lem. Note that this condition is also implicit when using the variable projection functional 1)(.) as
this condition is required both for the differentiation of Pﬁ(_) and Q2(.) in a neighborhood of a as we
will illustrate below. Thus, in the first step, it is mathematically equivalent to minimize 1 (.) or 1*(.),
even though minimizing ¢*(.) may involved slightly different numerical algorithms [96][109][175].
Once a minimum of *(.) has been determined, one can again determine b by solving the linear
least-squares problem
- 2
min [x — F(a)b]3

according to Theorem 3.9

As there is no constraint on the rank of A € RP** in the (VPI) problem stated in Theorem (3.9}
the search space for minimizing the cost functions (.) or ©*(.) is at first sight the linear space
RP*k However, the following corollaries demonstrate that we can restrict this search space to the
submanifold RZXk or even to QP> the set of p x k matrices with orthonormal columns, which is
called the Stiefel manifold [[11]]. Moreover, in many practical instances, for example in the matrix
completion problem in which we are looking for a matrix X of specified and fixed rank k, which
agrees with the observed entries of the input matrix X, or when we solve the WLRA problem to
estimate a consistent factor or principal component model, restricting the search space to the sub-
manifold RﬁXk or even to the Stiefel submanifold is fully justified.
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Corollary 3.1. With the same notations and definitions as in Theorem[3.9] the problem is also
equivalent to the following alternative formulations of the problem (VPI]) in which the search space
is restricted to RiXk and QP> respectively:

. 1
min 1 (vec(AT)) = (@) = S|P3
AcRP*

and

. T _ _ 1 1 2
min b (vec(A”)) = v(@) = 5 |PEuxI3

where a = vec(AT) € RP* and x = vec(vVW ® X) € RP™,

Proof. As in Remark [3.1] we note that for all (A, B) € RP** x R¥*" the matrix product AB is
of rank at most k and can be factored as AB = CD with (C,D) € RiXk x R¥*™ which implies
that the range of ¢*(.), Cy-+, is equal to the set {y € R /3C € RﬁXk, D € RF*" withy =
©*(C, D)} Taking into account this property, it is easy to verify that a slight modification of the
demonstration of Theorem [3.9|leads to the assertion that the problem is also equivalent to the
problem

. 1
min w(vec(AT)) =(a) = §\|Pé(a)x||g .
AcRP*

We omit the details.
Now, since QP*F ¢ RiXk and any element A of R,’;Xk can also be written as A = UR where

UcOP*andR € Rim , for example by using the QR or SVD decompositions of A, we have
¥(a) = ¢*(A,B) = ¢*(UR,B) = ¢"(U,RB) > ¢(u)

where a = vec(AT), B = mat(B) with b = F(a)Tx and u = vec(UT). Reciprocally, if A = UR
with U € OP** and R € R{*¥, we have

w(u) - 90*<U’ ]5) - w*(ARilv ﬁ) - (p*(A, Rilﬁ) = w(a> )

where D = mat(d) with d = F(u)*x. This implies that 1)(a) = t(u) if A = UR, which
demonstrates that the range of 1(.), Cy, is equal to the set

{y e R /3U € 0"F with y = 1 (vec(UT))} .

As a consequence, these two sets have the same infimum and the same minimum, if this minimum
exists, and the problems (P1) or (VPI)) are also equivalent to

1
: TV _ _ Lipl 2
Jmin b (vec(AT)) = ¥(@) = 5 [PhuxI3
as claimed in the Corollary.

O

Corollary 3.2. With the same definitions and notations as in Theorem [3.9 and Corollary [3.1] the
following two assertions are true:

1) w(vec(AT))
2)  (vec(A))

p(vec(CT)) if A = CD with A € R?*,C € RP" and D € RF¥* |
Y(vec(CT)) if A = CD with A € QP C € OP** and D € Q"*F .

Proof. The proof is very similar to the one used in Corollary [3.1] Suppose first that A = CD with
A cRP* C e RV" and D € RFF and let a = vec(AT) and ¢ = vec(CT). We have

¥(a) = ¢"(A,B) = ¢*(CD, B) = ¢*(C,DB) > 4(c) ,
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where B = mat(g) and b = F(a)"x. Reciprocally, we have
¥(c) = ¢*(C,E) = ¢"(AD"|E) = ¢*(A,D'E) > ¢(a),

where E = mat(€) and € = F(c)x. Finally, we obtain ¢)(vec(AT)) = 1 (vec(CT)), and the first
part of the corollary is demonstrated.

The proof of the second assertion is exactly similar and thus omitted.
O

Remark 3.7. Theorem[3.9)and Corollaries [3.1]and[3.2] also explain why the WLRA problem can be
recast as an optimization problem on the Grassmann manifold Gr(p, k) [47][14], the collection of all
linear subspaces of fixed dimension £ of the Euclidean space RP, which is a smooth (quotient) man-
ifold of dimension k.(p — k) [3][L1]. As stated in Theorems and the formulations (PO,
and (VPI) of the WLRA problem are equivalent and Corollary [3.1] shows that the search space for
the (VP1) problem can be restricted to RiXk or QP** without loss of generality. Next, Corollary
demonstrates that 1) (vec(A™)) = 1) (vec(C™)) as soon as the linear subspaces ran(A) and ran(C)
are equal. In other words, the value of ¥ (vec(AT)) for A € RﬁXk depends only on the linear

subspace ran(A) as for any matrix C € RiXk such that the columns of C is a (orthonormal or not)
basis of ran(A), we have ¢)(vec(AT)) = 1) (vec(CT)).

As such, an element U of Gr(p, k) can be represented by any p x k matrix U of full column-rank
such that ran(U) = U, e.g., if the columns of U form a basis of &/. For numerical reasons, ele-
ments of Gr(p, k) are very often represented by elements of QP** [ST[125] [28][46]][47][14], but
any matrix with the same column space can be used, and we will see below that representing { by
elements of ]RZXk instead of OP*¥ can also be useful to demonstrate important properties of the cost
function v(.) used in the form of the WLRA problem, especially when the associated weight
matrix W is not strictly positive.

Stated differently, we can say that two p x k (orthonormal) matrices U and V are equivalent if and
only if they have the same column space or, equivalently, if it exists some Q € Rl,sz (or Q € OF*k)
such that U = V Q. Because of this equivalence relationship in RiXk, Gr(p, k) can be described as

the quotient of Rﬁm by the action of RZXk. Alternatively, Gr(p, k) can also be described as the quo-
tient of QP** by the action of OF*k | see Subsection for details. See [[11][{24]] for a geometrical
and comprehensive description of these different approaches of representing elements of Gr(p, k)
with matrices.

Moreover, the fact that the formulation (PI)) of the WLRA problem never has a unique or finite set
of global minimizers is also related to the preceding discussion. If Y = AB with A € RiXk, the
elements of the columns of B € R**? are the coordinates of the corresponding columns of Y in
the particular basis of ran(A) provided by the columns of A and, thus, these coordinates depend on
the choice of the basis.

Finally, in a similar fashion that the formulation (VPI)) and the associated variable projection func-
tionals ¢(.) and ¢*(.) are derived from the formulation of the WLRA problem, it is also
possible to reformulate the problem (P2) (see Remark [3.2) as a double-minimization problem

min ( min 1||\/\TV®(X—Y)II%> ,

NeRr?*(P=F) YR with NTY=0(p—k)xn 2
o

which will lead to a dual formulation of the WLRA problem and its associated variable
projection functional ¢)**(.) on the Grassmann manifold Gr(p, p—k) [125]]. More precisely, Manton
et al. [125] have demonstrated that the above inner minimization problem has a closed form solution
(see Theorem 1 in [125]]), which can be calculated analytically and depends only on the range
of N and not on the particular matrix N when W € Rﬁin (and these results can be probably
extended to the case W &€ R‘f"). Thus, problem (P2) is also a separable NLLS problem as stated
in the Definition [2.10|of Subsection [2.4]despite the variable matrix Y does not occur linearly in the
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residual function associated with problem (P2)). This situation is exactly similar to the one described
above for the problem (VPT])) and its associated variable projection functional ¢/(.) where we proceed
in two steps, namely, first find the matrix A such that (@) is minimum and, second, determine B
by solving a large block diagonal least-squares problem. In other words, for N € RZE%’ _k), the
dual variable projection functional

1
Y (N) = min VW o (X -Y)|% (3.27)
Y eRPX" with NTY=0(p—k)xn 2
is well defined and we can attempt to find a solution N (more precisely a subspace N, which is
represented by IN) of the problem

min P (N) (VP2)
NeRr? P+

in a first step by any iterative first- or second-order method working on the Grassmann manifold
Gr(p, p — k) [51][125]. Once a minimum N has been found, the best rank- approximation matrix
Y can be determined in a second step by solving the inner minimization problem analytically for
the matrix N. As for the (VPT) problem, the search space for the (VP2) problem can be restricted to
QP*(P=k) without loss of generality for numerical reasons [S1][[125]. Furthermore, it will be shown
in the following sections, that minimizing the cost function v(.) associated with the problem
reduces to one of dimension k.(p — k) instead of k.p as for the minimization of the cost func-
tion ¢**(.) associated with the problem [S1][125], highlighting again the duality between
the (VPI) and formulations of the WLRA problem. l

We address now the question of the continuity of the cost function ¢(.), which must be minimized in
the (VPI)) problem, as was done above for the cost functions ¢(.) and ¢*(.) associated, respectively,
with the formulations and (PI) of the WLRA problem. Taking into account that, for all a €
RP*_ we have

1
(@) = SlPrx[l3 (3.28)

we see that the continuity of ¢(.) is closely associated to the continuity of the orthogonal projector
Pf(.) (or equivalently Py () as a function of a € RP*. Furthermore, due to the block diagonal

structure of F(.), we observe that the continuity of PE{(.) as a function of a is equivalent to the

continuity of the n atomic orthogonal projectors PI%_( )’ for 5 = 1 to n, since, for all a € RPF we
e

iR _ 1
Pt = D P, -
j=1

have

The next theorem gives necessary and sufficient conditions for the continuity of a general orthogo-
nal projector Pg ), which is associated with a [ x ¢ matrix function ®(.) of a vector a € R™, but
let us first give the following definition:

Definition 3.1. Let ®(.) be a matrix function defined as
d:R™ — R>':a— d(a) .

We say that the matrix function ®(.) has a local constant rank at a point ag € R™ if there exists an
open neighborhood T of ag in R™ such that the matrix ®(a) has a constant rank ¢ < min((, ¢) for
allae Y.

We then restate the following fundamental result about the continuity of the Moore-Penrose inverse
and orthogonal projectors for real matrix functions, which can be traced back to the seminal works
of Wedin [189] and Stewart [[172].
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Theorem 3.10. Let ®(.) be a matrix function : R™ — R!**, which is continuous at a point
ag € R™. The following conditions are equivalent.

1)  ®(.) has a local constant rank at a

2)  ®(.)" is continuous at ag

3)  @®()®(.)" = Pg,) is continuous at ag
4) ®()Te() = Py yr is continuous at ag

In other words, the continuity of the pseudo-inverse of a continuous matrix function ®(.) at a point
ag € R™ is equivalent to the continuity of the orthogonal projectors onto the column or row spaces
of this matrix function at ay and all these conditions are equivalent to the assertion that ®(.) has
local constant rank at ag if ®(.) is itself continuous at ay.

Proof. See Propositions 8.1 and 8.2 in Chapter 8 of Magnus and Neudecker [[124] or Chapter 10 of
Campbell and Meyer [29]].

O

To ease the notation burden in the rest of this section and the following sections, we define the
following linear mapping h(.) and its inverse mapping h=1(.) :

h:RPF s RPF oy [maty ()]’ = A, (3.29)

RLRPE 5 RPEOA vec(AT) =a,

which are homeomorphisms from RP* to RP** and from RP** to RP*| respectively, allowing
to identify the elements and the topologies of these two finite dimensional vector spaces. These
notations seem cumbersome, but are related to our definition of the vectorized form of the matrix
A as vec(AT) instead of vec(A), which will be justified in the next sections. In other words, with
these definitions, we have h™1(A) = vec(AT) = a for all A € RP*F,

Armed with Theorem E)I, we now consider the continuity of the orthogonal projector P}L“(.) (or
equivalently Pg( ), which is used in the cost function % (.) of the (VPI)) problem. We first observe
that F(.), as a function of a, is a linear mapping from RP* to RP-**"* since the mat and transpose
operators are linear mappings, and, the Kronecker and matrix products are bilinear mappings. As
RP-¥ and RP-"*™F are finite dimensional vector spaces, F(.) is thus continuous for all a € RP-,
Similarly, the n atomic matrix functions F;(.) are also continuous linear mappings from RP-F to
RP*F_ In these conditions, Theorem shows that the continuity of the orthogonal projectors
Pﬁ(_) and PI%J_(') (or equivalently Pg() and Py, () ata point a € RP* is equivalent, respectively,

to the propositions that F'(.) and F;(.) have a local constant rank at a. Furthermore, the proposition
that F'(.) has a local constant rank at a is equivalent to the proposition that all the n F;(.) functions,
for 5 = 1 to n, have also a local constant rank at a.

In the special case where the weight matrix W € RES" (e.g., W;; > 0), we have the following

more precise result:

Theorem 3.11. For X € RP*™ and W € RY.", and any fixed integer k < rank(X) < min(p, n),
define the matrix function Pg ), from RP-F to RPXP7 | by

arr Py = F(a)F(a)*",

where F(a)™ is the pseudo-inverse of F(a) and F(a) is the p.n x n.k block diagonal matrix

F(a) = P diag(vW ;)h(a) = P diag(VW ;)A .
j=1 i=1

P () is continuous at all a € h=1(RP**) and discontinuous at all a € hil(R‘gk).
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Proof. As noted above, the continuity of P () ata point ag € RP¥ is equivalent to the existence of
an open neighborhood of ag in RP-* in which F(.) has a local constant rank. However, since

F(a) = @ diag(VW j)A
j=1

= diag(vec(VW)) [EnB Al

J=1

and rank(diag(vec(vVW))) = p.n if W is strictly positive, then

rank(F(a)) = rank(@ A) = n.rank(A) .
j=1

Thus, the rank of F(a) is entirely determined by the rank of A = h(a) when the weight matrix is
strictly positive. In other words, the continuity of Pg() atag € RP-* is equivalent to the existence
of an open neighborhood Y of Ay = h(ag) € RP** such that for all A € T, the rank of A = h(a)
is constant.

Now, we have RP** = Rsz U Rizk and let us consider separately the two cases Ay € R,’;Xk and
pxk
Ay eR <k -

Suppose first that Ay € RﬁXk. Per definition, the rank of A is constant and equal to k. Note further
that RiXk is an open set of RP** as the preimage of the open set R\{0} under the continuous
mapping A + det(ATA) as stated in Theorem In other words, for all Ay € RﬁXk, there
is an open neighborhood T of Ay included in Rﬁx and we deduce immediately that Pg( ) is a
continuous mapping for all ag € h~! (RiXk) using Theorem

Suppose now that Ay € ]Rzgf. Since ngk is the frontier of the open set RﬁXk in RP** according
to Theorem every open neighborhood Y of A in ]R’;ka also contains some points A € RiXk

and as such if Ay € R’gk there is no open neighborhood Y of Ag in RP** in which the rank of A
is constant for all A € T. This implies that Pg( ) (and, thus, also Pf(.) and 1) (.)) is discontinuous

at all points ag € RP¥ such that h(ag) = Ag € ngf-

O

Corollary 3.3. With the same definitions and notations as in Theorem the cost function v(.)
of the (VPI) problem

1
b() = 5P xl3

is continuous at all points a € h_l(R§Xk), if the weight matrix W € REL" (e.g., if W is strictly

positive). Furthermore, the sets of global minimizers of v(.) over the subsets Rng and QP** of
RP*¥ are not empty if W € RE7™.

Proof. From Theorem (3.11|above, we know that P}#(.) is a continuous mapping over the set RiXk

if the weight matrix W is strictly positive. Thus, in the same conditions, the restriction of v(.) to
RiXk is the composition of several continuous mappings on their respective domains of definition
and, consequently, the restriction of 9(.) to RiXk is continuous at all points in RiXk.

The second part of the corollary results immediately from Theorems [3.3] [3.9] and Corollary [3.1]
which show, respectively, that the set of solutions of the (WLRA) problem is not empty if the
weight matrix is strictly positive and that the (WLRA) and (VPI)) problems, or their variants, are
equivalent. Alternatively, it results from the first part of the corollary and the fact that QP*¥ is
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included in RZXk and is a compact set for the topology of R,‘ZXIC induced by the topology of RP**
(as @P** is compact in RP** according to Theorem . In these conditions, #(.) is a continuous
mapping over RZXk and attains its infimum over the compact set QP**, which implies directly that
the set of global minimizers of the (VPI) problem is not empty and we are done.

O

Consider the preimage of ]RiXk by h(.), e.g., b1 (RP*®). As h(.) is continuous and RﬁXk is an
open set for the topology of RP**, h_l(]R?k) is also an open set of RP*. Similarly, as QP* is
a compact set for the topology of RP*¥ h=1(QP*¥) is a compact set of RP"* (because h(.) is a
homeomorphism or more simply because the reciprocal image of the closed set OP** by h(.) is
a closed set of RP* and ||h(a)||r = ||a||z for all a € RP-*). Then the preceding results suggest
that it is much more convenient to restrict the domain of definition of the cost function v(.) to
the open set hil(Rsz) or even to the compact set h~*(QP**) when we try to solve the (VPI)
problem or its convex variants with a strictly positive weight matrix. In these conditions, the (VPI)
problem is a well-posed problem with a non empty set of solutions and the cost function v(.) is
continuous and even smooth over h_l(R§Xk) or h~1(QP*k). More precisely, the fact that F(.) is a
continuous linear mapping and has the local constant rank property for all neighborhoods included in
h_l(RiXk) implies also that PP%(_) (and thus also v(.)) is continuously and infinitely differentiable

at each point of h_l(RZXk). See Theorem 8.4 in Chapter 8 of Magnus and Neudecker [124] and
Subsection [5.2] for details.

We now discuss the continuity of Pg ), PI%(.) and 1 (.) in the case where some elements of the
weight matrix W are equal to zero. We already know that the (VPI)) problem is not well-posed
in these conditions as the set of global minimizers of (.) over h_l(RiXk) or h~1(QP*¥) can be
empty, as already noted for the equivalent forms or (PI) of the WLRA problem. In this more
difficult case, Py ) and Pﬁ(.) are also generally discontinuous at all a € h~! (Rﬂik), as illustrated
by the following theorem.

Theorem 3.12. Let X € RP*? and W & Rﬁxn, and k < rank(X). If W ; € RE_ (e.g., if the
4% column of the weight matrix has no zero element), then the matrix function Pg, () from R? * to
RP*P defined by

ar Py ) = Fj(a)F;(a)",

where F;(a)™ is the pseudo-inverse of F;(a) and F(a) is the p x k matrix
Fj(a) = diag(VW j)h(a) = diag(VW ;)A ,

is continuous at all a € A~ (R2**) and discontinuous at all a € h_l(RZEk

same conditions, the matrix function Pg( ) from RP-* to RP™*P- defined by

). Furthermore, in the

n
ar Pr) = P Pr@
j=1

is also discontinuous at all a € h_l(]Rika).

Proof. The proof is similar to the one of Theorem [3.11]and is thus omitted.
O

However, when some weights are equal to zero (e.g., when W € RE™" instead of RE."), the

condition that h(a) € RiXk is still necessary, but is not sufficient to ensure the continuity of the
orthogonal projectors Pp( ) and PI%(.). More precisely, we will demonstrate now that the set of

points of h ™1 (RiXk) for which Py ) and P#(‘) are discontinuous, is not always empty, can be even
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infinite and grows in size with the number of zero-elements of the weight matrix (see Theorem (3.13
below). Finally, we will show that the j** atomic function 1;(.) is also discontinuous at all points

of h~1 (Rim) for which P]_%_ 0 is discontinuous (see again Theorem|3.13)) and, in these conditions,
J1e

P(.) = %Z?Zl 1;(.) can be hardly continuous or differentiable at those points. These results

generalize the examples given in Dai et al. [46]][47]] about the discontinuity of some of the j** atomic
functions 1);(.) when some entries of the matrix X are missing in the case of binary weights and

provide a systematic characterization of the subset of points of h_l(]RZXk) for which some of the
atomic functions 1);(.) are discontinuous when the weight matrix W is not strictly positive. This

systematic assessment of the discontinuities of ¢(.) is possible because we consider h_l(RiXk)
as the domain of definition of v(.) instead of h~1!(QP**) as in Dai et al. [46][47], who used a
Grassmann manifold’s framework to minimize v(.).

In order to identify precisely the points of hil(]R?(k) for which the j* atomic function defined
by
_ 1 2 _ + 2 p.k
(@) = [Pr @i, = | @ — Fi(@F;(@)*) %], . Ya € R,

where PI%_( a) is the orthogonal projector onto the orthogonal complement of ran (Fj(a)) and
J

x; = VW ; © X ;, is discontinuous, let us first define what we call the jth barrier set B; asso-
ciated with this j** atomic function ¢/;(.) and the corresponding p x k matrix function F;(.).

Definition 3.2. Let W € RE*" and define for all a € RP**, the matrix function F(.)

n
F: RV — RPET a5 F(a) = (P Fj(a)
j=1

where F;(a) = diag(vW j)h(a) € RP** is called the j** matrix function. The j** barrier set B;
associated with the ;' atomic and matrix functions, 1;(.) and F;(.), is the subset of RP* defined
by

Bj = {a c RP*/3A € RY* with A = h(a) and F;(a) = 0P*F}

where 0P** is the zero p x k matrix.

Remark 3.8. This terminology is due to Dai et al. [46]][47], who illustrated by a few examples that
some points belonging to the intersection of a barrier set B; with h~1(QP**) act as barriers”,
which may prevent gradient descent algorithms used to solve the problem from converging
to a global minimum or infimum. W

Remark 3.9. The subset B; of RP* introduced in Definition can also be defined as follows.
Consider again the preimage of RZXk by h(.), e.g., h_l(R?(k), which is an open set of RP-* and
also the continuous linear mapping F; : RPF — RPXK a1 F;(a). The subset of RP-* such that
F;(a) = 0P*F is the null space of F;(.), which is a closed linear subspace of RP-*. With these
results, we have

Bj = h ' (RPF) A F; 1 ({07} = b (RPF) nnull(F;)

e.g., B; is the intersection of the preimages h~!(R2*¥) and F;l({Op k1), which is not open and
nor closed in R, W

We first observe that B3; is empty if all elements of the column vector W ; are greater than zero as
in that case we have rank(diag(v'W ;)) = p and, thus, rank(F;(a)) = rank(A) = k if h(a) =
A € ]RiXk, and in these conditions Fj(a) # 0P*k. On the other hand, if the number of zero
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elements of the column vector W ; is greater or equal to k, B3; is not empty and is an infinite subset
of h~1(RP*¥) as demonstrated in Theorem Mbelow.

To demonstrate this proposition, let us introduce again some notations. Suppose that some elements
of the column vector W ; are equal to zero, which is equivalent to say that the corresponding
elements of the column vector X ; are missing. Then, let p, be the number of zero elements of W ;
and p, = p — p, the number of elements of W ; which are different from zero, e.g., p,, and p, are,
respectively, the number of "unobserved” and “observed” entries in the column vector X ;. In this
case, we can partition the vectors X ; and W ; as

XU W Pu
|:Xoj:| = PjX.j and {WO]] = [‘(;Vo-] = PjW_j .
-J -J -J

Here X" € RP is the "unobserved” part of the column vector X ;, X7 € RP° is the "observed”
part of this vector and P; is any p X p permutation matrix, which reorders the elements of W ; so
that the zero elements of W ; appear first. Obviously, P is not unique, but we can use any such
permutation in what follows. Note also that this permutation matrix P; could be different for each
pair of column vectors X ; and W ;, such that some of the elements of W ; are equal to zero, if the
patterns of “unobserved” entries differ among the columns of the matrix X. Similarly, A € RP**

can be partitioned as
A’LL
oa- [y

where A% € RP«*k and A° € RP-*k With these notations, we have the following theorem:

Theorem 3.13. Let p, € N, and p, € N, with p = p, + p, design, respectively, the numbers of
“unobserved” and “observed” entries in the j** column of X. If p, > k, the j** barrier set Bj is
equal to the (nonempty) subset of RP-*

B; = {ac R /3IA" € R} " and Pjh(a) = [Ozﬁxk} I

where 0P2** is the zero p, x k matrix and P j is any p X p permutation matrix, which reorders the
elements of X ; so that the missing elements of X ; appear first. On the other hand, if p,, < k then
Bj is empty.

Proof. Suppose first that p, > k and let a € B;. Then, it exists h(a) = A € RiXk and we have the
implications

Fj(a) = 07F = diag(vVW ;)A = 0P**

= diag(P;P;VW ;)P} [20} — vk

= PT diag(P;VW ;) [io} = Pk

(0 AY
:>diag({ o:|)|: ]:OpXk
VW |7 |A°
= diag(V WZ-)AO = QroxF
= A° = oPoxk
The last implication results from the fact that all elements of the vector W, are different from zero

by definition. This implies that A = P]T { OPox k] . Furthermore, since PJT is a permutation matrix
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and, thus, of full rank p, we have k = rank(A) = rank(A") and A" € Rﬁ“Xk, which shows that
ac B
j

Reciprocally, suppose that a € B;. Then, it exists A = h(a) € RP** and A" € RZ“Xk such that

u

A:P]T[ A

opo k] and A is of rank £ as P;F is of full rank p and A" is of rank k. Then, we have

Fj(a) = diag(VW ;) A
. | A"
= dzag(\/W,j)Pj [ ]

QPoxFk

. A"
= diag(P] P;VW ;)P] [opox ,ﬁ}

. AY
— Pdezag(Pij,j) |:0po><k:|
or 1. [ A
= PTdiag([ 0 ]) [ k]
J ‘/W.j QPo X
_ pPT'apoxk _ qpoxk
— plopoxk — groxk |

and a € B;, which demonstrates the first part of the theorem.

Suppose now that p,, < k, then if a € RP"* and h(a) = A € RP*k we have,

Fj(a) = 07F = diag(VW ;) A = 0P**

0P 1, [A
. _ apXk
:>dtag([ ﬁwoj]) [AO] =0
= diag(VW ;) A® = gpoxF
=A% = QPoxk

u

This implies that A = P]T [ A

opo k] with A% € RP«** But, as PJT is a permutation matrix and, thus,

of full rank p, we have rank(A) = rank(A*) < min(py, k) = p, < k and we conclude that a ¢ B;.
In other words, if p, < k, for a € RP* we cannot have F;(a) = 0P** and h(a) = A € RﬁXk.

O

Remark 3.10. Using Remark [3.9] it is easy to verify that the first part of Theorem [3.13|results from
() the fact that null(F;) is a linear subspace of RP-¥ of dimension p,,.k and is equal to

null(F;) = {a € RPF /3AY € RP*F such that Pjh(a) = [szxk] } ,

A’lL

and (i7) the property: Let A € RP*¥ and A" € RP«*¥ with P; A = |:Opo><k'

}prUZk:

rank(A) = k <= rank(A") =k .
]

Theorem 3.14. With the same notations as in Theorem and above, if p, > k and p, > 1 (e.g.,
if there is at least one observed entry in the column vector X ;), the following two assertions are
true:

1)  The orthogonal projectors Pp,()and PI‘L‘]- () are discontinuous at all points of B;,

2) If[|[X%][]2 # 0, then t;(.) is also discontinuous at all points of B;.
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Proof. According to Theorem |3.10} in order to demonstrate the first assertion of the theorem it
suffices to show that the matrix function F;(.) has no local constant rank for all a € B;. We first
note that Fj(a) = 0P** and, thus, rank(F;j(a)) = 0 if a € B;. In these conditions, it suffices to
show that, Vor € R, if we consider the open ball B, ;,(a, ), with center a and radius «, in RP¥E
it exists d € Byx(a, @) N h~H(RE*F) such that rank(F;(d)) # 0.

Since a € B; and p,, > k by hypothesis, according to Theorem , it exists A" € R} *k such that

PjA_[A

OpoXk:| where A = h(a) € RﬁXk. Now, let 3 € R, such that § < a and D° € RPo**

u

such that D} = fand DY = 0if i # 1 and j # 1. If we define D = PT {go

] and d = vec(D7),
we have d € ™! (RD*") as D € RP*F (since A* € RP"**) and also
ld—alf =D - Al} =% <a”.

Thus, d € B, 1(a,a) Nh~ (RE*F). Obviously, F;j(d) # 0P*F as D° # 07** and rank(F;(d)) =
1 and we conclude that F;(.) has no local constant rank at all points a of B;.

For demonstrating the second part of the theorem, we first remark that, for all points a € B;, we
have Fj(a) = 0P** and F;(a)* = 0"*? and, thus,

1L
vi(a) = [Py x5 = x5 = 115 + 1515 = 1513

since W* = 0P«. By hypothesis, we have [ X 2 £ 0, so let us consider
the open mterval Ik Hx0||2, 2||X°H2[ of R, e.g., the open ball B (%( )7 $1bj(a)) of R. We have
to show that, for all @ € Ry, it exists d € RP* such that d € B, (a,a) N hfl(Rim), but

¥ji(d) ¢ Bi(v;(a), 3¢5(a)).
Let 3 € R, such that 8 < «, and define D° € RPo*¥ by D9, = B% and D9 = 0P for¢ = 2
g

to k, where 0P is the zero vector of dimension p,. Setting now

A

D=P] [DO

] € RP** d = vec(D”) € RP* and d° = vec((D°)") € RPe*

we have [|d — al|3 = [|D — A% = 3% < o and rank(D) = k. Thus, d € B, x(a, ) N h~ (RP*F)
and
0i(d) = |Pg, %13
= [lx; — F(d)F;(d) ;3
= ||} — Fj(d°)F;(d%) "33

= min X — F,;(d°)b|?
min x5~ F,(d*)bl3
= min [|x§ - NW?» ©D?)by 3
b1€R
— / @XO b 2
érllgé HX HXOH ( ) 1H2
= mi o _ %b ||
B P~ gt
X% 1l2

=0 withb; =

g

In other words, 1;(d) ¢ ]%HXOHQ, 5 ||x0|\2[ = Bi(¢;(a), 3¢;(a)), which demonstrates that 1;(.)
is discontinuous at all points of B; as claimed in the second part of the theorem.

O
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Corollary 3.4. With the same definitions and notations as in Theorem [3.14] the orthogonal projec-
tors Pp( ) and Pl‘%(.) are discontinuous at all points a € U?Zl B;.

Proof. This results immediately from Theorem [3.14|and the equality

Pra) = P Pr,@):
j=1

which shows that the continuity of Pg () is equivalent to the continuity of the n atomic orthogonal
projectors Pg (), for j = 1 to n.

O

Since F(.) is a continuous linear mapping different from the zero constant function, its null space,
null(F;) = F]-_l({OpXk}), is closed and not dense in RP** and its complement RP** /null(F;)
(in RP*), is nonempty and open. Next, using Theorem and Corollary we know that
Pﬁ(.) is not continuous at all points a € (Jj_, B;, implying that Pf(.) will not be differentiable
and 1 (.) will also, in general, not be continuous and differentiable at these points. This implies
that the “feasible” search set for a solution of the problem will be severely restricted in the
case of missing values, at least by standard first- and second-order optimization methods, which
require that the objective function must be at least differentiable. Moreover, the “size” of this
“feasible” search set will also decrease if the number of missing values increases as it is equal to

Moy [ L (RY%)/B;)].

Hence, when the number of missing values in the data matrix X is very large, one may prefer an
alternative formulation of the WLRA problem that will allow for a continuous and differentiable
objective function 1)(.) for all points of A ~* (RiXk), no barrier sets 3; and no discontinuities for any
of the atomic functions 1;(.). In this context, when the weights are equal to one or zero (e.g., the
missing value problem), Dai et al. [47] have proposed to replace the traditional Frobenius metric
by what they called a ”geometric performance metric” to avoid these discontinuities of the atomic
functions when solving the matrix completion problem in a Grassmann manifold’s setting. More
generally, as discussed above and demonstrated in Theorem the minimization of the separable
form of the cost function g,(.) defined in equation (3.18) with a small regularization parameter
A € Ry, or continuation Tikhonov methods based on a family of such cost functions gy(.) in
which A tends to zero during the iterations are also promising alternatives in such difficult situation.
Moreover, these alternatives work with nonuniform weight matrices including zero weights and not
only for the missing value problem with binary weights.

We are now set to describe the different algorithms which may be used to minimize ¢*(.) or ¥(.).
We start by a modern description of several ALS regression methods, which all originate from
the NIPALS algorithm first introduced by Wold and his collaborators [191][192][93]], and alternate
between minimization of the two sets of variables, A and B, for solving the formulation of the
WLRA problem in Section d] The more complicated separable NLLS algorithms (e.g., first- and
second-order variable projection methods), which explicitly eliminate the linear parameters (for
example b = vec(B)) obtaining a reduced, but somewhat more complicated, functional ¢ (.) that
involves only the nonlinear parameters (e.g., a = vec(AT)), are described in Section

4 The block alternating least-squares method and its variants
As noted in Subsection[3.4] if we fix a = h™'(A) = vec(AT), then the problem
1
min Z|lx — F(a)b||? = ¢*(A,B),
Jnin g | (a)bll; = ¢"(A,B)

where F(a) and x are also defined in Subsection is a linear least-squares problem with k.n
unknowns B;;. The unique minimum 2-norm solution of this linear least-squares problem for a
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fixed A matrix is b = F(a)™x as stated in Subsection More precisely, if we take into account
the block structure of F(a), we observe that the best choice of b = vec(B) for a given A matrix is
obtained by solving n independent linear least-squares problems, each with £ unknowns, and ﬁ s
for j = 1,--- ,n, can be calculated by

~

B, = <ah‘ag(\/\TV_j)A>+ (VW ;0X,;) =F;a)'x;, @.1)

where F;(a) = diag(vVW ;)A and x; = VW ; ® X ;. Likewise, if b = vec(B) is fixed, the
minimization problem
1
i ~|z — G(b)a|; = v*(A,B
min 5lz— Gblal} = o"(A.B).

where G(b) and z are again defined in Subsection is a linear least-squares problem with k.p
unknowns A;;. The unique minimum 2-norm solution of this linear least-squares problem for a
fixed B matrix is then a = G(b)"z. Again, by taking into account the block structure of G(b),
we observe that the best choice of A for a given B matrix is obtained by solving p independent
linear least-squares problems, each with k£ unknowns, and A;, fori = 1,--- ,p, can be calculated
by

A= (VW; 0X,) (Bdiag(JWi,))+ — (Gi(b)z)" 42)

T
where G;(b) = diag(v'W; )BT and z; = (\/Wi, © X) :

The above results suggest that we can minimize the cost function ¢*(.) and solve the WLRA
problem in its formulation by taking the block separable least-squares approach (e.g., NI-
PALS algorithm) of Wold and his collaborators [191]][[192]][93], a method rediscovered and studied
many times after, particularly in the context of low-rank matrix completion and optimization prob-
lems [188][94][76][118]][[146] or in the computer vision community [[176][15][37]. The idea is to
minimize ¢*(.) by alternatively improving the A and B matrices through a sequence of cyclic lin-
ear least-squares optimizations. One starts with some initial guess, say, A? and iterates from A" to
B then from BY to A', etc ... This method of iterations yields a decreasing sequence of functions
values {¢*(A?, B%)};cn as the sandwich inequality

()O*(A.’L,B/L) 2 QO*(Ai,Bi+1) Z (p*(Ai+1,Bi+1)

holds for all (A%, BY), i € N. Since the continuous real-valued function ¢*(.) is bounded below by
zero, the sequence of function values should converge to an infimum. However, the convergence
can be quite slow, especially in the presence of missing values [15], and the sequence of points
{(A?, B%)};en may even cycle, stagnate and not converge to a stationary point of the WLRA prob-
lem [69] as this block separable least-squares approach is a simple instance of a block coordinate
descent method (also known as the block-nonlinear Gauss-Seidel method, see [148]][[139]) for min-
imizing *(.) and the cost function is not convex [152]. Importantly, subsequence convergence to a
stationary point can still be obtained for this block coordinate descent algorithm applied to a non-
convex function (as ¢*(.)) for special cases such as the existence of an unique minimizer per block
of variables [108]][7] or in the case of two block of variables with a nonempty set of minimizers per
block, but without the unicity condition [68], as stated in the following theorem and corollary:

Theorem 4.1. Suppose that f(.) is a continuously differentiable function over a set 2 C R!, which
is a Cartesian product of closed convex sets €21, o, ..., Q,,, where ; C R™ fori = 1,...,m and
>, ni = l. Suppose that the variable x is also partitioned accordingly as x = (X1, ..., X;;,) Where
x; € §2;. Furthermore, suppose that for each ¢ and x € (2, the solution of

min f(xla"'axi—17C7Xi+17"'7X’m)

ey
is uniquely attained. If f(.) is minimized by a block coordinate descent algorithm, in which a single
block of variables, x;, is optimized while the remaining variables are held fixed at each iteration,
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then any accumulation point of the sequence of points, {x*},cn generated by this block coordinate
descent algorithm is also a first-order stationary point of f(.).

Proof. Omitted. See p.195 in [152] or Proposition 2.7.1 in [7] for details.
O

Corollary 4.1. In the same conditions as in Theorem if f(.) is defined only over a Cartesian
product of two closed convex sets, 21 and {23, and the global minimization of f(.) with respect
to each component is well defined, but not necessarily unique, then any accumulation point of the
sequence of points, {(x”,y*)}rcn generated by this two-block coordinate descent algorithm is also
a first-order stationary point of f(.).

Proof. Omitted. See Theorem 6.3 in [68]]. O

As RP*% and R**™ are closed convex sets and ¢*(.) is continuous as stated in Theorem [3.2|and also
continuously differentiable (as it is a polynomial in (p x k) -+ (k x n) variables), Corollary 4.1|can be
applied to the two-block separable least-squares approach described above. Note, on the other hand,
that Theorem [4.T|cannot be used here because we cannot assume that all the regression problems for
computing A and B cyclically in the two-block separable least-squares method to minimize ¢*(.)
can be solved uniquely in general. For example, this will not be the case if some rows or columns
of X have less than k£ “observed” values. However, using Corollary we still obtain that any
accumulation point of the sequence {(A?, B')};cn, say (A, B), is a first-order stationary point of
©*(.) and, thus, satisfies

d¢* (A, B)
Oa

d¢* (A, B)

= Vyi(A,B) = 0" and 5h

= Vi (A, B) = 08"
where the partial functions ¢} (.) and ¢j (.) are defined by

1
©on RPF 3 R:cs go*(mathp(c)T,B) = §HVW ® (X - CB)||% ,

*

i} 1
©of REY 5 R :d = " (A, matyy,(d)) = 5H\/W ® (X - AD)|%,

see Theorem below for details. Note that this condition is however not sufficient to ensure that
Y = AB € R’gf is a Frechet first-order stationary point of ¢(.) according to Theorem if
Y € Ri?". However, from Theorem below, we also get that the (partial) Hessian matrices of
the vectorized form of ¢*(.) are equal to

0%¢p*(A,B .
PIAB)  v2i(aB) = G)TG)
0%p*(A,B .
PP 2 (A B) = F(a) Fla).

and are, thus, positive semi-definite for all A € RP** and B € R**", which implies that ©*(.) is

~

bi-convex in its whole domain. In addition, if the block matrices F(a) and G(b) are of full column-
rank, which will be the rule rather than the exception if there are at least k& “observed” values in

each column and row of the incomplete data matrix X, the (partial) Hessian matrices % and
% will be further positive definite and this implies that
A=Arg min ¢*(A,B) , B=Arg min ¢*(A,B),
AERPXk Bekan

~ ~

are strict local minima for the partial functions ¢*(., B) and ¢* (A, .), respectively, and

*1/&,1/?\» = min *A,f’) = min *K,B ,
»(A,B) = min ¢(A,B)= min ¢"(A B)

76



which is a necessary, though not sufficient condition, for the pair (A, ]§) ’s being a minimum point of
©*(.). Finally, the resulting algorithm is globally convergent with a sublinear or linear convergence
rate at best [166][15][21]. However, little can be said in general about the convergence behaviour of
the sequence {(A*, B*)};cn without additional assumptions or modifications (e.g., regularizations)
of the cost function of the WLRA problem as we will discuss now in some details.

If we use vectorized matrix variables, e.g., a = vec(A”) and b = vec(B), then the iterations in the
block ALS algorithm (e.g., NIPALS) take the following form

ai+1 — G(bl)-‘rz — w(bz) ’

bit! = F(ait!)tx = v(ait!)

fori = 0,1,2,..., where v(.) and w(.) are two real-vector functions from RP* to R¥™ and from
RF™ to RP* respectively, defined by

o(a) = Argmingcgra 3)x — F(a)b|3 = ¢*(A,B)
s.t. Arg mingcgr.n ||bl|2

w(b) = Argming cpp.r %HZ — G(b)all3 = ¢*(A,B)
s.t. Arg mingcppr ||alf2

That is, either subproblem has an unique minimum 2-norm minimizer (see Subsection [2.1) and the
functions v(.) and w(.) are thus well-defined. In these conditions, the composition map x(.) =
w(.) o v(.) is also a well-defined function from RP-* to RP** and the ALS algorithm takes the form
of a standard fixed point iteration [148]]

a'™l = y(a’) = x*(a°) fori = 0,1,2,...
Clearly, if v(.) and w(.) are continuous, x(.) is also continuous and if, in addition,

lima'=a,
i—00

then a solves the system a = x(a), (e.g., a is a fixed point of x(.)) and

lim (a’,v(a’)) = lim (a’,b") = (&,b) with b = v(a) and @ = w(b) .

1—00 1—00

Then, under these hypotheses, the ALS iterations converge to (&, b) and we have

1 ~ ~ 1
a=Arg min -||z—G(b)al|? and b=Arg min -|x— F(a)bl?,
¢ min s G(bjal g min Jlx— F@bl?

which implies

9" (A, B)

Oa =0t V@E(K,B):

Va (A, B) =
and (K, ]§) is a first-order stationary point of ©*(.). Thus, in these conditions, we have a one-to-
one correspondence between the fixed points of x(.) and the first-order stationary points of ©*(.).
However, the hypotheses that v(.) and w(.) are continuous cannot be proved here as the general-
ized inverse functions F(.)* and G(.)" are clearly not continuous on all points of RP-* and R*",
respectively, according to Theorems [3.10] [3.11 and [3.12] Consequently, this approach cannot be
used to establish the general convergence of the whole sequence {(A?, B%)};cn. Similarly, x(.)
is not a contraction in any open ball B, ;(a’, ) of radius 7 around the starting point a° as oth-
erwise the Contraction Mapping Theorem [148] will imply that the equation a = x(a) has an
unique solution & in the closed ball B, (a",r), which is false according to Remark [3.4| and the
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over-parameterization of the formulation (PI)) of the WLRA problem. In other words, the conver-
gence of the whole sequence {(A*, B?) };cn cannot be proved either with the help of the Contraction
Mapping Theorem.

First, we observe that more precise and stronger results can be derived when all the weights are
strictly positive, e.g., when W € Rﬁin, because the cost function ¢(.) is A-smooth in that case,
which means that the gradient mapping V(.) from RP*™ to RP*™ is Lipschitz continuous with a
Lipschitz constant A > 0, e.g.,

IVe(Y) = Ve(Z)llr < AIY = Z|p, VY, Z € R
Using equation (3.3) in Subsection[3.2] we get immediately
IVe(Y) = Vo(Z)|[r = WO (Y =Z)[p <MY - Z|p, VY, Z € R,

with X = max(; je[p)x[n] Wij» implying that ©(.) is effectively A-smooth when W € RE.". As
©(.) is also bounded from below, e.g., VY € RP*" (YY) > 0, we have the following result which
is a direct application of Corollary 3.9 in Olikier et al. [146]].

Theorem 4.2. Let Y' = A'B’ € RY," | Vi € N, where the sequence {(A?, BY) };¢n is the iterates
of the block ALS algorithm defined by equations (4.1)) and @.2).

Then, the generated sequence {¢(Y*)};en = {p*(A?, B?)};cn of cost function values is monoton-
ically decreasing and converges to some value ¢, > €, = C,, where C,« = C, is the infimum
of ¢(.) on RZ}™, which is equal to the infimum of ¢*(.) on RP*K x RF*" (see Theoreml for
details). Moreover, the Riemannian gradient of ((.) at Y tends to zero, e.g.,

Im Vep(Y) =P poxn  (V(Y?")) = 027"

R .
1—00 TYl rank(Y'?)

and every point of accumulation Y of the sequence {Y};cy satisfies ¢(Y) = ¢, and Vpp(Y) =
07*", which means that Y is a Riemannian first-order stationarity point of ¢(.) on the smooth
manifold ]Rp " where k' = = rank(Y ) < k. In particular, if rank(Y) = k then Y is also a Frechet

first-order stationarity point of ¢(.) on Rzggn in the sense of Theorem [3.5|and the pair (K, ]§) is a
first-order critical point of ¢*(.) on RP** x R¥*™ according to Theorem

Furthermore, Vj € N, it holds that

: p(Y") - so*>é
< - 7 -
i [ Vee(Y')|lr (2 A

In particular given ¢ > 0, the algorithm returns a matrix satisfying ||V ro(Y?)| r < ¢ after at most
[/\ oY) —en ) P %-‘ iterations.

Proof. Omitted. See Corollary 3.9 of Olikier et al. [[146]] for details. O

Interestingly, this theorem also illustrated the impact of a good” initialization of the block ALS
algorithm on the required number iterations for the convergence of the sequence in terms of the
norm of the Riemannian gradient of ¢(.). However, even in the case where W € Rﬁx*n, we cannot
ensure that Y1 — Y — 0P>" and this result requires additional modifications of the algorithm
or hypotheses.

In fact, many of the past works study when the ALS minimization algorithm converges to its in-
fimum for the matrix completion problem in polynomial time under the additional assumptions
that (i) there is a solution X = :&ﬁ, which is incoherent (e.g., the squared row norms of A and
squared column norms of B are not small) and (ii) the non-missing entries of X are selected uni-
formly at random or have pseudorandom properties [94][76]. More precisely, these two studies
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have shown that with an appropriate SVD-based initialization, the ALS algorithm (with a few mod-
ifications) recovers the ground-truth in the case of random binary weights and under a resampling
scheme. Convergence results with a relaxation of the random sampling hypothesis can be found
in [[16][114][170]. However, all these past studies concern mainly the matrix completion problem
with a binary weight matrix [[76]][94]][16]][[170] or assume that there are no zero weights and that W
is spectrally closed to the all one matrix in the case of a nonuniform weight matrix [114]]. Finally,
there is some ongoing debate as to whether these different assumptions are valid for real-world
datasets [174]]. Interestingly, the incoherency hypothesis of the solution pair (K, ]§) stated above
means that A is far away from any of the barrier sets B;, defined in the previous subsection (see
Definition [3.2), illustrating how the variable projection framework shed also some lights on the
solvability of the WLRA problem by other methods such as the block ALS algorithm described
above.

The block ALS method can also be adapted to solve the MMMF formulation of the WLRA prob-
lem equipped with a regularization parameter A € R, already discussed in Subsection (see

equation (MMMH)), since

min A B)=- ®(X—-AB + —(||A]|% + ||B
PR 2\ HV ( )|z (H I+ 1B1%)

= 32— G 3+ 5 lall + I3
1 A A
= 5l b= PG@b] |5+ 5 llalld + 5 bl

where a = vec(AT), b = vec(B), x,z , F(a) and G(b) are defined as above.

In this case, the block ALS algorithm computes alternatively the solutions of the two regularized
least-squares problems

ang min, 3l = GOl + 51l =5 " 5C L = 5 o] - [ ar ol

and

ave i b wael; + gl = 5] RS = 3l o] - [V

In other words, the MMMF ALS algorithm updates a and b at the ¢ + 1 iteration according to the
rules

ait!l = (G(b")TG(b) + L) G(b) 'z

and
-1

bi+1 — (F(ai—i-l)TF(ai—i-l) + )“Ik.n) F(ai—H)TX ]

Furthermore, Theorem[.1|can now be applied directly to this regularized ALS algorithm in order to
show that any accumulation point of the sequence {(A*, B")};cn, say (A B) is a stationary point
of }(.) as we are now sure that all the regression subproblems for computing A’ and B can be
solved uniquely because of the presence of the regularization terms in 3 (.).

Next, from Theorem [4.3] and its corollary (see below), we deduce that the partial Hessian matrices
% V2(¢})a(A,B) and % = V%(¢})b(A, B) are positive definite for all A €
RP¥F and B € R’”” as soon as A > 0, which implies that (3 (.) is now strongly bi-convex in its
whole domain instead of only bi-convex as ¢*(.). Using the facts that (3 (.) is also a coercive (thanks
to the inclusion of the regularization term % a3+ % |b||3) and real-analytic (as it is a polynomial in
(px k)+(kxn) variables) function, it can be demonstrated that this strongly bi-convex cost function
also verifies the so-called Kurdyka-Lojasiewicz inequality, the sequence (A?, B?) is bounded and

that the whole sequence (A?, B?) generated by the MMMF ALS algorithm converges to a first-order

79



stationary point of (3 (.), say (A, ]§) [194]], which is a much stronger result than the one delivered
by Theorem [.T]and its corollary.

Finally, Li et al. [L18], using results from [4]][194]], were able to demonstrate recently that the se-
quence (A%, B?) generated by the following proximal version of the MMMF ALS algorithm

a't! = Arg min o Slla— Gmaly + 3 alls + 5’ - all
1 [z — G(b')a] ,
= Arg min fH V.a H
acRrk 2 VB(ai — a) 2
z G(b?) )
= Arg min H ork | — \f)\.Ip_k aH
ackrt 2 \F-ai \/B-Ip.k ?

= (GG (b)) + A+ B)Lx) " (G(b) 'z + p.a)

and
b = Arg min b~ F(a b2+ 3 blf2 + 2 bt — b
gbe]Rk " 2 2T 5 2
[x — F( “+Hb
= Arg min H H
beRk-n 2
r X F(az+1) )
= Arg ml]{l 2H 0k | — [ VAL, bH
berm _\/Bbl \/BIkn ?
= (F@™) F@™*) + (A + B)Ik,) | (@) x + 8.b1),
where

B> 8. W 505 (A", BY) /A + 4. W[5 /03 (A%, B) + A,

converges not only to a first-order stationary point, but in fact to a second-order stationary point
of 3 (.) (see Proposition 4 and example 3 in Section 4.3 of [118]), e.g., to a point (A, B) which
verifies R L

Vi (A, B) = (07, 0M") and (V293 (A, B))((C, D), (C,D)) >0,

V(C,D) € RP** x RF*" eg V203 (A, B) is a positive semi-definite (symmetric) matrix. Im-
portantly, if 3 (.) is well-conditioned (e.g., depending on the form of the weight matrix W), these
second-order stationary points may correspond to a local or even global optimal solution, see [200]
and Theorem 3.10 of [[146] for more information.

Remark 4.1. An interesting and open question is to determine if these strong first- and second-
order convergence properties of the ALS method for solving the MMMF formulation of the WLRA
problem may also extend to the cost function gy(.) proposed by Boumal and Absil [13][14] and
discussed in Subsection [3.3](see equation (3.18)). B

The block ALS algorithm and its MMMEF variant have also been incorporated as a building block in
various Expectation-Maximization or other first-order methods to increase their efficiency for large
datasets by avoiding costly SVD computations in high dimensions [[93]][86][181]].

Interestingly, we note that Szlam et al. [[178]] have recently demonstrated that only a few iterations
of such ALS are sufficient to produce nearly optimal spectral- and Frobenius-norm accuracies of
low-rank approximations to a matrix when all the weights W;; are equal to one, provided that Ag
is one of the random matrices used by [85] (for example, the entries of Ay can be independent
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and identically distributed standard normal variates) and that iterating until convergence is unneces-
sary. Extending their demonstration to the case when the weights W; are unequal (and eventually
with some equal to zero) is an interesting issue already discussed in [167][23], but is outside the
scope of this paper. However, we highlight again that proper initialization of the ALS or variable
projection methods described here is obviously an important topic, which also needs a careful at-
tention [72][94]][76][170][171]. As an illustration, [94][76][170][167] showed that given a good
enough initialization, many simple local search algorithms, like ALS, succeed, a result which is
consistent with Theorem above.

Now, let us consider how to compute efficiently the first- and second-order derivatives of the vec-
torized form of ¢*(.) (and ¢%(.)) in order to obtain meaningful tests of convergence of these ALS
methods to a (local) minimizer of this cost function. We already know from Subsection@ that the
objective function ¢*(.) used in the formulation of the WLRA problem,

1
" RPE R S R: (A B) — ¢*(A,B) = 5||\/W@ (X — AB)||%,

is C'* differentiable over its domain of definition. Furthermore, we have also already derived the
first- and second-order derivatives of ¢*(.) in equations (3.12) and (3.15)), respectively. As the
vectorized form of ¢*(.) is defined by the composition of ¢*(.) with the linear mapping

RPF x RE™ sy RPXF 5 RF™ (2, b) s (matyp(a)", matyxn (b)) = (A, B) |

it is also C' differentiable over its domain of definition, RP-* x R*" and we have the following
results concerning the vectorized forms of the first- and second-order derivatives of ¢*(.), which
offer more convenient expressions for checking the first- and second-KKT conditions of ©*(.) at a

given pair of RP*F x R¥*™ then equations (3.12) and (3.19).

Theorem 4.3. For X € RP*", /W € RY*" and any fixed integer k < rank(X) < min(p, n), the
vectorized partial first-derivatives of *(.) with respect to a = vec(AT) and b = vec(B) are equal,

respectively, to
9¢* (A, B)

e Vei(A,B) = G(b)TG(b)a— G(b)Tz 4.3)
and
%‘:B) = Vyi(A,B) = F(a)TF(a)b — F(a) x, (4.4)
where

F(a) = (D F;(a) = P diag(VW ;) (matixp(a))”
j=1 j=1

G(b) = P Gi(b) = P diag(vVW,.) (matixn(b)) ",
i=1 i=1
x = vec(VW @ X) and z = vec (VW © X)7) .

Moreover, we have

Vea(A,B) = vec(Vea (A, B))

Ver(A,B) = vec(ch*B(A,B)) ) 4.5)
where Vi’ (A, B) and Vg (A, B) are defined in equation (3.1T).
The vectorized second-derivative (symmetric) matrix form of ©*(.) is given by

9%¢* (AB) a%*(AB)]

2 * a
[V¢" (A B)] = | 2 04m) 2oas)

Oboa 0’b
_ [ V20i(A,B) V(A B)]
Vigha(AB)  VZpi(AB) |’

(4.6)
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where

. 0%0*(A,B
vieyaB) = 2B gmyram)
. 824*(A, B
Vi (aB) = PR TR
* 8280*(A7B) T
Vi0p (A, B) = ~—9adb ((W ®(AB-X)) ® Ik) +F(a) K, ,)G(b),

* * T
VQSOa,b(AvB) = [v290b,a(AvB)] .

Finally, we have the following equalities, which precise the relationships between the quadratic
forms (V2¢*(A,B)) and (V?p(AB)) in complement of equations (3.14) and (3-13)

"' V20i(A,B)e = (V04 (A, B))(C,C) = (V’¢(AB))(CB,CB),
d"V2¢i (A, B)d = (V2¢(A,B))(D,D) = (V’¢(AB))(AD, AD)
d"V2g} J(A,B)c = (Vo(AB),CD), + (V’¢(AB))(AD,CB) ,

VYC € RP*F with ¢ = vec(CT) and VYD € R¥*" with d = vec(D).

Proof. First, we observe that the matrix of first-derivatives of the vectorized residual function
e(a,b) = e(A,B) = x — F(a)b with respect to b (e(A, B) is first defined in equation (3.19)) is
simply
OJe(A,B)
Ob
and is very sparse with only k non-zero elements in each row as F(a) is a block diagonal matrix
(see equation (3.20)). Since

— —F(a)

N 1 1
¥ (A,B) = §e(A7B)Te(A’B) = iHe(av b)H% )

the derivative of ¢* (A, B) with respect to b is then easy to compute, using a standard differential
rule for a mapping of the form R*" — R : d + 1||g(d)||3, where g(.) is a differentiable mapping
from R*" to RP™ [26]],

9¢" (A, B)

op — F@'(x~F(ab) = F(a) Fla)b - F(a)"x.

For computing the derivative of ¢*(A,B) with respect to a, we first recall that the vectorized
residual function e(a, b) may also be expressed in the alternative form

e(A, B) =X — K( )G(b)a = K(mp) (Z - G(b)a) 5

n?p
see the paragraph after equation (3.22)) in Subsection [3.4]for details. Hence

de(A, B)

5o = KupC(b)

and this matrix of derivatives with respect to a is also very sparse with only k£ non-zero elements in
each row. Now the derivative of ¢* (A, B) with respect to a, is also very simple to obtain, using the
same differentiation rule as above and properties of the commutation matrix given in Subsection[2.2]

0v*(A,B)

Oa - _(K(”vp)G<b))TK(n7p) (z — G(b)a)

= —G(b) K K(ny) (z — G(b)a)
= G(b)"G(b)a—G(b)"z.
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Next, to demonstrate that Vf (A, B) = vec(Vyi(A,B)), we observe that, by definition, we

have
F(a)b = diag(vec(\/W))(In ® A)vec(B) = diag(vec(\/W))vec(AB)

and, thus,
F(a)b —x = diag(vec(\/W))vec(AB) —vec(VW @ X)
= diag(vec(\/W)) (vec(AB) — vec(X))
= diag(vec(\/W))vec(AB -X),
which implies that
Vih(A,B) = F(a)' (F(a)b - x)
= (I, ® A)" diag(vec(W))vec(AB — X)
= (I, ® AT)diag(vec(W))vec(AB — X)
= (I, ® AT)vec(W © (AB — X))
= vec(AT(W ©® (AB — X)))v
and, using equation (3.11), we conclude that

Vi (A, B) = vec(Ves(A,B)) .

Similarly, for demonstrating that Vo}, (A, B) = vec(V7 (A, B)), we observe that
G(b)a = diag(vec(JWT)) (I, ® BT )vec(AT) = diag(vec(\/WT))vec((AB)T)
and, thus,
G(b)a—z = diag(vec(\/WT))vec((AB)T) - vec((\/W ® X)T)
= diag(vec(\/WT)) (vec((AB)T) - vec(XT)>
= diag(vec(\/WT))vec((AB -x)1),
which implies that

Vi(A.B) = G(b)"(G(b)a - z)
= (I, ® B)diag(vec(WT))vec((AB - X)T>
=(I,® B)vec(WT ©® (AB — X)T)
= vec(B (W ® (AB — X))T)

_ vec((W ® (AB — X))BT)T> ,
and, using again equation (3.11)), we conclude that
Vea(A,B) = vec(Vea (A, B)") .

Next, we immediately get that the (partial) Hessian matrices of the vectorized form of ¢*(.) are
equal to

V20L(A,B) = G(b)"G(b),
V2 (A,B) = F(a)'F(a)



since the specific forms of 8@*5‘:’]3) and a‘p*éﬁ’B) derived above can be both interpreted as the

sum of a linear mapping and a constant term, when they are considered as a function of a and b,
respectively.

To derive an explicit formula for V2<pi“),a(A, B), we start from the equation

9¢" (A, B)

T F(a)" (F(a)b —x) = (I, ® AT)vec(W © (AB — X)) ,

and apply the differential rule for a matrix product [26] to get
V2ep a(A,B)c = (I, ® C")vec(W @ (AB — X)) + (I, ® AT)vec(W © CB) ,
VC € RP*F with ¢ = vec(CT). On one hand, using equation (2.33), we have
(L, ® CT)vec(W ® (AB — X)) = vec(CT (W ® (AB — X)))
_ ((W ©(AB-X))"® Ik>vec(CT)
- ((W oAB-X))"® Ik>c
and, on the other hand, using equations (2.33), (2.34), (2.35)) and Lemma[2.2] we get

(I, ® AT)vec(W © CB)

(In
= (dlag (vec

(B" ® 1)K (1 ) K 1) vec(C)
Teol ») K, p)vec(CT)

(I ® BT )vec(CT)

N, @ B )vec(CT)

~
i
)
=
&
S
o3
N— —~
<
N
A

Together, these equalities imply, finally, that
2 % T T
V2¢ha(AB) = (W& (AB - X))" @1) + F(@) K, G(b),

as claimed in the theorem.

Finally, the equality V2¢} | (A, B) = [VQQDQa(A, B)] "is adirect consequence of the fact that the

Hessian V2p* (A, B)is a (p.k + k.n) x (p.k + k.n) symmetric matrix according to the Schwarz’s
theorem [26], see Subsection [2.4]and Remark [4.3| below for details.

It remains to establish the equalities between the quadratic forms (V2<p* (A, B)) and (Vzgp(AB)).
First, note that

V2p% (A, B)c = vec<((w © CB)BT)T) ,
V24; (A, B)d = vec(AT(W © AD)) ,

VC € RP*F with ¢ = vec(CT) and VD € R¥*" with d = vec(D).
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Using these equalities, we deduce

V2 V2pi(A,B)c c>
vec (( W@CB)BT) ) vec(CT)>2
vec((W ® CB)BT) vec(C))

=

=

= 2
<W®CB B",C),

<v

=

=

= B)|(C),C)p,
V204 (A, B))(C,C)
V3 ) (CB,CB),

and also

d"V?pp (A, B)d = (VZ¢; (A, B)d,d),
= (vec(AT(W ® AD)),vec(D))
= (AT(W® AD),D),
= ([V*5(A,B)|(D),D)
= (V*¢i(A,B))(D,D)
= (V?¢(AB))(AD,AD),

2

F

where, in both cases, the last equality results from equation (3.14)). The last equality in the theorem,
A" V3¢, o (A, B)c = (Vp(AB),CD) . + (V*¢(AB))(AD, CB),
can be derived in a similar way, by a lengthy, but direct, computation.

Corollary 4.2. For X € RP*" VW € RU*", X\ € Ry, and any fixed integer k¥ < rank(X) <
min(p, n), the objective function ¢} (.) used in the (MMME) formulation of the WLRA problem

P} RPE RO 5 R: (A, B) = 0}(A,B) = *IIV ©(X-AB)[E+ 7 (IIAHFHIBHF)

is C differentiable over its domain of definition and the partial first-order derivatives of ¢} (.) with
respect to a = vec(A”) and b = vec(B) are equal, respectively, to

M(ajB) = V(¢3)a(A,B) = G(b)"G(b)a — G(b)"z + a
and .
W = V(¢3)b(A,B) = F(a) F(a)b — F(a) x + Ab .

Furthermore, the partial second-order derivatives of ¢%(.) with respect to a = vec(AT) and b =
vec(B) are given by

0%¢3(A,B)
AT V2(p3)a(A,B) = G(b)TG(b) + A1,
and 5 ( )
oy (A, B
AaT V(pi)b(A,B) = F(a)TF(a) + A1, .
Proof. 3 (.) is the sum of three C'*° differentiable functions, e.g., ¢*(.) and the mappings %HAHQF =
3lall? and 3| B||% = 3|b||% and is thus C° differentiable. The formulas for % and

85



W follow immediately from Theorem standard differentiation rules and the differential

rule for a mapping of the form R — R : x — %HXH%

The form of the partial second-order derivatives of ¢3(.) given in the theorem is a direct conse-
quence of Theorem [4.3]and the fact that V(¢})a(A,B) and V(¢})b(A, B) are both the sum of
two linear mappings and of a constant term when they are considered as a function of a and b,

respectively.
O

Remark 4.2. The equations

Jde(A,B) Jde(A,B)
Ob Oa

derived in the proof of Theorem show that residual function e(.) is not a nonlinear function of
its arguments as defined in Subsection However, despite of this, the cost function ¢*(.) is still
nonlinear as the partial derivatives of ¢*(.) with respect to a and b are functions of b and a, respec-
tively, as demonstrated in Theorem[4.3] Furthermore, as the minimization of the cost function ¢*(.)
has no closed form solution in general, we can still consider ¢*(.) as a NLLS functional as defined
in Subsection[2.4l W

= —F(a) and = —K(njp)G(b)

Due to the block diagonal structures of both F(a) and G(b), the evaluation of the partial derivatives
of p*(.) is fast, easy to implement and may be parallelized. Moreover, we already know that

Oa =0 of Ob =0

if the ALS algorithm is used to minimize ¢*(A, B) and the iterations are stopped after computing
A or B, respectively. Similar remarks apply to the partial derivatives of 3 (.).

The main payoff of the two-block ALS method is its simplicity since it involves solving mainly two
sequences of small (eventually regularized) linear least-squares problems. Moreover, compared to
gradient-type algorithms, it has the advantage that there is no need to tune optimization parameters
like step sizes [146]. However, practical experience with this algorithm shows that, in many cases,
the "NIPALS” iterates do not converge to the closest fit (e.g., the infimum or minimum of ¢*(A, B)
or ¢} (A, B)) and get frequently stuck in sub-optimal local minima for a small value of % or a poorly
chosen starting point [72[][[157]. This is especially true when some weights are equal to 0 (i.e., when
missing values are present in X), even with the initialization procedure proposed by Gabriel and
Zamir [72]. Moreover this initialization procedure is only applicable if £ = 1 and if there is one
and only one missing cell (W;; = 0) for the matrix entries in the it" row and j** column of X
for all 7 and j (see Gabriel and Zamir [[/2] for more details). Furthermore, it is known that the
two-block ALS algorithm is vulnerable to flatlining [15] and inherits in many cases of the very
slow convergence of the block coordinate descent method [[139]]. To overcome these difficulties,
we describe in the next section, various first- and second-order separable NLLS algorithms for
minimizing 1(.) instead of ¢*(.).

Remark 4.3. If we concatenate the vectors a and b in ¢ = [z] e R¥(+7) | we may define the

following residual and objective functions:
r(c) =x—F(a)b = K p) (z — G(b)a) =e(A,B)

and

8(c) = 57(e)r() = SIr (@I = #"(A,B).

According to equation (2.63)), the gradient of ¢(.) is then equal to



with the Jacobian matrix J (r(c)) € RP™**-(+7) having the form

J(x(c)) = [ag(ac) agg:)} _ [8e(£,B) ae(éAb,B)] _

Now, using Remark and Theorem [4.3] we have:
J(r(c)) = — [K(n)G(b) F(a)]

and
_ [Vei(A.B)] _ [G(b)G(b)a—G(b)z
Vo(c) = [VSOE(A»BJ - [F(a)TF(a)b - F(a)TX] '

Finally, if we differentiate again V¢(c) with respect to ¢, an analytic formulae for the Hessian ma-
trix V2¢(c) can be obtained, which is essentially equivalent to the results given in Theorem (4.3
see [15][82]] for a derivation of this Hessian matrix. Equipped with these exact formulas for
Vé(c), J(r(c)) and V2¢(c), standard first- and second-order NLLS methods such as the steep-
est gradient, Gauss-Newton, Levenberg-Marquardt and Newton algorithms [45[][[139]][123]] can also
be used (and have been used) to minimize directly ¢(c) = ¢*(A,B) or ¢, (c) = ¢} (A, B), and to
solve the WLRA problem and its MMMEF variant [15][37][81]. However, as it is arguably preferable
to keep the dimension of the search space as much low as possible and because the joint optimiza-
tion strategy of minimizing directly ¢(.) has been found to be much less efficient and less robust
than the variable projection framework (based on the minimization of 1(.)) detailed in the next
section [37][150][141(81[17], we don’t focus here anymore on the direct minimization of ¢(.) or
©*(.) (or alternatively ¢y (.) or ¢} (.)) for solving the WLRA problem. H

S5 The variable projection framework

We now explain how to minimize the cost function ¢(.), which is used in the formulation
of the WLRA problem. In addition to the equivalence of the and formulations of the
WLRA problem stated in Theorem [3.9] the variable projection approach is further justified by a
theorem originally proved by Golub and Pereyra in [63]], which shows, under some differentiability
conditions, that if a = vec(;&T) is a critical point of ¢(.) and B is calculated by equation @.1),e.g.,
by solving n independent linear least-squares problems as described in the beginning of Section{]
then (11, ]§) is also a first-order critical point of ©*(.). We will give a demonstration of this result
later in Theorem [5.7] (see Subsection [5.3)) for completeness.

General optimization methods used to minimize a functional like v(.) are termed variable projec-
tion algorithms and are described in [63]][166][95][96][10][65][149]. Their advantages are that they
usually solve mixed linear-nonlinear least-squares problems like ¢*(.) in less time, fewer function
evaluations and better global convergence than standard NLLS codes, and that no starting estimate
of the linear variable (e.g., B) is required [136]. In the context of the WLRA or matrix completion
problems, they offer also other advantages as shown in [147][150][37)[14][81][88] and as we will
illustrate in the next sections. However, many of them have also a major drawback as they expand
considerably the dimensionality of the WLRA problem (see Subsection [3.4]for details). This limits
severely their use for medium and large datasets, which are currently found now in many applica-
tions, beyond variations of the variable projection steepest (e.g., gradient) descent method or similar
first-order methods [171][46][14][17][146]. In our WLRA context, the simplest variable projection
steepest descent method can be written as

Aj4+1 — a3 — alvw(al)

In words, with this basic method, we move by making a correction step that is proportional to the
negative of the gradient of v(.) and the positive scalar «; can be used to control the size of the
step without changing its direction [123]][[146[]. This basic method works fine for simple models,
but is often too simplistic when there are many parameters to estimate like in our WLRA problem.
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Furthermore, its convergence can be very slow without cleaver strategies to control «; or the use
of second-order information, especially in the final stage [[139][17][146]. Near a local minimizer,
the steepest descent method converges at a linear rate depending on the condition number in a
neighborhood of this minimizer. However, this convergence rate deteriorates dramatically when the
Hessian of the cost function is ill-conditioned and we will demonstrate later, in Subsection[5.3] that
this always the case for the cost function (.). As another illustration, during the iterations, the
curvature of ¢(.) is usually not the same in all directions. If there is a long and narrow valley in the
values of ¢ (.), which is not unusual when the weights are not uniform [[171]200], the component
of the gradient in the direction that points along the bottom of the valley can be very small while the
component perpendicular to the walls of the valley can be quite large even though we have to move
a long distance along the base and a small distance perpendicular to the walls to move in the right
direction. This is the so-called “error valley” problem, which can be alleviated only if we use some
information about the curvature as well as the gradient of ¢(.) in the design of the method [139].
However, second-order derivatives of the cost function are very often prohibitively expensive to
compute and we need to find a good compromise between accuracy and speed when the dimensions
and the number of variables of the problem are large [123]].

Thus, since the convergence of the steepest descent method or its variants, like conjugate gradi-
ent methods, can be very slow and second derivatives are expensive to evaluate, we concentrate
our attention on (pseudo) second-order or quasi-Newton methods well adapted to NLLS prob-
lems [45][139][1123]][8/]]. These methods aim to avoid the drawbacks of Newton’s methods while
maintaining the benefits of using second-order information and introduce also some suitable reg-
ularization to cup with the singularity of the Hessian. After a brief description of the Newton,
Gauss-Newton, augmented Gauss-Newton and Levenberg-Marquardt algorithms in Subsection [5.1]
we give in the next sections a detailed study of the Jacobian matrix J(r(a)), gradient vector Vi (a)
and Hessian matrix V21)(a), which are pivotal in these variable projection quasi-Newton algorithms
and whose specific properties in the context of the WLRA problem have not always been well ap-
preciated in past studies, except in [158][147][150].

5.1 Second-order NLLS optimization methods

As discussed in Subsection the minimization of ¢(.) is equivalent to the standard NLLS prob-
lem
o 1 o 1 T

[r(a)llz = 5r(a) r(a),

, 1
min ¢ (a) = §HP%‘_(a)XH2 =3 B

acRr-k
where r(a) = P]_f,(a)x. Numerous first- and second-order iterative methods are available for min-
imizing a sum of squares of nonlinear functions such as v(.) [45][139][123]][87]. However, for
finding a solution of our (VPI)) problem with these methods, we first note that a certain degree of
smoothness of the objective function ¢ (.) is required, meaning that )(.) must possess one or better
two continuous derivatives and the results of Subsection show that these smoothness conditions
are not systematically verified if W has some zero elements as the orthogonal projector Pﬁ(a) can
be a discontinuous function of a even if A = matg,(a)’ = h(a) is of full column rank (see The-
orem [3.14] and Corollary [3.4). The degree of smoothness of (.) and P#(.) will be further studied
in Subsection [5.2] but we note that, despite these caveats, some standard iterative NLLS algorithms
have been used very successfully to solve the problem even without proper regularization of
(.) to insure its smoothness when missing values are present [28]][150][66][81][88].

The recommended standard methods are the Gauss-Newton, Levenberg-Marquardt, trust-region
Gauss-Newton and augmented Gauss-Newton algorithms if second-order derivatives are difficult
or cumbersome to evaluate [45][139][123]][87]]. All these methods attempt to minimize v (.) by
finding a zero of V¢)(.), i.e., a point a = vec(AT) such that

Vip(a) = J(r(a)) r(a) = 0F7 .
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Moreover, all four methods may be interpreted as variations of Newton’s method to find a zero of
Vi(.) [43][139]][123]. In Newton’s method, the correction vector da,, for improving an approxi-
mate initial solution vector a of the equation V¢)(a) = 0% is found as the solution to the linear
system

V%) (a)da, = —J(r(a))Tr(a) , (5.1
where V21(a) is the Hessian of t(.) at a given by

V3p(a) = J(r(a)) ) + Z r;(a)Vr;(a (5.2)

In this last equation, Vr;(a) is the Hessian matrix of the lth component of the residual functional
r(a) (i.e., r;(a)), which is a p.k x p.k symmetric matrix. The Newton method is based on the
second-order Taylor expansion of ¢(.) in a neighborhood of the current iterate a (see equation
in Subsection [2.4), e.g.,

Y(a+ da) ~ N(da) = ¢(a) + da’ Vip(a) + %daTVQw(a)da :

More precisely, the Newton method attempts to minimize v(.) at each iteration by finding a first-
order stationary point da,, of this quadratic model N (.). Setting the gradient of N (.) to zero, e.g.,
VN(da,) = 0%P, we obtain the following equation

Vi (a) + V2 (a)da, = 05

from which we derived immediately equation (3.1 defining the Newton iteration. Moreover, if
the Hessian matrix V2¢)(a), which is also equal to V2N (da,,), is positive definite then da,, is a
strict global minimizer of N(.) and in a descent direction for ¢(.). In other words, the Newton
iteration is well defined as soon as V2t(a) is positive definite, but runs into troubles when it is
not, for example in regions of mixed curvature of ¢(.). It may even happen during the iterations
that V2¢)(a) becomes definite negative in which case da,, will be a strict global maximizer of N (.)
instead of a minimizer, which is a major drawback of the basic Newton method and explains why it
lacks global convergence [123]][87]]. Moreover, since Newton’s method requires the computation of
second-order derivatives, which can be cumbersome for large-scale problems (see equation (5.2))), it
is rarely used in practice despite its quadratic convergence in a neighborhood of a first-order critical
point of ¢(.) [45][139][123].

Importantly, the smallest eigenvalue of the positive (semi-definite) matrix J(r(a))? J(r(a)) can be
used to assess the relative importance of the two terms in V21)(a) [87]. More precisely, if for all
a in a neighborhood of a minimizer of 1(.), the quantities |r;(a)|||V?r;(a)|]2 forl = 1,--- ,n.p
are small relative to this eigenvalue, the term J(r(a))?J(r(a)) will dominate the Hessian ma-
trix [87]. Now, depending on the relative importance of these two terms in V2 (a), the rec-
ommended methods are the Gauss-Newton, Levenberg-Marquardt, trust-region Gauss-Newton and
augmented Gauss-Newton algorithms, which involve different approximations of the second term
in the Hessian of 9(.).

The Gauss-Newton method approximates V21 (a) with J(r(a))?J(r(a)), i.e., drops the second
term of the Hessian of ¢ (.), which contains products of the r;(a) functions and their second-order
derivatives. This approximation is exact only if the residual function r(.) is linear in a, which is
usually valid only in a neighborhood of a minimum of #(.). The Gauss-Newton method is intended
for problems in which the second term of the Hessian matrix is small relative to the first term. Thus,
this Gauss-Newton approximation is based on the assumptions that the functions r;(a) have small
curvatures or that near the solution the magnitudes of the r;(a) functions are small. If these condi-
tions are satisfied the Gauss-Newton method will ultimately converge at the same rate as Newton’s
method despite full second-order derivatives are not used. In Gauss-Newton’s method, the correc-
tion vector dag, for improving an approximate solution is then found as the solution to the linear
system of equations

J(r(a))TJ(r(a))dagn = —J(r(a))Tr(a) . (5.3)
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The Gauss-Newton method can be also introduced by a linearization argument. If, given a € RP-,
we could solve the problem

min ¢(a-+da) = }Hr(a +da)|3 = 1I‘(a + da)Tr(a+ da) ,
dacRp-k 2 2

then a + da is a minimizer of ¢(.). Since r(.) is a nonlinear residual function, we must seek an

approximate solution that can be improved iteratively. A natural way to find an approximate solution

is to linearize the residual function r(.) around a. If we assume that r(.) is twice continuously

differentiable at a € RP*, we have the first-order Taylor expansion

r(a+da) = r(a) + J(r(a))da + O(||dal3)

and if we substitute this Taylor approximation for r(a + da) in the definition of ¢ (a + da), this
leads to the quadratic function approximation
1
Y(a+da) ~ G(da) =(a) + daTJ(r(a))Tr(a) + §daTJ(r(a)) J(r(a))da,

which must be minimized at each iteration. As a model for the change of the cost function v(.),
the quadratic function G(.) has two important advantages compared to the Newton quadratic model
N(.), first, it involves only first derivatives of the residual function r(.) and, second, the symmetric
matrix J(r(a))TJ(r(a)) is always positive semi-definite and is positive definite if J(r(a)) is of
full column rank. Of course, the drawback is a lost of accuracy as full second-order information
from the Hessian matrix is not taken into account. The gradient of this quadratic function is equal

to
VG(da) = J(r(a))Tr(a) + J(r(a))TJ(r(a))da ,

and setting it to zero leads to the linear system (5.3)), which is also the normal equations of the linear
least-squares problem

1
dagy = Arg min o |r(a) + J(r(a))dall; (5.4)

whose unique solution is

dag, = — (J(r(a))TJ(r(a))>_1 J(r(a))Tr(a) ,

if J(r(a)) has full column rank or, if this Jacobian matrix is rank-deficient or ill-conditioned, whose
unique minimum 2-norm solution is

dag, = —J(r(a))+r(a) , (5.5)

where J(r(a))™ is the pseudo-inverse of the Jacobian matrix of the residual function r(.) at a. In the
rest of this monograph, we will mostly use the pseudo-inverse notation J(r(a))™ to indicate that the
normal equations shall not be used to compute dagy, if J(r(a)) is ill-conditioned or singular.

The linear least-squares problem (5.4 can be solved by stable orthogonalization methods or the
SVD decomposition of the Jacobian matrix J(r(a)), see Subsection [2.1{ and [71][87] for details.
Thus, the last equation becomes the iteration formula

a1 =a; — J(r(ai))Jrr(ai) , (5.6)

which is known as the Gauss-Newton algorithm. Given an initial estimate ag, the linear least-
squares problem associated with the Taylorized equations are solved to yield a correction to
this vector ag. This process is repeated and stops if and when the vectors a; (or the values ¢ (a;))
converge or the norm of Vi(a;) is sufficiently small to assume that we have reached a stationary

point of 9/(.).
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Of course, the linearization argument used to derive the Gauss-Newton iteration is only valid in
a neighborhood of a; and it may happens that ¢(a;+1) > 1(a;) meaning that the Gauss-Newton
algorithm may compute bad corrections by taking steps that are too long, reaching points outside the
region of validity of the affine model used to approximate r(.) around a;. Several cleaver variants
have been proposed to overcome this problem in practice.

The first one is the damped Gauss-Newton algorithm which is defined as
aj4+1 — a; — OéiJ(I‘(aZ'))JrI‘(ai) .

In this equation, «; is a damping parameter which is chosen at each iteration to make the algorithm a
descent method (i.e, such that ¢(a;11) < 1 (a;)). The Gauss-Newton approximation of the Hessian
is always positive semi-definite and it is positive definite, if and only if, the Jacobian matrix has
full column rank, and, in this case, dag, is the unique solution of the above linear least-squares
problem and is also in a descent direction for ¥ (.) if day, # 0P or, equivalently, if Vi(a) =
J(r(a))Tr(a) # 0P since in these conditions

0< dagnJ(r(a))TJ(r(a))dagn = —dagnJ(r(a))Tr(a) = —dagnvw(a) .

This shows that, when the Jacobian matrix has full column rank, the Gauss-Newton method can
always be complemented with a line search in order to enforce the descending condition 1 (a;41) <
1 (a;) during the iterations [139][123]87]. Here, a;,11 = a; + adag, and o is found as a (approxi-
mate) solution to the problem

a ~ Argmin 9 (a; + adagy,) .
a>0

Many strategies have been proposed to choose the damping parameter & [45][139]. The Gauss-
Newton method with a line search can be shown to have guaranteed convergence, provided that the
level set {a € RP* | (a) < ¢(ag)} is bounded, and the Jacobian matrix J(r(a;)) has full rank
in all iterations [45[][[139]]. Practical experience shows that the Gauss-Newton method may fail with
or without a line search and that it usually has only linear convergence as opposed to the Newton’s
method, which exhibits quadratic convergence near a solution vector a. However, if, at a solution
a, we have r(a) = 0%?, then we have the equality

V(@) = J(r@)" J(r@))

and we can also get quadratic convergence with the Gauss-Newton method. Similarly, if the com-
ponent residual functions r;(.) have small curvatures or if the |r;(a)| are small, we can also get
superlinear convergence. For example, this will be the case for the matrix completion problem.
This can also be observed if the values of the residual matrix X — AB behave like white noise, as
in this case we can expect partial canceling in the sum

n.p

> n@vin@),

=1
in which case, we also get

~ ~\T ~

V(@) =~ J(r(@) J(r(@@)) .

This situation also occurs in many applications, especially in climate science.
When the Hessian matrix V21(a) is positive definite, the full Newton direction da,, is also a de-
scent direction for ¢(.) and, in this case, the full Newton method can also be complemented by
a line search to enforce the descending condition v (a;11) < v (a;) [43][139][123]][87]. However,

contrary to the Gauss-Newton approximation of the Hessian, which is always positive semi-definite,
the full Hessian matrix can be indefinite in some regions of mixed curvature of the search space or
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even negative definite, in which cases, further regularization of the Hessian matrix, such that inflat-
ing its diagonal elements, is required to transform it in a positive definite matrix before applying a
line search (see [139]][[123] and Subsection [6.3] for more details).

The second modification of the Gauss-Newton algorithm used in practice is the Levenberg-Marquardt
method. This method approximates the second term in the Hessian of 1(.) with A.D?D where D
is a full rank matrix and A a strictly positive real scalar (the Marquardt damping parameter). The
standard choice for D is the identity matrix or a diagonal matrix D = diag(d) with appropriately
chosen components d; > 0, which take into account the scaling of the problem and can be kept fixed
or changed during the iterations [122[][45][139][123]. In all cases, this implies that the approximate
Hessian matrix
J(r(a))" J(r(a)) + A.DTD

is positive definite if A > 0. Thus, the Levenberg-Marquardt’s method is based on the following
quadratic approximation model

Y(a+da) ~ Ly(da) = ¢(a) + daTJ(r(a))Tr(a) + %daT (J(r(a))TJ(r(a)) + /\.DTD> da

and the correction vector da;,, for improving an approximate solution a is found as the solution of
the regularized normal system

(J(r(a))TJ(r(a)) + /\.DTD> day,, = —J(r(a))Tr(a) (5.7)

and is always in a descent direction for (.), even when J(r(a)) is not of full column rank, if
A > 0. Rather than dividing the steps when ¢ (a;+1) > v(a;) as in the damped Gauss-Newton
method, the Levenberg-Marquardt algorithm deflates the steps by inflating the diagonals of the
cross-product Jacobian matrix (which is equivalent to shift positively its spectrum) before invert-
ing it to solve for the correction vector. It may be demonstrated that a sufficiently large \ al-
ways exists such that ¥ (a;+1) < 1 (a;) will be satisfied unless a; is already a stationary point of
¥ (.) [45][139][123][87].

In other words, the Marquardt damping parameter A controls the nature of the iterations and limits
the size of day,, at the same time. If we assume that D is the identity matrix and A is very large,
then

day, ~ —%.J(r(a))Tr(a) = —%.Vw(a)

is a short step in a direction very close to the steepest descent direction. If, on the other hand, A
is very small, then Ly(a) ~ G(a) and day,, is close to the Gauss-Newton step dag, described
above. In other words, we can think of the Levenberg-Marquardt method as a hybrid method be-
tween the steepest descent and Gauss-Newton methods with the good performance of the steepest
descent method in the initial stage and the faster convergence of the Gauss-Newton method at the
final stage of the iterative process, assuming that the value of the Marquardt damping parameter
decreases during the iterative process. Taking D as the identity matrix corresponds to the algorithm
originally proposed by Levenberg [[107]. Later, Marquardt [120] improved the method by choosing
the diagonals of D to match the 2-norms of the columns of the Jacobian matrix .J(r(a)). This makes
the algorithm invariant under diagonal scaling of the elements of the vector a [[122]][139]. This also
allows to include local curvature information, even when ) is large and we are essentially moving in
the (negative) steepest gradient direction. This is, for example, useful to alleviate the “error valley”
problem affecting the steepest gradient method discussed at the beginning of this section since, in
that case, we are moving further in the directions in which the gradient is smaller. Later, many other
choices for D have been proposed and tested [[122[][49][45]].

The above equations defining the Levenberg-Marquardt’s correction vector day,, are the normal
equations for the regularized linear least-squares problem

r(a r(a A
i 3l [+ 7] dall = ) + s @)aals+ S paal. 9
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which can also be solved accurately by stable methods as for the Gauss-Newton correction and
there is no need to form nor to invert the symmetric matrix J(r(a))?J(r(a)) + A.DTD [87][139].
Moreover, this linear least-squares problem has always a unique solution if A > 0.

The Levenberg-Marquardt algorithm is often considered superior to the (damped) Gauss-Newton
algorithm since it is well defined even when the Jacobian matrix is rank deficient. Another advan-
tage is that the Levenberg-Marquardt correction assures an optimal interpolation between a Gauss-
Newton step and the steepest descent direction (e.g., negative gradient direction) when the Gauss-
Newton step is much too long.

Similarly, we can define a Levenberg-Marquardt variant of the Newton method by computing the
correction vector da,, as

(V*(a) + A1) da, = —J (r(a)) r(a), (5.9

where the term A.Ij, is included when V21)(a) is not positive definite and hence the Newton
direction may not be a descent direction. In such conditions, it is always possible to choose A
sufficiently large such that, first, the matrix V21 (a) + A}, becomes positive definite and, second,
Y(a+day) < v(a) [139][123]. This strategy is based on the quadratic approximation model

Y(a+ da) =~ Ny(da) = v(a) + daTJ(r(a))Tr(a) + %daT (V20(a) + A\k,p) da.

As in the Levenberg-Marquardt algorithm, the damping parameter A can be used to control both the
size and direction of the correction vector da,, and, in this case, we can avoid the use of a line search
to control the step size in order to get reasonable convergence in the Newton method. Thus, we can
also think of this Levenberg-Marquardt variant of the Newton method as an hybrid between the
steepest descent and Newton methods with the good performance of the steepest descent method in
the initial stage, but the quadratic convergence of the Newton method at the final stage [139]][[123]].
See the variable projection Newton algorithms (3)), (6) and (7) described in Subsection [6.3] which
all integrate a damping term \.Ij, ,, for some illustrations of this simple strategy in the context of the
Newton method applied to the WLRA problem.

A variation of the Levenberg-Marquardt method is the trust-region Gauss-Newton algorithm where
the correction vector da;_ gy, is defined as the solution of the constrained linear least-squares prob-
lem 1
da;_g, = Arg dEIiRI;k iHr(a) + J(r(a))da”i subject to HDalaH2 <é.
Here, the set of feasible correction vectors da is restricted to the ellipsoid {da € RP*/||Ddal|s <
0} which is called the trust region. 6 > 0 is the trust region radius, which controls the size of
the trust region and is updated recursively during the iterative process [45][139]. In this class of
methods, the scaling matrix D generates the elliptic norm ||da||p = ||Ddal||2 in which the correction
vector is measured [139]]. The trust region can then be thought of as a region of trust for the linear
model
r(a+da) ~r(a) + J(r(a))da

and the idea in the trust-region Gauss-Newton method is to avoid using this linear model outside
its range of validity. Note that the Gauss-Newton step dag, solves this constrained problem if
|Ddagy||2 < d. Otherwise, it can be shown that the trust-region Gauss-Newton correction vector is
the unique solution da(\) of the unconstrained regularized linear least-squares problem

}2
2 )
where A > 0 is determined from the scalar equation |[Dda(\)||2 = 0 which is nonlinear in .

In other words, when the correction vector da is directly controlled by the Marquardt damping
parameter A and not by §, we obtain the Levenberg-Marquardt algorithm, otherwise we have a trust

1 A
da(\) = Argd;gl{r;‘k gHr(a) + J(r(a))daH; + §HDda7
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region Gauss-Newton algorithm [139]. We also observe that if D is nonsingular then a change
of variables yields an equivalent linear least-squares problem with D = I for computing both the
Levenberg-Marquardt and trust-region Gauss-Newton corrections.

Finally, the augmented Gauss-Newton method partly takes second-order derivatives into account by
approximating the second term of the Hessian of 1)(.) by either finite differencing or a quasi-Newton
update in order to improve the above NLLS methods in the large residuals case [49][45][139][123].
The variable projection quasi-Newton algorithms discussed in Subsection[6.3]belong to this class of
methods.

What has been described so far is well-known. In the following subsections, let us quantify the
smoothness of ¢(.) in more details and study the specific properties of the Jacobian matrix .J(r(a)),
Hessian matrix V2¢)(a) and vector gradient V¢)(a), which need to be evaluated in the above second-
order or pseudo second-order NLLS algorithms. Implementation details of these variable projection
NLLS algorithms will be presented in Section [0]after their main properties have been derived in the
rest of this section. For small or medium sized NLLS or WLRA problems, the above methods will
be much faster than variants of the steepest gradient method. However, for larger problems, the
cost of solving a linear least-squares problem or a linear system with a huge coefficient matrix at
each iteration is a major drawback compared to the (steepest) gradient methods as the time spent
in each iteration scales as O((k.p)?) and, thus, increases considerably for large and square data
matrices and a large value of the k parameter. Taking these difficulties in consideration, we propose
also some parallel implementations of all our variable projection NLLS algorithms for the WLRA
problem in Section[6]so that they can also be used for larger sized problems also found now in many
practical applications.

5.2 Computation and properties of the Jacobian matrix

In order to use a (damped or trust-region) Gauss-Newton or Levenberg-Marquardt algorithm for
minimizing 1 (.) (and solve the WLRA problem), we must compute the Jacobian of the residual
function

r(a) = P%(a)x = (Inp - PF(a))X ;
defined in equation (3.24). This requires computing the derivative of the orthogonal projector P,

with respect to a € A~ (RL*¥) as shown in Subsection Ifac hil(R’gf), keep in mind that
P, is not even continuous at a (see Theorems and [3.12)) and cannot be differentiable either
at this point.

A close formula for the derivative of orthogonal projectors has been derived first by Golub and
Pereyra [63] and Decell [38] under the assumption that F(.) is of local constant rank at any point
a (this means that F(.) is of constant rank in a neighborhood of a, but not necessarily of full
column-rank, see Definition [3.1] for details) in which differentiation is to be performed as stated
in the following theorem, which extends the results about the continuity of Py ) given in Theo-
rem 310k

Theorem 5.1. Let ®(.) be a matrix function : R™ — R!*?, which is ¢ times continuously differ-
entiable at a point a € R™. The following conditions are equivalent:

W N =

)
)
)
)

()
()

®(.)®(.)" = Py, is q times continuously differentiable at a ,
()

o

)t ®(.) is q times continuously differentiable at a .

In other words, the differentiability of the pseudo-inverse of a matrix function ®(.) at a point a €
R™ is equivalent to the differentiability of the orthogonal projectors onto the column or row spaces
of this matrix function at a and all these conditions are equivalent to the assertion that this matrix
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function has local constant rank at a if ®(.) is itself differentiable at a. Furthermore, in these
conditions, we have for any point a € R™ for which ®(.) is differentiable

D(Pya) = Pio) D(2(a))@(a)t + (Pgo D(®(a))(a)")" (5.10)
and
D(®(a)*) = — &(a)" D(®(a))B(a)" + (a)" (®(a)) D(B(a)" )Py,
+ (I, — ®(a)T®(a)) D(®(a)")(@(a) ") @(a)" . (5.11)

Finally, note that, in the above equation defining the differential of the orthogonal projector Pg, ),
we can substitute in place of the pseudo-inverse ®(a)™ any symmetric generalized inverse ®(a)~
as defined in equations (2.10) or (2.19) of Subsection 2.1

Proof. See Theorems 8.4 and 8.5 in Chapter 8 of [124] and also [63][64][38][29].
O

As noted already in Subsection F(.) is a continuous linear mapping from RP** into R"™P*"-k
(since the mat and transpose operators are linear mappings and the Kronecker product is a bilinear
operator) and is, thus, continuously and infinitely differentiable at any point a € RP-* [26]. Col-
lecting the results from Theorems and we then deduce that the proposition that P ) is

infinitely differentiable (e.g., of class C*°) at a point a € h_l(RiXk) is equivalent to its continuity
at this point and to the proposition that F(.) is of constant rank in a neighborhood of a. Next, using
Theorem , we obtain the following corollary in the case where W & ]RT*”:

Corollary 5.1. For X € RP*"and W € R%\", and any fixed integer k& < rank(X), the matrix
function P from RP* to RP"*P-" defined by

at— PF(a) = F(a)F(a)+ R

where F(a)™ is the pseudo-inverse of F(a) and F(a) is the p.n x n.k block diagonal matrix

F(a) = EBdiag(\/W_j)h(a) = @diag(\/W.j)A ,
=1 j=1

is of class C* (e.g., infinitely differentiable) at all points a & h_l(]Rim). Furthermore, for all
points a € h_l(]RZXk), we have

D(Pr(a)) = Py D (F(a))F(a)* + (Pf(a)D(F(a))F(a)J“)T . (5.12)

Here, as in equation (5.10) of Theorem [5.1, we can substitute in place of F(a)t any symmetric
generalized inverse F(a)~ as defined in equations (2.10) or (2.19) of Subsection

As expected from Corollary the situation is much less favourable when W has some zero ele-

ments, as the condition that a € hil(]Rim) is not sufficient to ensure that F(.) is of constant rank

in a neighborhood of a and, thus, that PP%(') is differentiable at a in such situation:

Corollary 5.2. For X € RP*"and W € RY*", and any fixed integer k& < rank(X), the matrix
function Pp( from RP* into RP™*P" defined by

ar Pp) = F(a)F(a)*

is not differentiable at all points a € U?:l B;, where B; is the 4 barrier set associated with the

4" atomic and matrix functions, ¢;(.) and F;(.), as defined, respectively, in equation (3:25) and
Definition [3.2]
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Despite the caveats stated in Corollary when some elements of W are equal to zero, it is
important to keep in mind that the general differential formula (5.12) is still valid in that case
as soon as F(.) has a local constant rank at a € h_l(Rzm). Furthermore, previous compara-
tive studies have also demonstrated that first- and second-order variable projection methods used
for minimizing 1 (.) generally outperform other concurrent methods even for a large number of
missing values in the case of binary weights and without any form of regularization to ensure the
smoothness of 9/(.) despite the non differentiability of Py in some regions of the search space

h=L(RPF) 28] (T501[81](88].
Here, D(F(a)) and D(Py(y)) are, for a € h_l(RQXk), elements of £(RP-F, £(R™* R™P)) and
L(RPE £(R™P, R™P)), respectively, and could be interpreted as tridimensional tensors (see equa-
tion (2.38) in Subsection . Now, since Pﬁ(a) = IL.p — Pg(a), we then have
D(Pf“(a)) = D(Lp — Pg(a)) = —D(Pp(a))
and we deduce by the product differentiation rule [26] that
J(r(a)) = J (Pg(a)X) = D(Pg(g)X + Py J(x) = —D(Ppg))x . (5.13)
Substituting now for D (P y)) yields
J(x(a)) = —( Py D(F (@) F(a) x + (F(a)")” D(F(a))” (Pf) x )
= —( Py D(F(a))b +(F(a)")" D(F(a)) r(a) )
where we have used the fact that Plﬁ(a) is a symmetric matrix (see Subsection . In these equa-

tions, b = F(a)*x and r(a) = Pﬁ(a)x are, respectively, the minimum Euclidean norm solution
and residual vector of the following linear least-squares problem already encountered when describ-
ing the block ALS method in Section [4]

1
in  —|x-F(a)b|3 =¢*(A,B),
Jmin 5l = F(a)bllz = ¢ (A, B)

where B = mat(b). Note that we can also use b = F(a)~x, which is cheaper to evaluate, in
the above equations. Moreover, we recall that the linear mappings D(F(a))b and D(F(a))r(a)
are elements of £(RP* R™P) and £(RP* R™*), respectively, since transposition in the tensor
D(F(a)) is performed on each slab OF (a)/0a;. See equation in Subsection [2.4| for details.
Thus, these two factors correspond to n.p X p.k and n.k x p.k matrices, respectively.

We now derive an explicit formulation for the n.p x p.k matrix J(r(a)), which is independent of
the differentiability of the residual function r(.) and the existence of the "true” Jacobian matrix of
this residual function. We first consider the first term in J(r(a)), i.e.,

M(a) = Py D(F(a))b,

which is also a n.p x p.k matrix. As derived in equation (3.20) of Subsection F(a) may be
expressed in the form

F(a) = diag(vec(\/W)) (I, ®A) = diag(vec(\/W)) (I, ® matyy,(a)")

and it is clear that F'(.) is a continuous linear mapping from RP* into R™P*"™F since the mat
and transpose operators are linear mappings and the Kronecker and matrix products are bilinear
operators. Hence, V a, Aa € RP* and AA = h(Aa) = maty,(Ha)l, we have

D(F(a))(Aa) = F(Aa) = diag(vec(VW)) (I, ® AA) .
Noting that (see equation in Subsection [2.2])
F(Aa)g = diag(vec(\/W))(In ® AA)vec(B) = diag(vec(\/W))(ﬁT @ I,)vec(AA),
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where B = matkm(b) and using the p.k X p.k commutation matrix K ) (see equation (2.34) in
Subsection [2.2), we deduce that

(D(F(a))(Aa)b = diag(vec(VW)) (BT @ L,)K( Aa, (5.14)

since
vec(AA) = K(m,)vec(AAT) =K@gpla,

following our conventions for the vectorized form of the A matrix defined in equation of
Subsection[3.4] In view of this, we finally obtain the following explicit formulation for the n.p X p.k
matrix M(a) R

M(a) = Py, diag(vec(vVW))(B" @ 1)K 1) - (5.15)

An alternative useful formulation of the M(a) matrix may be derived by noting that (see equa-

tion (2.36) and Lemma[2.2]in Subsection[2.2])
diag (vec(vVW)) (BT @ 1)K 1. = diag(vec(vVW)) K, (I, @ BT)
= K(mp)diag(vec(\/WT)) (I, ® BT)
- K(n,p)G(B) )
where G (b) is defined in equation (3:22) of Subsectionﬂ Thus,
M(a) = P K ) G(b) . (5.16)

which will be used later, in particular in Theorem [5.3|and for computing V) (a) in Subsection
(see Theorem[5.7). As (see the demonstration of Theorem [4.3|for details)

¢(A,B) = x — F(a)b = K, (z — G(b)a)
where z = vec((v'W ® X)T'), we can also write

de(A, B
M(a) = _Pﬁa)(aa) . (5.17)

In order to evaluate the second term in J(r(a)), i.e.,
T T
L(a) = (F(a)") D(F(a)) r(a),

which corresponds also to a n.p X p.k matrix, we first remark that, V a, Aa € RP* and AA =
h(Aa) = matgx,(Aa)T, we have

(D(F@)(2a) = F(aa)”
(dlag vec( )) (I, ® AA))T
I, ® AAT)dlag(vec(\/W)) )

since F(.) is a linear mapping and the transpose operator distributes over the Kronecker product.
Now, V Z € RP*" and V a, Aa € RP¥, using equation ([2.33)), we have

(D(F(a))(Aa)) vec(Z)

(I, ® AAT)dlag(vec(\/W))vec(Z)
(I, @ AAT )vec(VW © Z)

vec(AAT(VW @ Z))
((
((

(VW 0 Z)" @ Iy)vec(AAT)
(VW © Z) ®Ik)Aa,
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and, thus, the n.k x p.k matrix representing the linear mapping D (F(a)(.)) T vec(Z) is
VWoZ)TaI,.

Now, using the projection operator Pq(.) associated with the p x n weight matrix W' defined in

equation (3.17), we have

X ZAdBl] if W 7éo
=1

0 lfWij =0

[Po(X — AB)],, =

and the variable projection residual vector of x at A can be written as
r(a) = vec(VW © Po(X — A]§))

and it follows that, V a, Aa € RP*,

((D(F(a)) (Aa))Tr(a) - ((\/W OVW o Po(X — AB)) Ik) Na, (5.18)

hence
L(a) = (F(a)t)” ((W@Pg(X—Aﬁ))T@)Ik) . (5.19)

At this point, we will introduce two new intermediate quantities to simplify the notation going
forward, especially in the computation of the Hessian matrix in the next section:

U(a) = diag(vec(vW)) (BT @ 1)K 1) = K(n,) G(b) (5.20)

and R
V(a) = (Wo Py(X—AB)) oI (5.21)

With these definitions, we have finally,

J(r(a)) = —(M(a) + L(a)) = —(Pﬁ(a)U(a) + (F(a)") V(a)) . (5.22)

We now demonstrate several important results concerning the ranges and null spaces associated with
the M(a), L(a) and J(r(a)) matrices, which result directly from the use of the variable projection

method.
First, we have M(a) = Pl( )U( a) and this leads to ran(M(a)) C ran(P]_%(a)) = ran(F(a))*.

Using the properties of the Moore-Penrose inverse (see equation (2.9) or more generally of any
symmetric generalized inverse of the form (2.19) defined in Subsection [2.T), we also have

T

(F(a)")? = (F(a)'F(a)F(a)")" = (F(a)F(a)*)" (F(a)")" = Ppg (F(a)t)"

and we deduce that .
L(a) = Pp)(F(a)") V(a) (5.23)

and ran(L(a)) C ran(Pg(,)) = ran(F(a)). Hence the subspaces ran(M(a)) and ran(L(a)) of
RP™ are orthogonal and ran(M(a)) N ran(L(a)) = {0P"}. Now, since J(r(a)) = —(M(a) +
L(a)), any element of ran(.J(r(a))) may be written uniquely as a sum of an element of ran(M(a))
and an element of ran(L(a)) and it follows that

ran (J(r(a))) C ran(M(a)) ® ran(L(a))
where @ stands for the direct sum. From these results, it is then easy to show that

null (J (r(a))) = null(M(a)) Nnull(L(a)) .
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Since J(r(a)) = —(M(a) + L(a)), we have, by definition,
null(M) N null(L) C null (J (r(a))) ,
and, reciprocally,

c € null (J(r(a))) = M(a)c + L(a)c = 07"

= M(a)c = —L(a)c

= M(a)c € ran(M(a )) N ran(L(a))
= M(a)c = L(a)c

= ¢ € null(M ))ﬁnull( a)) .

Now, we demonstrate that the matrices M(a), L(a) and J(r(a)) are rank deficient V a € RP¥,
This result for M(a) was first noted by Ruhe [158] for the case k£ = 1 and W;; € {0,1}. It was
proved later for general k, again only for M(a) and W;; € {0, 1}, by Okatani and Deguchi [147],
but under the restrictive hypotheses that A, B, F(a) and G(b) are of full rank. See also Okatani
et al. [150], where these results are further developed. The next theorem and corollary extend this
result for general & and any nonnegative real matrix W and to M(a), L(a) and J(r(a)) matrices
without any restrictive assumptions.

Theorem 5.2. Let ko = rank(A) . If,
M(a) = Plﬁ(a)U(a) = P]_%(a)diag (vec(\/ W)) (]§T @ 1)K p)
L(a) = (F(a)*)" V(a) = (F(a)") (W Po(X — AB)T 0 L)
J(r(a)) = —(M(a) + L(a)) ,
where all the matrices and vectors have the same definitions as above, then the following relation-
ships hold
dim (null(M(a)))
dim (null(L(a)))
dim (null(J(r(a))))

ARV
> > >

k
k
k

> x>

Proof. Consider first the matrix N defined by
N = K(p,k)(:[k (= A) .

Since A is of rank ka, I ® A is of rank k.ka (see equation (2.30)) and N is also of rank k.ka
because K, 1) is a permutation matrix and the rank of a matrix is unaltered by multiplication with
a nonsingular square matrix.

Now, we first demonstrate that the space spanned by the columns of IN, which is of dimension k.k 4,
is included in null(M(a)) and so dim(null(M(a))) > ka .k.

Let t € ran(N), then 3Z € R*** such that
t = Nvec(Z) = K, 1) (I @ A)vec(Z) = K, yvec(AZ) .

From this equality, we deduce that

M(a)t = Pf(a)diag(vec(\/W))(ﬁT @ 1)K 1o ) K yvec(AZ)
= Pfﬂ(a)diag(vec(\/W))(ﬁT ® I,)vec(AZ)
= Pﬁ(a)diag(vec(m))vec(AZB)
= Pi:(a)diag(vec(\/W))(I ® A)vec(ZB)
= 1%(a)F(a)vec(Z]T%)
— P
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since P]ﬂ{( a) 18 the orthogonal projector onto ran(F(a))* and, finally, t € null(M(a)). In other
words, ran(N) C null(M(a)) and, hence, dim(null(M(a))) > dim(ran(N)) = ka .k .

We now demonstrate that the relation ran(N) C null(L(a)) also holds. If t € ran(N) and Z €
R**k with t = Nvec(Z), using equation (2.33) and Lemmal[2.2} we have

L(a) F(a)™)T
F a)+ T

( W 6o Po(X — AB))T @ 1)K (pk)VeCc(AZ)
(

(F(
(

)" (( ( B

T(W o Po(X — AB))T @ I, )vec(ZTAT)

a)") vec(Z" AT(W © Po(X — AB)))

)NT(X, @ Z7 )vec(AT (W © Po(X — AB)))

(F(a)H)" (1, © Z")(I, @ AT)vec(W ® Po(X — AB))

(F(a)H) T (1, ® Z7) (1, ® AT)diag(vec(v'W))vec(vV'W © Po(X — AB))
) ) (1, © ZT)F(a) r(a)

a

t =

(F(a
— QP

?

since F(a)”r(a) = 0F". Thus, ran(N) C null(L(a)) and, hence,
dim (null( )) dlm(mn ) =ka.k .

ull(J(r(a))) and, so,

Finally, we have ran(IN) C null(M(a)) N null(L(a)) =
dim (null( )) ka.k .

Corollary 5.3. With the same notations as in Theorem[5.2] we have

rank(M(a)) < (p — ka).k
rank(L(a)) < (p — ka).k
rank(J(r(a))) < (p — ka).k

Proof. These inequalities follow directly from Theorem[5.2]and the rank-nullity theorem (see equa-

tion (2.1) in Subsection [2.1):

rank(l\/[(a)) =k.p —dim (null(M(a)))
rank(L(a)) = k.p — dim (null(L(a)))
rank(J(r(a))) = k.p — dim (null(](r(a)))) .

O

Remark 5.1. Theorem [5.2] and Corollary [5.3] are obviously connected to the fact that the matrix
factorization Y = AB used in the formulation of the WLRA problem is overparameterized,
that the minimization of )(.) is an optimization problem on Gr(p, k), the set of linear subspaces of
fixed dimension k of the Euclidean space RP, and that Gr(p, k) is a smooth manifold of dimension
p.k — k.k (see Remarks and for details). Assuming that A € szk, the minimization of
the cost function ¢/ (.) is at first sight a k.p dimensional problem. However, ) (a) depends only on
the column space of A and not on its individual elements [S1][125][28]][14]. As an illustration,
if A € Rng and dA € RP*F js a perturbation matrix, for certain matrices dA, we will have
ran(A + dA) = ran(A), which will imply that ¢)(A + dA) = ¢ (A). This demonstrates that it is
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not useful to consider all k.p search directions for minimizing 1 (.) from a previous matrix estimate
A. As demonstrated in [S1][125][28]][[14], this symmetry can be exploited to reduce the dimension
of the problem to k.(p — k) parameters instead of k.p in both the and formulations
of the WLRA problem. Thus, in that sense, the column space of A has only p.k — k.k degrees of
freedom, which is consistent to the facts that the rank of J(r(a)) is at most p.k —k.k if rank(A) = k
and that the the dimension of Gr(p, k) is also p.k — k.k. B

Theorem [5.2] demonstrates that the Jacobian matrix J(r(a)) is always rank-deficient. This implies

that the linear least-squares problem

.1 2
Jin 5 r(a) + J(r(a))dallz ,

which must be solved at each iteration of a Gauss-Newton type algorithm (see Subsection[5.1|for de-
tails) has an infinite set of solutions [71][87][8]] and we must remove this ambiguity in any practical
implementation of the Gauss-Newton algorithm in a such way that the direction vector dag,, can be
determined uniquely at each iteration. The general solution da € R*P of the above rank-deficient
linear least-squares problem can be written as

da= —J(r(a))"r(a) + ¢ = dap, + ¢,

where, as before, J(r(a))" is the pseudo-inverse of J(r(a)), da,, is the (unique) minimum 2-
norm solution of the above linear least-squares problem (see Subsection [2.1|and [71][87][8]), and ¢
is an arbitrary k.p dimensional vector belonging to null(J(r(a))).

First, the pseudo-inverse solution da,,;, is characterized uniquely by the two conditions
J(r(a)TJ(r(a))dami, = —J(r(a))Tr(a) and da,,, € null(J(r(a)))* .

The first condition states simply that da,,,;, is a solution of the normal equations of the linear-least-
squares problem. Note, further, that

dain = —J (x(a)) r(a) = —J(r(a)) " T (x(2))J (x(2) "x(a) = Py ) dtmin

where P ;(,(a))7 is the orthogonal projector onto the row space of J(r(a)) (e.g., ran(J (r(a))?), see
Subsection [2.1| for details. Since ran(J(r(a))T) = null(J(r(a)))*, we deduce immediately that
dayin € null(J(r(a)))* as stated in the second condition.

Now, if da = day,;, + ¢, we have
J(r(a))da = J(r(a))(dan, + c) = J(r(a))damin ,

and, thus, |[r(a) + J(r(a))dallz = |[r(a) + J(r(a))damn,|2, which implies that da is also a
solution of the above linear least-squares problem. Reciprocally, if da is an arbitrary solution, we
have ||r(a) + J(r(a))dal|2 = ||r(a) + J(r(a))dam:n||2, which implies that

J(r(a))da = —P j@pr(a) = J(r(a))damnin ,

as —P j(x(a))r(a) is the unique closest point to r(a) in ran(J(r(a))), see equation (2.14) of Sub-
section [2.1] for details. Thus, J(r(a))(da — dam») = 07" and we can write da as

da = damm + (da - damm) = damin +c,

with ¢ = da — day,;, € null(J(r(a))).

In other words, all solution vectors da can be written uniquely as the sum of da,;,, € null(J(r(a)))*

and a vector ¢ € null(J(r(a))) and finding all the solutions of the above rank-deficient linear least-
squares problem requires computing both a generalized inverse and a basis of the null space of
J(r(a)). Obviously, this also implies to determine accurately the rank of J(r(a)) or, equivalently,
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the rank of its null space. More generally, proceeding in a similar manner, it is also easy to establish
an one to one mapping between the elements of null(J(r(a)))* and those of ran(J(r(a))).

Now, the most natural choice is to select dagy, = da,;, as the solution of our linear least-squares
problem since, with such minimum Euclidean norm solution, the first order Taylor’s expansion

r(a+ dagn) = r(a) + J(r(a))dag, + O(||dagnll3) ,

which is at the base of the Gauss-Newton algorithm is the most accurate. Selecting dag, = dain
has also a strong theoretical justification as, with this choice, a variable projection Gauss-Newton
algorithm used to minimize v (.) is equivalent to a Riemannian optimization method operating di-
rectly on the Grassmann manifold Gr(p, k) [3][11] as we will explain later in this subsection.

These considerations related to the uniform rank degeneracy of the Jacobian matrix J(r(a)) apply
also to the computation of the correction vector day,, in the Levenberg-Marquardt method as soon
as the Marquardt damping parameter A approaches zero, as it is expected after some iterations
of the Levenberg-Marquardt algorithm. Moreover, if the Marquardt parameter A is controlled so
that it does not approach to zero in order to remove the uniform singularity of the Jacobian matrix
J(r(a)), this may severely deteriorate the global convergence as well as the local convergence of the
method in a neighborhood of a critical point. In other words, adding the additional constraint that
|lday, ||2 is minimum when A approaches zero, is also important for the robustness and efficiency
of the Levenberg-Marquardt or similar regularized methods described in Subsection [5.1| when they
are used to solve NNLS problems with an uniformly deficient Jacobian matrix, like the WLRA
problem.

We now give sufficient conditions for the equalities:
dim (nutl(M(a)) ) = ka &
dim(null(J(r(a)))) — kalk,
which will be helpful to remove these ambiguities in determining uniquely and efficiently the cor-

rection vectors dag, and day,, in many practical applications.

Let us first introduce some definitions and notations. For any nonnegative real p X n matrix W, we
define the finite subset of N

OW)={je{1,2,--- ,n} /W, eRE}.

©(W) is the set of the column-vector indices of W such that 0 is not an element of such column-
vector of W. Furthermore, let card(©(W)) be the number of elements of ©(W) and, for any s x n
matrix C, define the s x card(©(W)) real submatrix C obtained from C by deleting the columns
of C whose indices do not belong to ©(W). We then have the following result, which is new as far
as we know.

Theorem 5.3. With these definitions and the same notations as in Theorem [5.2] if card(©(W)) =
n' >k and rank(B/) = k then the following equalities hold:

null(J(r(a))) = null(M(a)) ,
dim(null(J(r(a)))) = ka.k .
Proof. First, consider the second formulation of the M (a) matrix (see equation (5.16)), e.g.,
G(b) .

M(a) = Pf(a)K(n7P)
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where b= vec(B ) and G(b) diag(vec(V/ WT)) (Ip®]§T). Using the two hypotheses card(©(W)) =
> k and rank(B') = k, we first deduce that

~

rank(diag(vec(\/ W’T)) (I, ® B/T)> = rank(I, ® ]§IT) ,
= rank(Ip).rank(]g/T)
=pk,

. . /T . . . . . . .
since diag(vec(vV W' )) is a nonsingular diagonal matrix. Now, using this equality, we have also

rank (K G(B)) = rank(G(B)) =kp,

n,p)

7 35/ . .
as K, ) is a (nonsingular) permutation matrix and diag(vec(vVvW" ))(I, ® B T is a submatrix of

G(B) formed simply by eliminating some rows of G(B)
Now, for any matrix C with s columns, we have the basic rank-nullity relation (see equation (2.1)))
s = rank(C) + dim(null(C)) .
Furthermore, for any matrix D with s rows, we also assume the equality
rank(D) = rank(CD) + dim(null(C) N ran(D)) ,
see Marsaglia and Styan [[126] for a proof.
Using these two relations, we deduce
rank(M(a)) + dim(null(M(a))) = k.p
and R
k.p = rank(M(a)) + dim(null(PI%(a)) N ran(K(mp)G(b))) ,

and so

dim(null(M(a))) = dim(null(PJ‘(a)) N ran(K, ) G(b )))

= dim(ran(F(a)) N ran(K(np (b)))
Next, we consider the matrix H defined by
H = diag(vec(vVW))(BT @ A) .
We have R R
rank(H) < rank(BT @ A) = rank(B).rank(A) = k.ka ,
since the hypothesis rank(B') = k implies rank(B) = k. We now demonstrate the inclusion

ran(F(a)) N ran(K, ,) G(b)) C ran(H) .

n?p

Let ¢ € ran(F(a)) N mn(K(n’p)G(B)), then 3 S € R**" and Z € RP** such that

c = F(a)vec(S) = K, G (b)vec(Z")

n,p)

and we want to show that 3T € R*** such that ¢ = Hvec(T). But, VT € R¥**, we have

Hvec(T) = diag(vec(v'W))(B” @ A)vec(T)
VW) (BT @ L,)(I; ® A)vec(T)
VW)

)(BT @ 1)K 1, ;) K (p.1)vec(AT)



and so, using the facts that K(,, ,,) is a (nonsingular) permutation matrix and G(B) has full column
rank demonstrated above, we have the equivalences

¢ = Hvec(T) < K, p)G(b)vec(ZT) =K, p)G(b) (p,k)vec(AT)
& G(b)vec(Z") = G(B) K, »yvec(AT)
ec(A
c(A

T)
T)

& vec(Zh) = K,

& K(kyp)vec(ZT) ve
< vec(Z) = vec(AT)
& 7Z=AT.

Thus, to demonstrate that 3T € R¥*¥ such that ¢ = Hvec(T), it suffices to show that IT € RF*F
such that Z = AT. But,

c = F(a)vec(S)
= diag(vec(vVW))(L, ® A)vec(S)
= diag(vec(VW))vec(AS)

and also

~

¢ =K G(b)vec(Z")
(n,p)diag("eC(\/WT))(Ip ®A]§T)vec(ZT)

= diag(vec(\/W))(In ® g)vec( )

= diag(vec(v'W))vec(ZB) .

From these equalities, we then deduce that

diag(vec(VW'))vec(AS') = diag(vec(VW'))vec(ZB')

and since diag(vec(vW')) is a nonsingular diagonal matrix, we obtain
vec(AS') = vec(ZB') and, finally, AS" = ZB' .

Now, B’ has full row-rank by hypothesis and, consequently, admits a right inverse R such that
B'R = I, (see [126] for details) and so AS'R = Z and we can take T = S'R.. Consequently, we
have proved

~

ran(F(a)) Nran(K, ;) G(b)) C ran(H) ,

n,p)
which implies

dim(null(M(a))) = dim(ran(F(a)) N ran(K(mp)G(B))) < rank(H) < ka .k .
But, from Theorem[5.2] we already know that

ka.k < dim(null(M(a)))
and we obtain dim(null(M(a))) = ka .k.
Again, from Theorem [5.2] we also know that
ka.k < dim(null(J(r(a)))) = dim(null(M(a)) N null(L(a)))

and since
dim(null(M(a)) Nnull(L(a))) < dim(null(M(a))) = ka .k,

we also conclude that dim(null(J(r(a)))) = ka.k.
Finally, from the propositions,
dim(null(J(r(a)))) = dim(null(M(a))) and null(J(r(a))) C null(M(a)) ,

we deduce that null(J(r(a))) = null(M(a)) as claimed in the theorem.
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Before stating some consequences of Theorem 5.3] it is important to highlight that the two hypothe-
ses of this theorem are not very stringent and are easily checked in practice. Moreover, in most
practical cases, these two conditions will be meet as long as W has k column-vectors without zero
elements and each other column-vector of W has at least k£ nonzero elements in it. The following
corollary is then obvious and is stated without proof:

Corollary 5.4. With the same notations and hypotheses as in Theorem we also have the rela-
tions

rank(M(a)) = (p — ka).k ,
rank(J(r(a))) = (p — ka).k .

g

Furthermore, the next corollary shows that the sufficient conditions stated in Theorem[5.3|and used
in Corollary [5.4] can be simplified when W is a strictly positive p x n real matrix. A similar result
has been obtained by Chen [27] for M(a) only, but with a different proof and the additional hypoth-
esis that A is of full column-rank.

Corollary 5.5. With the same notations as in Theorem it W ¢ R"ix*" and rank(ﬁ) = k then
the following equalities hold:

dim(null(M(a))) = ka .k,
dim(null(J(r(a)))) = ka.k ,

and also

rank(M(a)) = (p — ka).k ,
rank(J(r(a))) = (p — ka).k .

Proof. It suffices to note that W € R" and rank(B) = k lead to
card ©®(W)) =n>kand B = B

and the results follow immediately from Theorem [5.3]and Corollary [5.4]
O

Remark 5.2. More generally, if W & Rﬁin and rank(ﬁ) = kg < k itis possible to demonstrate

dim(null(M(a))) = p.(k — kg) + ka kg .

. B
mnk(M(a)) = kﬁ.(p —ka)
and also

ka.k
kg-(p — ka)

dim (null( J(r(a)) ))
rank(J(I'(a)))

(k‘ - ]CE) + kAk‘ﬁ s

<p.

NN

but we omit the details since these results are not very useful in practical applications in which
rank(A) = rank(B) = k is the rule. B
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If the hypotheses of Theorem [5.3] and Corollaries [5.4] and [5.3] are satisfied, we know precisely the
dimensions of null(J(r(a))) = null(M(a)) and of its orthogonal complement in R¥?, e.g.,

dim(null(J(r(a)))) = ka.k and dim(null(J(r(a)))*) = (p — ka).k .

Furthermore, while Theorem Corollaries and are valid for any A € RP <k we recall
that the condition rank(A) = k is required for 1 (.) to be differentiable, which implies that for all
practical WLRA applications, we will have

dim(null(J(r(a)))) = k.k and dim(null(J(r(a)))J‘) =((p—k)k.

Then, if (orthonormal or not) bases of null(J(r(a))) = null(M(a)) and of its orthogonal comple-
ment are available, it is easy to obtain the minimal 2-norm solution and also all solutions of the
linear least-squares problem

1
min —|lr(a) + J(r(a))da3 .
Jmin 5 ie(a) + J (r(a))dall}
More, precisely, if the columns of N € RFP*ka-k and N- e RF-PX(P—Fa)-k form, respectively,
(orthonormal) bases of null(.J (r(a))) and null(J(r(a)))*+, then dag,, = da;, can be computed in
a two-step procedure. In the first step, we need to solve the following reduced (and nonsingular)
linear least-squares problem

~lir(a) + 7 (x(a))N*dal3

da€R<P kA)k 2

which has an unique solution as demonstrated above, say da,,, € R(P—kAa)-k Next, in a second step,
we obtain dag, = da,;, as the matrix-vector product

dag, = N*tdag, .

Then, the general solution da of the full linear least-squares problem can be also computed in a
third step as
da = da;, + Nc = Ntda,, + Nc,

with ¢ € R*A* is a vector of ka .k arbitrary constants. Note that if we use the matrix —M(a)
as an approximate Jacobian instead, we can also find all the solutions of the linear least-squares
problem
2
min  —|r(a a)da

Jmin = r(a) — M(a)dal’}
in three steps using again the bases N and N, but in the first step, we need to solve the reduced
and nonsingular linear least-squares problem

- N-tdal?
daeR<P R 2H r(a) — M(a) all;,

instead of the previous one involving the rank-deficient matrix J(r(a)).

Alternatively, it is also possible to obtain da,, and all solutions of the above Gauss-Newton linear
least-squares problems involving the Jacobian matrix J(r(a)) or its approximation —M(a) using
only a basis N of null(J(r(a))) = null(M(a)) as first noted by Okatani et al. [150]. Using the
fact, demonstrated above, that dag, = da,;, is the unique solution of these linear least-squares
problems, which belongs to null(J(r(a)))*, it is not difficult to see that dag,, is also the unique
solution among the infinite set of solutions da of these linear least-squares problems, which verifies
the equality
N7Tda = oka* |

106



if the columns of N form a basis of null(J(r(a))) = null(M(a)).

In addition, using results in the demonstration of Theorem [5.2] and assuming for simplicity that
ka = k, e.g., A is of full column-rank, we observe that the matrix defined by

N = K(p,k) (Ik X A)

is also of full column-rank (e.g., rank(N) = k.k), and that
null(J(r(a))) = null(M(a)) = ran(N) ,

if the hypotheses of Theorem [5.3] are satisfied. In other words, it is very easy to compute a basis N
of null(J(r(a))) = null(M(a)) in practical applications or even an orthonormal basis of this linear
subspace of RP** with the help of Corollary demonstrated below.

Furthermore, it is also very easy to introduce the linear constraint N7 da = 0¥A* in the linear least-
squares problems, which must be solved for computing the correction vector dag,, at each iteration
of the Gauss-Newton algorithm, as follows

1
dag, = Arg min er(a) + J(r(a))daH% + fHNTdaH% ,

dacRp-k 2
or

1
dag, = Arg min *H (a) - M(a )daH§+§HNTdaH§,

if we use the approximate Jacobian matrix —M(a). These two “constrained” linear least-squares
problems are also, respectively, equivalent to the following standard linear least-squares prob-

lems (a) ((a))
a J(r(a
day, = og iy, |G+ [P
and

M(a
day, = neg iy, | o] - [P aal

which are both easily solved and have an unique solution as the associated coefficient matrices are
nonsingular if the columns of IN form a basis of null(J(r(a))) = null(M(a)).

To demonstrate this result, it suffices to show that the null space of these matrices is reduced to the
zero vector. To this end, we first observe that

null [J(ﬁg))] ) = null (J (x(a))) N null(NT) = null( [1\1{1(?)} V.

if the hypotheses of Theorem are satisfied. Moreover, the following relationships hold (see
equation (2.T) in Subsection [2.1)

null(NT)* = ran(N) = null(J (r(a))) = null(M(a))

and this implies, finally, that

null( [J(I{I(?))} ) = null( [1\14\1(?)} ) = null(NT)* A nudl(NT) = {0P+} (5.24)

which demonstrates that the corresponding matrices are effectively nonsingular if the columns of N
form a basis of null(J(r(a))) = null(M(a)).

The above results can also be used to improve the Levenberg-Marquardt algorithm. For example,
using an exact Jacobian matrix, J(r(a)), an accurate Levenberg-Marquardt’s correction vector day,,
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can also be obtained in two steps. First, by solving the following reduced and regularized linear
least-squares problem

J(r(a))NJ‘ 2 2
daeR<P kAW 2” [ (- kA k} [ \AD daH2 7H NLd H2 *HDdasz

where A is the damping Marquardt parameter and D is a diagonal scaling matrix of dimension
(p — ka).k. This damped linear least-squares problem has always an unique solution, da;,,, even
when A tends to zero if the hypotheses of Theorem are satisfied. Once day,, has been found,
day,, can be computed by the matrix-vector product

day,, = NLdélm ,
as for the correction vector dag, in the Gauss-Newton algorithm.

Alternatively, the linear constraint
NZda = oFak

can also be introduced in the linear least-squares problem, which must be solved for computing the
correction vector at each iteration of the Levenberg-Marquardt algorithm. As an illustration, if we
use an exact Jacobian matrix, a correction vector can be computed as

1 A 2
daj,, = Arg_min S[r(a)+ J(r(a))dal} + 5[N"dal} + 5 |[Ddalf}.

where ) is the damping Marquardt parameter and D is now a diagonal scaling matrix of dimension
k.p. This problem is also equivalent to the standard linear least-squares problem

@] [pe@)]
dalm = Arg mmk H oFak| 4| NT daH2 .
dacRp- Ok ) \AD

However, contrary to the case of the Gauss-Newton method, the correction vectors, da;,,, and dagm,
obtained by these two alternative formulations of the Levenberg-Marquardt algorithm will differ
in general. More precisely, if A # 0, we cannot assume that it always exists ¢ € R(P—ka)k such
that

da}m = Ntc

as we only have NTdaL;m ~ 0Fa-F_but not exactly NTda;m = 0Fa* as for day,. Thus, in these
conditions, day,, ¢ null(J(r(a)))*, while day,, € null(J(r(a)))*, and these two correction vec-
tors will not be equal in general. Moreover, the fact that day,,, € null(J(r(a)))* implies that the ver-
sion of the Levenberg-Marquardt algorithm using this correction vector can also be considered as a
Riemannian optimization algorithm operating directly on the Grassmann manifold Gr(p, k) [3][11]
in the same way as the Gauss-Newton algorithm discussed above (see below for details), while the
version using dazm as a correction step does not enjoy this theoretical property.

At first sight, the approach using only a basis N of null(J(r(a))) = null(M(a)) and a linear
constraint for computing the Gauss-Newton and Levenberg-Marquardt directions at each iteration,
seems to be much cheaper than the first approach, which needs to compute a nonsingular matrix
Nt ¢ RFP*(P—ka)k whose columns form a basis of null(.J (r(a)))*, to multiply the huge Jacobian
matrix J(r(a) (or its approximation) by this matrix N+ and, finally, to compute the matrix-vector
products dag, = NLdﬁgn or da;,,, = N-1tda,,, in the case of the Levenberg-Marquardt algo-
rithm [150].

However, the next corollary shows that the overhead cost incurred by the first approach can be
drastically reduced since it is easy to obtain orthonormal bases of null(J(r(a))) and its orthogonal
complement in R*? if the conditions of Theorem are fulfilled. Furthermore, thanks to the par-
ticular form of these orthonormal bases, the above matrix product between the Jacobian matrix (or
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. o . 1L . .
its approximation) and a basis of null (J (r(a))) can be computed very efficiently with almost the
same cost as evaluating the Jacobian matrix or its approximation itself as also demonstrated in this
corollary.

Corollary 5.6. With the same notations and hypotheses as in Theorem let O € QP**A be an
orthonormal basis of ran(A) and O+ € QP*(P=FA) be an orthonormal basis of ran(A )", then

0= K1) (Ix ® O) is an orthonormal basis of null(J(r(a))) = null(M(a)) ,
ot = Kpp (I ® O-) is an orthonormal basis of mtll(J(r(a)))L = null(M(a))* .
Furthermore, we have
M(a)O+ = Pé(a)U(a)(_)J‘ = Plﬁ(a)diag(vec(v W)) (]§T ® 07),

L(a)0" = (F(a)") " V(a)O' = (F(a)+)T((W © Po(X — AB)) 0t @ Ik)K(p_k’p) .

Proof. Using the results of Theorem[5.2] we first observe that
null(J(r(a))) = null(M(a)) = ran(N)
where N = K, 1y (I ® A).

Now, since O is an orthonormal basis of the column space of A, then 3C € R¥A** such that A =
OC, rank(C) = ka and C is uniquely determined (see Theorem 1 of Marsaglia and Styan [126]).
Moreover, since C has full row-rank, C admits a right-inverse R such that CR = I}, . From this

equality, we deduce that
AR=0OCR=0.

Using these properties and equation (2.33)), we have, VZ € RF**,
(I ® A)vec(Z) = (I, ® OC)vec(Z)
= vec(OCZ)
= (Ix ® O)vec(CZ) ,
and, VT € RFaxka
(I ® O)vec(T) = (I ® AR)vec(T)
= vec(ART)
= (Ix ® A)vec(RT) .
From these equalities, it can be easily proved that
ran(N) = ran(K, (I ® O)) = ran(O) .

Moreover, O = K1) (Ix ® O) is a matrix with orthonormal columns since:

(K oy (T © 0)) 'Ky (I ® O) = (T © OT) (I, ® O)
= (I, ® 07 0)
=I.® IkA
= Ik.kA .

A similar argument applies to O+ = Kpr Ik ® O<). Finally, we have

(K i) (15 © 0)) 'K iy (I ® OF) = (I, ® O7) (I © OY)
= (I, ® 0701
-1, ® okax(p—Fka)
— oF-kaxk.(p—ka)

i
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and it follows that O is an orthonormal basis of null(J(r(a))) and O is an orthonormal basis of

null (J (r(a)))L as stated in the corollary. Furthermore, the columns of the matrix [0 O*] form
an orthonormal basis of R¥.

Finally, to demonstrate the second part of the corollary, let us evaluate compactly the matrix prod-
ucts UO' and VO using the properties of the Kronecker product, commutation matrix and vec
operator stated in Subsection [2.2] We have

UO* = diag(vec(v'W)) (BT @ L,)K 1., K 1 (I © O%)
= diag (vec(\/W)) BT ® L) (I, ® O4)
= diag(vec(\/W))(ﬁT ® 01),

and also

VO! = (W6 Po(X — AB))T @ 1)K, 1) (I ® OF)
= (W0 Po(X - AB))" @ 1)) (O @ T)K (i 1)

= ((Wo Po(X - AB)) 0t @ L) K4

which concludes the demonstration of the corollary.
O

Using Corollary and the preceding results, we can write the correction vectors dag, and day,,
of the Gauss-Newton and Levenberg-Marquardt algorithms as the matrix-vector products

dag, = Otda,, and da,, = O*da,, ,

where dag,, and day, are, respectively, the solutions of the problems

day=Arg i 5 e(a) + T (r() 0" da

and
- il 2
=g min () + I (r(a) O dal 3 + 5 [Dia 3,
or of similar linear least-squares problems involving the approximate Jacobian matrix —M(a) in-
stead of J(r(a)). Defining dA, € RP*F and dA e R(P~ka)xk such that dag, = vec(dAL)
and dag,,, = vec(dAg,), we have (using equation (2:33) and Lemma 2.2]in Subsectlon

vec(dAgn) =Kl ® Ol)vec(d_&gn) = Kmk)vec(OLdAgn) = vec((OldAgn)T) ,

which implies that dA,,, = O+dA,. Obviously, the equality dA;,, = O+dA,,, can be derived
in a similar fashion.

Thus, the columns of the perturbation matrices dA g, and dA,,, belong to ran(O+) = ran(A)=*.
In other words, these variations of the variable projection Gauss-Newton and Levenberg-Marquardt
methods described above to deal with the singularity of the Jacobian matrix J(r(a)), or of its
approximation —M(a), consider only search directions of the form dA = O+C where C ¢
R(P—ka)*k This is consistent with Remark and the fact that we have only k.(p — k) degrees of
freedom to update A if rank(A) = k at each iteration of the Gauss-Newton or Levenberg-Marquardt
algorithms.

In addition, if W € RE’", the unvectorized form of the cost function t(.) (e.g., 1) o h™(.) where
h=Y(A) = vec(AT) = a,YA € RP*¥, with h(.) and h~!(.) defined in equation (3.29) of Sub-
section [3.4), which is used in the formulation of the WLRA problem, is smooth (e.g., of
class C'*°) over the subdomains RZX or QP** according to Corollaries and Note that this

110



(unvectorized) cost function #)(.) can be an instance of the formulation of the cost function
gx(.) introduced by Boumal and Absil [[13]][14], defined in equation (3.18), and already discussed
in Subsection since its associated weight matrix W, € Rﬁin if A > 0. In the same conditions,
if A € RiXk or A € OQP**, we have rank(M(a)) = rank(J(r(a))) = k.(p — k) according to
Corollary[5.5] Using these different results, we can recast the variable projection formulation of the
WLRA problem as an optimization problem on the Grassmann manifold Gr(p, k) [14][11] and the
above variable projection Gauss-Newton and Levenberg-Marquardt methods to solve the WLRA
problem as Riemannian optimization algorithms operating on this Grassmann manifold [3][11]] as
their numerical behavior only depends on A = ran(A) € Gr(p, k), for A € RiXk or A € QP*k,
and not on the arbitrarily chosen matrix A to represent ran(A) according to Corollaries and
Remark

More precisely, the smooth function 1) o h~1(.) defined on the smooth submanifold RZXk embedded
in RP*¥ s invariant on the equivalence classes of the equivalence relation ~ defined on szk by,
VA, C e R,

A ~ Cifand only if it exists D € Rng such that A = CD ,

according to Corollary In this setting, we can say that Gr(p, k) is the quotient of RiXk by the
action of the group Rl,zx following the terminology introduced in Subsection Alternatively, if
we prefer to work with orthogonal matrices (e.g., with the Stiefel manifold OP*"), we can consider
the restriction of ¢ o h~1(.) to OP*¥ and the equivalence relation ~ defined on QP** by, VA, C €
@pxk’

A ~ Cif and only if it exists D € O*** such that A = CD ,

and, similarly, 1) o h~1(.) is invariant on the equivalence classes of this equivalence relation accord-
ing to Corollary [3.2|and Gr(p, k) is defined now as the quotient of the Stiefel manifold QP** by the
action of the orthogonal group Q**%,

Moreover, as a quotient manifold (see Subsection [2.4] and Chapter 9 of [11]] ), the Grassmannian
admits a tangent space at A = ran(A) € Gr(p, k), VA € RiXk or YA € OP*F, designed by
T4Gr(p, k) (in the terminology of Subsection , which can be identified uniquely with the linear
subspace of RP*¥ of dimension k.(p — k) defined by

TaGr(p, k) = {D € RP*F / ATD = 0"F} |

With this identification, TAGI'(p, k) is nothing else than the horizontal space, H A]Rim, of RiXk

at A € RﬁXk or, alternatively, the horizontal space, H A QP ¥k of QP*F at A € OP*F; see Sub-
section for details. Furthermore, the orthogonal projector onto 7 Gr(p, k) with respect to the
Frobenius inner product in RP** is given by

PTAGr(p,k) : RpXk — TAGr(pa k)a D—P (D) = (Ip - AA+)D R

HARP*F
or, equivalently, if we prefer to work with the Stiefel submanifold, by
Py Gipk) (D) = Py, gpxr (D) = (I, = 00")D = 0-(0")"D

where the columns of O and O+ form, respectively, orthogonal bases of ran(A) and ran(A)*,
and P,HAszk and Py, gpoxr design, respectively, the orthogonal projectors onto the horizontal

subspaces of the tangent spaces TARZXk and TAOP**. See Subsection and [3]][L1] for more
details on the geometry of smooth manifolds, including the (quotient) Grassmann manifold.

Thus, _in this Grassmann mani{old framework, we have dA 4, dA;,, € TaGr(p, k), since dA,, =
OLdAgn and dA;,, = O+dA,,,, and this implies that the above Gauss-Newton and Levenberg-
Marquardt algorithms can be interpreted exactly as Riemannian optimization methods operating on
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the Grassmann manifold Gr(p, k): at the (i-+1)*" iteration, these algorithms move on the Grassmann
manifold from A’ € RiXk along some direction prescribed by the tangent vectors dA;n or dAfm
to

AT = A"+ dA, or AT = AT+ dA],,
As at each iteration, dA;n and dA{  belong to Tp:Gr(p, k), we have

(AYTdA], = 0" and (A")"dAj,, = 0FF

and, in these conditions, A"t is always of full column-rank and so A*t! ¢ R,ﬂ’Xk, e.g., Aitl —
ran( A1) belongs to the Grassmann manifold Gr(p, k), validating our claim about the nature of
these Gauss-Newton and Levenberg-Marquardt algorithms.

Alternatively, if we require that each element of Gr(p, k) must be represented by an element of the
Stiefel manifold St(p, k) = OP*F as in [13)[14], it is necessary to perform an additional retrac-
tion step to the correct (Stiefel) manifold at each iteration of the above variable projection Gauss-
Newton and Levenberg-Marquardt algorithms in order to consider these algorithms as Riemannian
optimization methods operating on the Grassmann manifold Gr(p, k) [31[14][11]. In general terms,
a retraction on a manifold can be interpreted as a tool that transforms a tangent update vector at a
point of this manifold into a new iterate on this manifold. In other words, at the (74 1) iteration, in
order to move from O € St(p, k) = OP** along the tangent vectors dO;n or dO}, = € To:Gr(p, k)
while remaining on the Stiefel manifold, after computing

A = 0"+ dO;, or A = O’ + dO;

i
Im >

we need to perform the retraction
Retractiong: (dOgn) = Ortho(0i+d02n) or Retractiong: (dO?, ) = Ortho(O’ +dO;, ), (5.25)

where Ortho(H) € St(p, k) = OP*¥ designates the p x k orthonormal factor of a thin QR or polar
decomposition of H € RP*E: see [BIIBNIN[I4][11] for more details on the concept of retraction
on manifolds and how these retractions can be computed and used as cheap ways of moving on a
specific manifold in Riemannian optimization algorithms.

Interestingly, these results are also very similar to those concerning the algorithms derived in Edel-
man et al. [51] and Manton et al. [123] for minimizing the cost function ¢)**(.) on the Grassmann
manifold Gr(p, p — k), defined in equation (3.27)) and discussed in Remark

More generally, for W € RE*", A € ]RZXk and any iterative NLLS algorithms use to solve
the (VPI) or problems, it is possible to demonstrate that there is almost no loss of gen-
erality to restrict the search directions during the iterations to the subspace ran(A)*+ = ran(O%1)
when minimizing the cost function ¢(.), or to ran(A) = ran(O) when minimizing the cost function
¥**(.) as noted, respectively, in [28] and [S1][125]. As an illustration, consider the minimization
of ¢(.) in the (VPI)) problem and take an arbitrary matrix A € RZXk and an arbitrary perturbation
matrix dA € RP**._ With the orthonormal basis [O OL] of R? derived from A in Corollary
where O € OP*F and O1 € QP*(P—%) the perturbation matrix dA can be decomposed uniquely
as
dA = OK 4+ O+K* |

where K € RF*¥F and K+ € R(P—%)*k and we have the equalities
A+ dA = (A +OK)+O'K!t=AZ+ OtK*,

since A + OK € ran(A) = ran(O) implies that it exists Z € R¥** such that A + OK = AZ.
Assuming further that Z is non-singular, which will be the rule in most practical applications, we
have the equalities

V(A +dA) = P(AZ + OTK') = ¢((AZ+ OKHZ ™) = ¢(A + 0K Z ),
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where the second equality results from Corollary In other words, as noted by Chen [28]], for
most perturbation matrices dA around A, there exists a perturbation matrix dA' = OL1K1Z!
whose range is included in ran(A)* and which has exactly the same effect as dA since (A +
dA) = (A + dA"). Thus, for any iterative NLLS algorithm used to minimize 1/(.), at each itera-
tion, it suffices generally to search for a perturbation matrix dA such that ran(dA/) C ran(A)*.

Since, in these conditions, 3T € R®~*)*k guch that dA" = OLT, this reduces the number of
degrees of freedom, or equivalently the number of parameters, to estimate from k.p to k.(p — k).
Moreover, as ATdA" = 05>k we are also sure that A + dA’ is always of full column-rank (e.g.,
rank(A + dA') = k) across the iterations, which is required for the validity of the algorithms
as otherwise the associated orthogonal projector P#(.) is not differentiable at a. This is also a

useful benefit of restricting the domain of the perturbation matrices dA" to ran(A)* (e.g., such that
ran(dA") C ran(A)1).

These different properties further justify all the variations of the Gauss-Newton and Levenberg-
Marquardt algorithms already described in this subsection, which restrict the search directions to
the subspace ran(A)*. Proceeding with similar arguments, Edelman et al. [51] and Manton et
al. [125] have also demonstrated that it suffices to consider perturbation matrices whose range is
included in ran(O) at each iteration of any NLLS algorithm used to minimize the cost function
Y**(.) in the problem. More precisely, in our notations, these algorithms try to minimize
the functional 1)**(O1) for O+ € QP*(—k) and at each iteration of these algorithms, the search
directions for updating O are restricted to perturbation matrices of the form dO- = OT where
0 € 0%k with 07O+ = 0¥*(P=k) and T e R¥*(P=%)_ Obviously, as for the minimization of
1(.) in the (VPI) problem, this reduces the dimension of the problem from p.(p — k) to k.(p — k)
since T € R¥*(P=F)_ This confirms that the and formulations of the WLRA problem
are dual of each other and should have a similar performance, but not necessarily the same cost
depending on the values of p, n and k.

In the previous linear algebra theorems and corollaries, the matrix A is never assumed to have full
column-rank; in other words, the rank of A, ka, is a free parameter and, consequently, it can be
less than k. However, we also recall that the case ko < k is an anomaly in the framework of the
WLRA problem because the condition rank(A) = k is a necessary condition for the continuity
and differentiability of the orthogonal projector Py as demonstrated in Theorems @ @ and
Corollaries at the beginning of this subsection. Thus, for the following theorem we will
make the natural assumption that A has full column-rank in order to derive stronger results. This
theorem demonstrates that it is easy to localize the k.k linearly dependent columns in M(a), L(a)
and J(r(a)) in almost all practical cases if ko = k. This result is also new as far we know.

Theorem 5.4. With the same notations as in Theorem if A, M(a), L(a) and J(r(a)) are
partitioned, respectively, as

2
M(a) = [M(a)l M(a)2] with M(a); € R7Pxk(p=k)  and M(a), € R7-pxk-k :
L(a) = [L(a)l L(a)g] with L(a); € RPxk(p—k)  4nd L(a), € R7-pxk.k :
J(r(a)) = [J(r(a))1 J(r(a))s] with J(r(a)); € R""**P~F) and J(r(a)), € R"P*FF

and if rank(Ay) = k, then 3Z € RF-(P=k)xkk gych that
M(a); = M(a);Z,L(a); = L(a);Z and J(r(a))2 = J(r(a))1Z .

In other words, if rank(Az) = k, the last k.k columns of M(a), L(a) and J(r(a)) are linearly
dependent upon the first k.(p — k) columns of M(a), L(a) and J(r(a)), respectively.
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Proof. We will first demonstrate that M(a), = M(a);Z for some Z € R¥(P=F)xk-k o this end,
let us derive an explicit expression for the M(a); and M(a), submatrices using the formulation of
the M (a) matrix given by equation (5.15)), e.g.,

M(a) = P, diag(vec(vVW)) (BT @ I,)K(x ) -
Using equation (2.36)), we have

Ipfk: ® ]§T On.(p—k)xk.k
0k-nxn.(p—k) I, ® ]§T

)

(ET L) K p) = Kinp) (Ip @ ﬁT) =Kmp) [

hence R
) I, ® BT On.(pfk)xk.k
L = k
M(a) = PF(a)dzag(vec( W))K(n,p) [0’?“”'(7’_’“) I, ® BT )
and so
. I, ,® BT
M(a); = Pf(a)dlag(vec(v W))K () |:Ol€.nl>€<n.(p—k’):| ,
N on-(p—k)xk.k

M(a)s = P, diag(vec(vW))K, ) [ I, ©B7 ]

Now, we want to show that, Vj € {1,2,---,k.k}, there is z; € R*P~) such that M(a)se; =

M(a);z;, where e; is the 4" column unit vector of order k.k and z; is the 4" column of the matrix
Z we are looking for. Using the preceding expressions of the M(a); and M(a)s submatrices,
vy €{1,2,---,k.k}, we have the equivalences

M(a)ze; = M(a)iz,

. On.(p—k)xk.k I 2 BT :
< Pé(a)d’“g(v“(‘/viv))K(n,w( [ I, ® BT ] €j — [05 . k)} = o

—(Lp—k ® f”T)Zj

= Pﬁ(a)diag(vec(\/ W))K i p) [ (I, ® BMe; = P
J
; V/ —(Ip—x ® ﬁT)Zj
d W)K ~ F
< diag(vec( DK ) ! (I ® B e, € ran(F(a))

—(Ip-r® ﬁT)Zj

&3t e R" /4 VW))K =
j iag(vec( I, & BT)ej

) (n.p)

~—

= F(a)t]’ .

Forall j € {1,2,---,k.k}, we will look for a vector t; such that t; = vec(Cjﬁ) where C; €
RF¥*k_But, using equations (2.33), (2.36) and (Z.34), VC € R***, we have

F(a)vec(CB) = diag(vec(vW))(L, @ A)vec(CB)
= diag(vec(v'W))vec(ACB)
= diag(vec(vVW))(BT @ 1 »)vec(AC)
= diag(vec(JW))K(n p)( ® ﬁT)K(pvk)vec(AC)
= diag(vec(\/W))K I ® BT )vec(CTAT)
BT n(p—k)xk.k
= diag(vec(\/W))K(nyp) ;g;ﬁﬁp]?k) OIk o BT vec(CTAT)
o (I—r ® BT )vec(CTAT)
- dlag(vec(\/W))K(mp (Ikk® ﬁT)veC(CTA%}) ] 7
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and it is therefore sufficient to demonstrate that, Vj € {1,2,--- , k.k}, there are z; € R*(P—k) and
C; € R*** such that

(I, ® BT )vec(CTAT)
(I ® BT)vec(CjTAg’)

—(Lp—k ® ﬁT)Zj
(I @ B)e,

in order to have M(a)se; = M(a) z;. Furthermore, if z; is set to —vec(C;fFA{) in the above
equation, then it suffices to show that there is C; € R¥*% such that

e = vec(C;‘-FAg)

in order to obtain the desired result. But, Vj € {1,2,---, k.k}, it is easily verified that there are
two integers ¢(j) and u(j) such that

ej = vec(iyiy() -

tth

where i; is the ¢t*"* column unit vector of order &, and

ej = vec(C] A7) & iy(jify;) = A2Cy
& Cj = Ay My

since Ay is nonsingular by hypothesis. Consequently, Vj € {1,2,--- ,k.k}, we have M(a)se; =
M(a),z; with
z; = —vec(CjTA{) = —vec(it(j)ig(j)(Agl)TA{) ,

which is the desired result.

We now demonstrate that, Vj € {1,2,--- ,k.k}, we also have L(a)se; = L(a);z; with z; defined
as above. To this end, we first observe that if W and P(X — AB) are partitioned as

W,

w- W

} and Po(X — AB) = E;j

, with
Wi, P, e RPX" and Wy, Py € RFX™

then, using equation (5.19) in this subsection and equation (2.31)) in Subsection[2.2]

L(a) = (F(a)")T((W o Po(X — AB))" @ I
= (F@)")"' (Wi 0P)T @I, (W20 Py) @] ;

hence L(a); and L(a); are given by
L(a); = (F(a))" (W, o P1)" ® It) and L(a)s = (F(a)")T (W2 0 P2)" @ 1) ,
Vi e€{1,2,---,k.k}, we then have the implication
((Wg ® Pg)T ® Ik)ej = ((W1 ©) Pl)T ® Ik)zj = L(a)se; = L(a)1z; ,
and it suffices to show that
(W20 Py)" @ L)ej — (W1 0 P1)' ©1;)z; = 07

in order to obtain L(a)2e; = L(a);z;. Defining, as above,

Cj = A; iy

and remembering that
z; = —vec(C]TAlT) and ej = vec(C;‘FAg) ,
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we have (using equation (2.33) in Subsection [2.2)

(W1 oP)" @L)z; = — (W1 © P1)" @ I;)vec(C] AT)
= —vec(CjTAlT(Wl ®Py))

= —(((W1 oP) A ® Ik)vec(C]T) :
and also

(W oPy) @Ly)e; = (W20 Py)T ® Ik)vec(C;-pAzT)
= vec(C;‘FAg(WQ © Py))

= (((WQ ® PQ)TAQ) ® Ik> vec(C?) .

From these equalities, using equations (2.31)), (2.32) and (2.33)) in Subsection[2.2] we deduce that

(W0 Py)" @L)e; — (Wi 0 P1) ®@11)z;

= (((Wg ® PQ)TAQ) QI + ((W1 O] P1)TA1) (9 Ik> VeC(C?)

_ (((W2 OPy) Ay + (W, 0 P)TA) @ Ik> vee(CT)
- (((W © Po(X — AB))TA) ® Ik) vec(CT)
= vec(CTAT(W @ Po(X — AB)))
= (I, ® CT)(L, ® AT)vec(W © Po(X — AB))
= (I, ® CT)(L, ® AT)diag(vec(VW))vec(VW & Po(X — AB))

= 1, ® Cj)F(a)'r(a)
— Op‘k 7

since F(a)?r(a) = 0™*. This implies that, Vj € {1,2,--- , k.k}, we also have L(a)se; = L(a)12;
as claimed in the theorem.

Finally, since J(r(a)) = —(M(a)+L(a)), the preceding results also imply that, Vj € {1,2,--- , k.k},
we have

O

Theorems shows that it is possible to compute dag,, efficiently, and without using the linear
constraint N7 da = 0%* or an orthonormal basis O of ran(A)~, by using a simplified stable COD
of J(r(a)) (see equation (2:20) in Subsection[2.1]for details). When rank(J (r(a))) = k.(p—k), the
first k.(p — k) columns of J(r(a)) are linearly independent and the last k.k columns of this matrix
are linearly dependent upon these first k.(p — k) columns as soon as rank(Ag) = k. This property
is also verified for the matrix —M(a), which can be used as an approximation of J(r(a)) in the
optimization algorithms as we will discuss in Section[6] In these conditions, a simplified COD of
J(r(a)) (or alternatively of —M(a)) is given by

J(r(a)) = QTZT = Q[Ty, Op—kxkk] ZT

where Q € Qn-Pxk-(p=k) 7 ¢ Qkpxkp T e Rk-(0-K)xkp gnd T, € RF-(0-K)xk-(0—=k) jg 3 full
rank upper triangular matrix. The advantage of this COD formulation for rank deficient matrices,
such as J(r(a)) or —M(a), is the ability to compute directly the unique minimum 2-norm solution
of the problem

1
min ~|r(a) + J(r(a))dall3
dacRp-k 2
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as follows

-1AT
day, = ~Z [ﬁ;}k%g(iﬂ ,

without computing the SVD or the pseudo-inverse of J(r(a)), but only this simplified COD of
J(r(a)), which is based on a simple QR factorization without column pivoting of the first k.(p — k)
columns of J(r(a)) as a first step. Furthermore, as J(r(a)) is a tall and skinny matrix, this QR
factorization can be parallelized very efficiently to reduce the computational time and the memory
requirements as we will illustrate in Section [6] see also [48] for details. We also note that this COD
can also be used to derive another variation of the Levenberg-Marquardt algorithm, which will also
take care of the singularity of the Jacobian matrix or its approximation without using the linear
constraint N”da = 0%* or an orthonormal basis, O, of ran(A)~ as in the formulations derived
above; see again Section []for details.

Theorems|[5.2and[5.4]are valid for an arbitrary weight matrix W. However, the ranks of M(a), L(a)
and J(r(a)) may also be altered by the choice of a particular weight matrix, as already illustrated by
Theorem The two following theorems further illustrate the strong dependency of the ranks of
M(a), L(a) and J(r(a)) to the number and distribution of zero elements in W, respectively.

Let us again give some definitions before stating the two theorems. First, we introduce the p x n
incidence matrix, &, associated with the matrix W, defined by

{1 if Wij #0
62-]-:

_ . (5.26)
0 if Wij =0

The number of “nonmissing” elements in X (or equivalently the number of non-zero elements in
‘W) is then equal to Z d;; = nobs. Since
]

n n

F(a) = @D (diag(vec(VW ;))A) = D F;(a) .

J=1 J=1

we first observe that

n
rank(F(a)) - ZTj where T = rank(Fj(a)), f()rj = 1’ RN O
j=1

Furthermore, using equation (2.2)) in Subsection[2.1] we have
P
rj < min (Z 5ij,k> Jforj=1,--- n, and rank(F(a)) < min(nobs, k.n) .
i=1
We now state the following simple bounds for the ranks of M(a), L(a) and J(r(a)):

Theorem 5.5. With these definitions and the same notations as in Theorem 5.2 then the following
inequalities hold:

< min (nobs — rank(F(a)), k.(p — ka))
a)) < min (nobs, k.min(n,p — ka))
<m

(nobs,k.(p — ka)) .

S S S

Proof. Omitted.
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Let us further define for any integer 7 € {1,2,--- ,p} and any p X k matrix A, the finite subset of
N

p
£(i, A) = {j €{1,2,---,n} /& #0and > & > rj} :
=1
where r; = rank(F;(a)) for j = 1,--- ,n as above. If now, we define the finite subset of N

OA) = {ie 1,2, p}/£6,A) = 2},

the following theorem is valid.

Theorem 5.6. With these definitions, let card(Q(A)) be the number of elements of Q(A). If Q2(A)
is not empty then the matrices M(a), L(a) and J(r(a)) have k.card(Q(A)) columns equal to zero,
moreover the indices of these columns in these matrices correspond.

Proof. We first consider the matrix M (a) and recall that this matrix has the following form
M(a) = Py, diag(vec(vVW))(B” @ 1,)K (i) -

Then, we also recall that Pi:(a) is a block-diagonal matrix of the form

— J_ —
Pi 0 ... 0 0
0 0 0 .
1 _ . . _ 1
PFa) = : 0 Py O i = @1 PF,@)
j:
0 0 .0
L 0 0 0 P%‘_n(a) _

with
Pi:j(a) =1I,—-Fj(@F;(a)" =1, - (diag(vec(\/W_j))A) (a’ia(gr(vec(\/\W_j))A)+ ,

for j € {1,2,--- ,n}. Hence,

Pi:(a)diag(vec(\/W)) = @ (P#j(a)diag(vec(\/w.j))) )

Jj=1

Consider now the following uniform blocking of the np x pk matrix (]§T ® 1,)K(y,p into n.p
submatrices O;; € RP** forj € {1,2,--- ,n}andi € {1,2,---,p},

0O11 Oy ... Olp

_ Oy Oy ... O

BT LKy =| . 7 TP 05 e
0,1 Onz ... Oy

Since (BT ® L) Ky = Kl ® BT), BT @ I,)K(1p) is the matrix having as rows, every
nt* row of the matrix IL,® B7 of order n.p X p.k, starting with the first, then every n'” row starting
with the second, and so on. Thus, keeping in mind that I, ® B is a block-diagonal matrix, it is not

hard to see that the O; submatrices are very sparse with the following simple structure
00=D>F T 1( — 1) rows

0j; = []§T]j. } row ,forj=1,...,nandi=1,...,p .
0P=0xk | }(p— 1) rows
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Now, let i € Q(A) and consider the submatrix M; defined by the columns (i — 1).k + 1 to i.k of
M(a). M, is equal to
Oli P%l(a)diag(\/ W.l)Oli
M; @( F, (a)dlag (VW )) : = :
O, P#n(a)diag(\/ W )0,
Now, for j = 1,...,n, we have W;; = 0 or W;; # 0:
- If W;; = 0, then diag(v'W ;)Oj; = 0P*F and the rows (j — 1).p + 1 to j.p of Mj; are equal to
zZero.
P
-If W;; # 0, we have 6;; = 1 and Z 0;; = rj since i € Q2(A), and it follows that
=1

and

( aydiag(VW ;) = (I, — diag (6 ;))diag(VW ;)
= diag(VW ;) — diag(VW ;)
and the rows (j — 1).p + 1 to j.p of M are also equal to zero if W;; # 0.

Hence, we finally obtain M; = 07"*¥ if { € Q(A) and we conclude that M (a) has k.card(Q(A))
columns equal to zero, as claimed in the theorem.

Turning now our attention to L(a), which is equal to
L(a) = (F(a)")" (W o Po(X — AB))" 9 I;) ,

we observe that it is sufficient to show that the i row of W ® Po(X — Aﬁ) is equal to zero to
establish that the columns (i — 1).k + 1 to 7.k of L(a) are equal to zero if : € Q(A).

Now, for j = 1,...,n, we have W;; = 0 or W;; # 0:

-If W;; =0, then |W O Po(X — AE)} ~ =0 forany p x n matrix Po(X — A]§)

)

P
-If W;; # 0, as above, we have §;; = 1 and Z 0;; = rj since i € Q(A), implying that
=1

Py (a) = L — diag(s ;)
and it follows that
WO (X - AB)| = VW, 0 (VW ® Po(X - AB),)

:\ﬁ_j@PF,(a(r-QX')
= VW © (I, — diag(8 ;) (VW ; © X ;)
= VW, 0 (VW,; 0 X, - VW, 0 X,)

=07,

and [W ® Po(X — A]§) ~ = 0 also in the case W;; # 0.

)
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Hence, we conclude that the columns (i — 1).k + 1 to i.k of L(a) are equal to zero if i € Q(A) and
L(a) has also k.card(Q(A)) columns equal to zero, as claimed in the theorem. Finally, the same
result holds for J(r(a)) since J(r(a)) = —(M(a) + L(a)).

O

Clearly, any variable projection Gauss-Newton or Levenberg-Marquardt algorithm using the Jaco-
bian matrix .J(r(a)), or approximating this Jacobian matrix with —M(a), will be incorrect if Q2(A)
is not empty as demonstrated in Theorem The fact that 2(A) is not empty, is symptomatic of
the situation where we try to fit the matrix X by a model with too many components with respect to

the number of missing elements in this matrix. However, if we restrict the set of WLRA problems
P

by imposing the condition Z 0;; > kforall j = 1,--- ,n, we are sure that 2(A) will be empty

=1
and the events described in Theorem [5.6] will not occurred.

Finally, if card (Q(A)) is not equal to zero, a much better alternative to find a solution of this partic-
ular WLRA problem, is to minimize the regularized cost function g, (.) defined in equation (3.18)
of Subsection [3.3|with a variable projection algorithm, as this regularized minimization problem is
always well-posed (see Subsection [3.3]for details).

5.3 Computations and properties of the gradient vector and Hessian matrix

Using the properties of the Jacobian matrix J(r(a)) demonstrated in Subsection we now de-
rive a simple expression for the gradient of (.) and we give a detailed study of the Hessian ma-
trix V21)(a). These results may be used to formulate steepest descent or Newton algorithms for
minimizing the variable projection functional v(.) [171][28][1691[461[13][14][17]. We also again
illustrate the tight relationships between these Euclidean gradient and Hessian operators and the
corresponding Riemannian gradient and Hessian operators when we consider the cost function 1)(.)
as operating on the Grassmann manifold Gr(p, k) [3][14][11] extending the investigations of [82]
on this topic.

Since J(r(a)) is rank-deficient everywhere according to Theorem the smallest eigenvalue of
J(r(a))T J(r(a)) is always equal to zero and, in these conditions, we cannot expect that the Gauss-
Newton term J(r(a))?J(r(a)) will dominate the second term in the expression of V21(a) (see
Subsection[5.T)). This suggests that a full-Newton approach can perform much better than the Gauss-
Newton or Levenberg-Marquardt methods for solving the problem. However, the Gauss-
Newton or Levenberg-Marquardt algorithms perform surprisingly better than different versions of
the full Newton algorithm for solving the (VPI)) problem in the comparative studies of Okatani et
al. [150] or Hong et al. [[81]]. These conclusions are thus very counterintuitive taking into account the
excellent properties (e.g., fast convergence for NLLS problems with large residuals and quadratic
local convergence in a neighborhood of a stationary point) of the full Newton approach compared
to the Gauss-Newton or Levenberg-Marquardt methods for general or variable projection NLLS
problems [45[][123]][LO][87].

The results of this Subsection will try to elucidate these contradictions and also will reveal the power
of the variable projection framework in understanding the intrinsic difficulties associated with the
WLRA problem. As an illustration, we will demonstrate below, that the Hessian matrix V24 (a) is
deficient at all first-order stationary points a of ¢(.) (see Theorem below) and, consequently,
this Hessian matrix is expected to be nearly singular and ill-conditioned in a ’small” neighborhood
of a first-order stationary point a of (.). This result is consistent with the fact that (local) min-
imizers of ¢*(.) and #(.) are never isolated, as already discussed in Subsection and that any
neighborhood of a (local) minimizer of these cost functions contains also an infinite number of other
minimizers, which attain the same minimum of +(.), implying that the Hessian matrix V24 (a) at
a local minimizer a is at best positive semi-definite, but never positive definite. When the weight

matrix W € Rﬁ” and we consider the cost function ¢ (.) as defined on the (quotient) Grassmann
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manifold Gr(n, k), because v(.) is invariant on the equivalence classes of this quotient, the fact that
the Hessian cannot possibly be positive definite at first-order stationary points is already a known
result, see Chapter 9 and Lemma 9.41 in [[L1]. Our Theorem [5.9|thus provides an extension of this
result as it also applies to the case where W € RT". These results also imply that the Hessian ma-
trices at points arbitrarily closed to minima have vanishingly small, possibly negative eigenvalues,
leading to ill-conditioned and indefinite linear systems with a severe loss of accuracy in Newton and
trust-regions methods when the iterates reach a neighborhood of a minimum [162]].

In these conditions, many of the excellent properties of full-Newton and trust-regions approaches
are lost, which may explain the degraded performance of these methods for minimizing ¢ (.) in the
comparative studies of Okatani et al. [150]] and Hong et al. [81]]. This poor performance concerns es-
pecially the second-order Riemannian trust-region method (RTRMC?2) operating on the Grassmann
manifold developed initially in Boumal and Absil [13]] and already discussed in Subsection
In their Riemannian Newton approach, Boumal and Absil [13]][14] have derived a compact direc-
tional derivative formulae for the Riemannian Hessian of the cost function of a regularized form of
the WLRA problem (see the regularized cost function g, (.) defined in equation (3.18) of Subsec-
tion[3.3), which is then used in an inexact subproblem solver based on a truncated conjugate gradient
method to compute an approximate (Riemannian) Newton step at each iteration of their RTRMC?2
method. However, in order to ensure convergence to (local) minima, the truncated conjugate gra-
dient theory assumes a positive definite system at these minima of the cost function, an hypothesis
which is not verified here near first-order critical points, where the RTRMC2 method may be applied
to ill-conditioned, indefinite systems, leading to an erratic behaviour for some WLRA problems as
the truncated conjugate gradient subproblem solver may be highly sensitive to negative eigenvalues,
even of small magnitude. This challenging question of the convergence of trust-regions methods
for non-isolated minima of smooth functions defined on a (arbitrary) manifold has been revisited
recently in [162] in which the authors were still able to derive convergence results for an inexact
solver based on a truncated conjugate gradient method under some additional hypotheses and with
a carefully designed inexact subproblem solver with had hoc stopping criteria for the truncated
conjugate gradient iterations so that the subproblem solver is not affected by the small negative
eigenvalues of the Hessian matrix.

These convergence problems of trust-region methods near (local) minima may explain why Boumal
and Absil [14] have subsequently introduced a pre-conditioner for the Hessian matrix in their
RTRMC2 method originally proposed in [13]. However, we are not aware of any new compar-
ison studies, which evaluate the performance of the updated and preconditioned RTRMC2 al-
gorithm proposed in [[14]] with the Gauss-Newton or Levenberg-Marquardt approaches described
in [147][150][81[88] to verify if this preconditioned version of RTRMC2 performs now better than
the variable projection Gauss-Newton or Levenberg-Marquardt methods for solving WLRA prob-
lems. Furthermore, almost all these previous studies deal only of WLRA problems with binary
weights (e.g., the missing value problem) excepted of the work of Boumal and Absil [[14]. This
clearly shows the need of new extensive comparison studies to clarify the respective performance of
the most recent various first- or second-order methods proposed in the literature for solving the gen-
eral WLRA problem, but such ambitious task is outside of the scope of this paper, which is mainly
devoted to a better understanding of the theoretical properties of variable projections methods for
solving the WLRA problem.

To start with, we give convenient different expressions for the Euclidean gradient of the variable
projection functional ¢ (.). This proposition is mainly a reformulation of Theorem 2.1 in Golub and
Pereyra [63]]; however, we give a direct proof using only linear algebra in order to be self-contained
and because this formula is not well-known in the literature related to the WLRA problem.

Theorem 5.7. Let *(A, B) and t)(a) be defined, respectively, as in equations (PI) and (3.23) of
Sectionwith A e RP* a = vec(AT) € RP*, B € R¥*™ s such that b = vec(B) = F(a)Tx €
RE™ and x = vec(VW © X) € RP", where X € RP*"™ and W € RE™" are, respectively, the data
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and weight matrices of the WLRA problems or (PI).

We further assume that a belongs to an open set {2 C RP** in which F(.) has a constant rank, so
that the Jacobian matrix J(r(a)) derived in Subsection |5.2| and the Euclidean gradient Vi (a) are
both well-defined. Then,

~ 99*(A,B)

and R R
IVip(a)ll2 = [|[Veir(A,B)||, = |[Vea(A, B,

where 2 (A B) , Vi (A, ]§) and Vo3, (A, ]§) are defined, respectively, by equations (4.3)) and (4.5)
in Theorem @] and equation (3.11)) of Subsection[3.2]

In addition, the theorem remains valid if b = F(a) x where F(a)~ is a symmetric generalized

inverse of F'(a) as defined in equations (2:10) or (Z:19) of Subsection[2.1]

Proof. Using the notations and results in Subsection[5.2] we have

since r(a) € ran(F(a))* (see equation (3:24)), ran(F(a))* C ran(L(a))* (see equation (5.23))
and ran(L(a))* = null(L(a)"). The last equality resulting from equation (2.4) in Subsection

Hence, L(a), the second term of J(r(a)), does not contribute to the gradient Vi)(a). Now, using
the second formulation of M (a) given in equation (5.16) of Subsection we deduce

a)K<n »G(b)) r(a)
TK pn)r(a) )

Vi(a) = (Pi( r

G(b
G(b

since r(a) € ran(F(a))* = ran(Pﬁ(a)). Noting that

)
)

r(a) = x — F(a)b = K, (z — G(b)a)

n?p

where z = vec((vVW ® X)7) (see equation (3:24) in Sectionfor details), we finally obtain

Vip(a) = ~G(b) K, Ky (z — G(b)a)
= -G (b)"(z - G(b)a)
G(b)TG<B> G(b)"z
_ 9¢"(A,B) A,B)

Oa ’

where the last equality results from equation (4.3 in Theorem §.3] Finally, using the fact that

1
B=Arg_min ¢"(A,B) = Z|x— F(a)bl3,
Bekan

we have R
94" (A, B)

Ob ’
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and so the vectorized form of the Euclidean gradient of ¢*(.) at (a, B) is given by
“(A,B) = |2"(AB) k.
V' (A,B) = | 22AB) g |

which implies that R
V()2 = [|[Vea(A, B, -

Next, the equality R
IVe(a)llz = [|[Vea (A, B)||
is a direct consequence of equation ({.5)) in Theorem[4.3]

Finally, the above demonstration remains valid if b = F(a)~x because the differential formula (5.12))
for an orthogonal projector is unchanged if a symmetric generalized inverse is used in place of the
pseudo-inverse and the residual vector r(a) is also identical since r(a) = Pi:(a)x. This concludes
the proof of Theorem[5.7]

OJ

Remembering that G(B) is a block-diagonal matrix, we see that the computation of V(a) is easy,
fast and may be efficiently parallelized using Theorem since G(E)TG(B) is also a block-
diagonal matrix. We further highlight that this formulation of V) (a) is much more efficient than
the formulae given in Chen [28] (see its equations 24 and 27), which does not exploit the fact that
the residual vector r(a) is linear in both a and b, and involved multiplication of matrices with many
Z€108.

With the help of Theorem it is also easy to demonstrate that the Gauss-Newton directions
defined in Subsection are in a descent direction for ¢/(.) despite the systematic rank deficiency
of the Jacobian matrix J(r(a)) or of its approximation —M(a) proved in Theorem

Corollary 5.7. Let A € RP*" and a = vec(AT) € R¥2.

If Vi)(a) # OPF, e.g., if a is not a first-order stationary point of 1(.), the Gauss-Newton directions
defined by

dag, = — (r a))Jr (a) = (M(a) + L(a))+r(a) ,
dag, = M(a) r(a)

are in a descent direction for ().

Proof. To prove the assertion if the Gauss-Newton direction da, is defined from the pseudo-inverse
of the full Jacobian matrix J(r(a)), note that

dagnvqﬁ(a) = —r(a)lJ (r(a ) J (r( ))Tr(a)
= —r(a)’ J(r(a ) J (x( )+r(a)
=-r(a)'P

—r{a r(a (a)
= ( ) r(a J(r(a))r(a)
= —|Pa@yr@l

since the projector P j.(a)) is a symmetric and idempotent matrix. Further, Vi(a) # 0P by
hypothesis, then .J(r(a))”r(a) # 0P and r(a) is not in the null space of J(r(a))” and is not the
zero-vector. Since

null(J(r(a))T) = mn<J(r(a)))L = null(P j(x(a))),
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it follows that P y(a))r(a) # 07" and da,, Vi) (a) = —||P ;) r(a)||5 < 0. This proves the first
assertion. The second assertion if the Gauss-Newton direction dag, is defined from the pseudo-
inverse of the approximate Jacobian matrix —M(a) is verified by the same way since

Vi (a) = ~M(a)'r(a),

as proved in Theorem
O

These results show that it is appropriate to use a line search algorithm in the Gauss-Newton methods
described in Subsection[5.2]in order to obtain global convergence even though the Jacobian matrix or
its approximation are always singular. Moreover, similar results hold for the Levenberg-Marquardt
directions defined in Subsection [5.2]as demonstrated in the following corollary.

Corollary 5.8. Let A € RiXk, a = vec(AT) € RP* )\ € R, be the Marquardt damping
parameter and D be a diagonal scaling matrix of order p.k with diagonal elements D;; > 0.

If Vip(a) # 0FP, e.g., if a is not a first-order stationary point of ¢/(.), the Levenberg-Marquardt
directions
dag, = — (J(r(a))TJ( a)) + )\DTD) : J(r(a))Tr(a) ,
day, = (M(a)"M(a) + \AD"D) "' M(a)"r(a) ,
day, = (M(a)"M(a) + NN” + AD”D) " M(a)"r(a) ,
daj, = — (J(r ) J(r(a)) + NNT + )\DTD> B J(r(a))Tr(a) ,

where N = K, 1) (I ® A), are well defined and are also in a descent direction for (.).

In addition, if A = 0 and rank(J(r(a))) = rank(M(a)) = (p — k).k, these two last Levenberg-
Marquardt directions are also well-defined, again in a descent direction for ¢(.) and equal to the
corresponding Gauss-Newton directions defined in Corollary

Proof. To prove the first part of the Corollary, we note that A # 0 and all the elements of the

diagonal matrix D are strictly positive by hypothesis. In these conditions, the matrices
(J(r(a))TJ(r(a)) + ADTD) , (M(a)"M(a) + ADD)
(J(r(a))TJ(r(a)) + D7D + NNT) , (M(a)"M(a) + \AD'D + NN7) |

are all positive definite and the associated the Levenberg-Marquardt directions are thus well-defined.

Furthermore, in these conditions, if C represents any of these positive definite matrices, we have
immediately

dal Vi(a) = dalj;lJ(r(a))Tr(a) = —dal, Cday,, <0,

since the hypothesis V¢)(a) # 0P implies that day,, # 0P and C is positive definite. In other
words, all the associated Levenberg-Marquardt directions are in a descent direction for ¢(.) if A # 0,
which proves the first part of the Corollary.

On the other hand, if A = 0 and rank(J(r(a))) = rank(M(a)) = (p — k).k, we have

daj, = — (J(r(a))TJ(r(a)) + NNT)_1 J(r(a))Tr(a)

day, = (M(a)"M(a) + NN7) "' M(a) r(a) .
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Further, noting that the matrices

7)) na [N

NT NT

are of full column rank, as demonstrated in equation (5.24)) of Subsection [5.2] we deduce that the
matrices

(J(r(a))TJ(r(a)) + NNT) and (M(a)"M(a) + NN7)

are both positive definite. This implies that the corresponding Levenberg-Marquardt directions are
again well defined and still in a descent direction for ¢ (.) by similar arguments as used in the first
part of the demonstration.

Finally, the linear systems

(J(r(a))TJ(r(a)) + NNT> day,,, = —J (r(a)) r(a)

and
(M(a)"M(a) + NN7) day,,, = M(a) r(a)

are, respectively, the normal equations of the linear least-squares problems

sk 2” [OkA)k] i [J(lrv(?))] dalf; and ot 2H [Ok“>k] - [1\1{1(?)] dall,

which both have an unique solution, as the associated coefficient matrices are of full column rank,
and these solutions are, respectively, the minimum 2-norm solutions of the rank deficient linear
least-squares problems

2
in 2H +J(r(a))dafl, and  min, 2H M(a)dal, ,

as demonstrated in Subsection [5.2] In other words, we have
d — + — — + —
A, = —J(r(a)) r(a) = dag, or da;, = M(a) r(a) = dagy, ,

if an approximate Jacobian matrix —M(a) is used. This concludes the demonstration of the Corol-
lary.
O

We now explore the relationships between the Euclidean gradient Vi)(a) of ¢(.) at a, considered as
a real function from RP-* into R (e.g., of the vectorized form of the A matrix, see equation (3.23)),
and the Riemannian gradient of the unvectorized form of v (.) (e.g., ¥ o h™1(.) where h=1(.) is
defined in equation (3.29) of Subsectionwith h=1(A) = vec(AT) = a,VA € RﬁXk), when this
cost function is considered as defined on the Grassmann manifold Gr(p, k), as already discussed at
the end of Subsection

To this end, we require that W ¢ Rﬁx*" (as otherwise ¢ o h=1(.) is not smooth on its whole
domain ]RiX k) and that each element of Gr(p, k) is represented by an element of the compact Stiefel
manifold St(p, k) = QP*¥ instead of RZXk as it is customary for simplicity and numerical reasons
in previous works on Riemannian optimization on Gr(p, k) [47][14][11]. With these requirements,
we first observe that the restriction of the mapping ¢ o h~1(.) to the domain St(p, k) = QP**
can be considered as a smooth map defined on the Stiefel manifold and, by extension, also on
the Grassmann manifold as the Grassmann manifold Gr(p, k) is a Riemannian quotient manifold
of St(p, k) by the action of the orthogonal group OF*k see Subsections and , and [3][L1]
for more details. In these conditions, the Riemannian gradient of this smooth map defined on the
Grassmann manifold Gr(p, k) at O € St(p, k), considered as the matrix representation of O =
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ran(0) € Gr(p, k), is an element of the tangent space of Gr(p, k) at O, T Gr(p, k), which is a
linear subspace of dimension dim (Gr(p, k)) = k.(p — k). Moreover, any element of 75Gr(p, k)
can be represented uniquely by a matrix D € RP** verifying OTD = 0***, as already noted in
Subsection This subset of RP*¥ is noted ToGr(p, k) and is nothing else than the horizontal
space HoOP** of St(p, k) = QP*F at O € St(p, k).

Thus, the Riemannian gradient of ¢ o h=2(.) at O € Gr(p, k), noted V ztp o h~1(0), can be repre-
sented uniquely by one element of ToGr(p, k) and, according to equation (2.5T)) in Subsection
this Riemannian gradient is given, with a slight abuse of notation, by

Vet o h™H(0) = Py grr Vi o h71(O)
= (I, - 00"V o h™1(0), (5.27)

where O € St(p, k) = OP*% O € Gr(p, k), Py ook = I, — 00T is the orthogonal projector
onto the orthogonal of the range of O in R” (e.g., ran(O)") and also the orthogonal projector on the
horizontal space of St(p, k) = QP** at O ( in the linear spcace RP**) and, finally, V¢ o h~1(O)
is the usual Frobenius gradient of 1) o h=1(.) at O when 1) o h~1(.) is considered as a real function
defined on the linear space RP*k_ See [B[14][11] for a derivation of this standard result on the
geometry of the Stiefel and Grassmann manifolds.

Next, we first observe that
V(o) = vec((sz/J o h_l(O))T) e RPF

since following the conventions used throughout the monograph, we have defined a = vec(AT),
VA € RP*k instead of a = vec(A) as it is commonly used in past works on the WLRA problem.
In words, V(o) is the vectorized form of the transpose of the Frobenius gradient of ) o h=1(.) at
O. Using a similar and consistent convention, we now define

VrY(o) = vec((VR¢ o h_l(é))T> € RPF

e.g., Vgip(o) is the vectorized form of the transpose of the Riemannian gradient of ¢ o h=1(.) at
O € Gr(p, k). In these conditions, the equality (5.27) defining the Riemannian gradient of 1yoh~1(.)
at O is equivalent to the matrix equality

(Vre o™ 1(0)" = (Vv o h™1(0))" (I, - 007)
as an orthogonal projector is a symmetric matrix (see equation (2.13))), and also to the vector equal-
ity
vec((VRQ,Z) o h_l(é))T) = vec((VFi,Z) o h_l(O))T(Ip - OOT))
= (1, - 00T) @ Ik)vec((VFw o h—l(O))T> :

where we have used again the symmetry of the orthogonal projector and equation (2.33)). In other
words, the vectorized form of the Riemannnian gradient of 1) o h~1(.) at O is given by

Vry(o) = ((I, - 007) ® I;) Vi(o) .

Before proceeding further, we now precise the nature of the p.k x p.k symmetric matrix (I, —
007) ® 1. More precisely, we show that this symmetric matrix is the orthogonal projector onto
null(J(r(0)))* = null(M(o))* when W € REY™ and O € St(p,k) = OP*k. To this end,
we first recall that, in these conditions and according to Corollary @ the columns of the matrix
O = K, Iz ® O) form an orthonormal basis of null(J(r(0))) = null(M(o)) and that the

columns of O+ = K, 1 (I; ® O*) are an orthonormal basis of null(J(r(o)))L = null(M(o0))*
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as soon as the columns of O and O~ are orthonormal bases of ran(O) and ran(Q)~*

Next, using equation (2.29) in Subsection [2.2] we have

, respectively.

(I, -00") @I, =1,;, — (00T @ 1y) .
Furthermore, using the identities (2.32)) and (2.36) again in Subsection[2.2] we deduce that

007 @1, = (0®I) (0" 1)
= (0 L)K g nKpn (O @ 1)

= (Ko (I ® 0)) (K 1 (1 © 0)) "
=007,

Thus, OO @ I;, = OO is the orthogonal projector onto null(J(r(0))) = null(M(o)) and
I, - (00" ®L) =1, - 00" = 0+(0H)"

is the orthogonal projector onto null(J(r (0)))L = null(M(0))* as stated above. Using these
results, Theorem. 5.7} and remembering that O is an orthogonal basis of null(M (o)) and, thus, that
M(0)O = 0P™*FF | we deduce that

Vry(0) = (T — OOTW( )

= Vy(o) - 00 w(o)

= V(o) + 00"M(0) r(0)
— Vi(0) + 0(M(0)0) (o)
= Vi(o) .

From the vectorized equality V gt)(0) = V) (0), by identification and unicity of the Frobenius (or
Riemaniann) gradient, we deduce finally that

Ve o h1(0) = Vpip o h~HO) .

In other words, the Riemannian gradient of ¢y o h~1(.) at Ois simply equal to its Frobenius gradient
at O, which again illustrates the tight relationships between the variable projection method used here
and the Riemannian optimization framework on the Grassmann manifold developed in Boumal and
Absil [13][14] despite the derivations are completely different.

To conclude this paragraph on the comparison of the Euclidean and Riemannian gradients of the
cost function v(.), we now derive an explicit matrix form of V1) o h=1(A) for A € RﬁXk starting
from the vectorized equality

Vip(a) = vec((va o hil(A))T> .

Using Theorems {.3|and we first recall that

where, as usual,
a=vec(AT),
b= F(a)"x = (diag (vec(vVW)) (I, ® A) ) ',
2 = vec(VW © X)T) = diag(vec(vVW " ))vec(XT)
G(b) = diag(vec(VW ' ))(I, @ BT) .
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Using these results and equation (2.33)) in Subsection[2.2] we deduce that

Viy(a) = (I, ® ﬁ)dlag(vec(WT)) (I, ® BT )vec(AT) — vec(XT))
=(I,® ﬁ)dlag(vec(WT)) (vec(BTAT) - vec(XT))
=(I,® ﬁ)dzag(vec(WT))vec(BTAT xT)
=(I,® ]/?\:)vec(WT ® (AB — x)")
=(I,® ﬁ)vec((W ©® (AB — X))T)
= vec( (Wo (AB — X)) )

By identification and the unicity of the (Frobenius) gradient and equatlon of Subsection
we obtain, finally, the following unvectorized form of Vi (a) as

Ve oh ™ (A) = (Wo (AB - X))BY = Vyi(A,B),
which is entirely consistent with the results in Theorem 5.7}

Consistent with the fact that V gipoh™1(0) = Vghoh~1(O) derived above, when O € St(p, k) =
OP*k and W € RE", it can be further verified that this formulae for V) o h=1(A) is equal to
the Riemannian gradient gradf (A ) (which corresponds to Vi o b~} (A) in our notations) derived
in equations 23 and 25 of Boumal and Absil [[14], if we assumed that A is an orthonormal matrix,
W = W, € RI"" and X = X as defined, respectively, in equations (3.16) and of
Subsection[3.3] e.g., when a regularization parameter A > 0 is used in the Riemannian optimization
method on the Grassmann manifold developed by Boumal and Absil [[14] to minimize their cost
function f(.), which is nothing else than a variable projection form of the cost function g, (.) defined
in equation (3.18) already discussed in Subsection[3.3]

We summarize these different results about the unvectorized forms of the Frobenius and Riemannian
gradients of ¢(.) in the following Theorem:

Theorem 5.8. Let +/(.) and h~!(.) be defined, respectively, as in equations (3.23) and (3.29) of
Subsection A€ RﬁXk anda = h™1(A) = vec(AT) € RP*, and further assume that a belongs
to an open set {2 C RP* in which the matrix function F(a), defined in equation (3.20), has a
constant rank, so that the Jacobian matrix J(r(a)) derived in Subsection[5.2} the Euclidean gradient
V1 (a) derived in Theorem [5.7| and the Frobenius gradient V1) o h=1(A) are all well-defined.
Then

Ve oh ™ (A) = (Wo (AB - X))BT = Vyi(A,B),

where X € RP*"™ and W € Rﬁxn are, respectively, the data and weight matrices of the WLRA
problem and B € R¥*™ is such that vec(B) = F(a)*x, with x = vec(v'W © X).

Furthermore, if we assume that W € R?X", O € St(p, k) = OP*F and O = ran(O) € Gr(p, k),
we have )

Ve o h™1(0) = Vpip o h™HO),
where V tp o h=1(O) is the Riemannian gradient of the smooth cost function ¢ o h~Y(.) (defined
now on the Grassmann manifold Gr(p, k)) at O € Gr(p, k).

g

To conclude, we highlight that the above results about the comparison of the gradients in the vari-
able projection and Grassmann manifold optimization frameworks are a slight extension of results
derived in a different way in [82]], who do not consider the case where a regularization parameter \
is used in the Boumal and Absil algorithms [[13[][[14].

We now derive an explicit form for the Hessian matrix H = V2¢(a) where a = h~!(A) =
vec(AT) € RPF with A € RiXk. To this end, we follow the derivation of the Newton step pre-
sented in Borges [10] for solving a general variable projection NLLS problem. In the context of
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the WLRA problem, this Hessian matrix has been already explicitly derived in different forms by
several authors [28][169][14], but these forms apply mainly to the case of binary weights or are not
convenient to derive important properties of V21/(a). As an illustration, Chen [28] has derived H
(see its equation 25) for the case where W is a presence-absence matrix by expressing ¢)(a) as the
sum of the j* atomic functions 1;(.) defined in equation (3.25) of Subsection

= ;;%(a)
= 320 -l
72” (I _ (dzag (VW )A) (dlag(\/W A ) >(F ©X,;) HQ

and computing the Hessian matrices of ;(.) at a, for j = 1, -- , n, and summing all these Hessian
matrices. However, this formulation of V23(a) does not give a compact form for H and is not
convenient to derive important properties of the Hessian matrix later in this subsection. The two
other formulations of H derived in [169][[14] apply, respectively, only to the binary weights case or
only to the variable projection formulation of the regularized cost function g,(.), defined in equa-
tion (3.18) of Subsection [3.3] and this one lacks also of generality as H is not obtained explicitly,
but in the form of a directional derivative [[14], which is used in an inexact subproblem solver based
on a truncated conjugate gradient method to compute an approximate (Riemannian) Newton step at
each iteration [14].

To start with, we recall that the Hessian matrix is given formally by

n.p
H=J(r(a)" Z (a)V7r(a (5.28)
where V?r;(a) is the Hessian matrix of the functional r;(a) for{ = 1,--- ,n.p and is a p.k x p.k
matrix given by
0%r;(a)

[v2rl(a)]ij = CIN fori=1,--- ,p,k; andj=1,--- ,p.k? .
g J

We first show that the calculation of the first term of V21)(a), involving only the Jacobian matrix
J(r(a)) and which corresponds exactly to the Gauss-Newton approximation of V2(a), can be
simplified as for the gradient of ¢/(.). Using the notations and equation (5.22) of Subsection we
have

J(r(a)) = —(M(a) + L(a)) ,

and it follows that

J(r(a))"J(r(a)) = (M(a) + L(a))" (M(a) + L(a))
= M(a)'M(a) + M(a)"L(a) + L(a)"M(a) + L(a)" L(a)
= M(a)"M(a) + L(a)"L(a) , (5.29)

since ran(M(a)) C ran(F(a))* and ran(L(a)) C ran(F(a)), see Subsection [5.2| for more de-
tails.

We now derive an explicit expression for the second term of the Hessian matrix, given formally
by

S =) r(a)Vir(a). (5.30)



To this end, we first recall that the Jacobian matrix may also be expressed as
J(r(a)) = —D(Pp(a))x

where x = vec(vVW © X) (see equation (5.13) in Subsection and this implies that the
column of J(r(a)) is given by

_OPpa)__ Or(a)

(@) =~ = T

and it follows that

o’r(a) _ Pr)

= fort=1,--- k. dj=1,--- Jkp.
Baiaaj 6ai8ajx ore ’ » &P anc.j ’ P

Using this last equality and the definition of S, it is not difficult to see that the j element of S is
given by
2
79 Pr@)
(931'(98.]'
Thus, in order to evaluate S, we need an explicit expression for all the second partial derivatives of
Pr(a)

Sij = —r(a)

xfori=1,--- ,kpandj=1,--- ,k.p.

O Pr)
6ai6aj
From the expression of D(Pg(y,)) given in Corollary it follows that

€ £(R, £(R,R™P*"™P)) fori=1,--- ,kpandj=1,--- kp.

aPF a OF(a OF(a T
= P g P (Pl T P
3F(a) TaF(a)T
= Pﬁ(a)TaiF(a)Jr + (F(a)™) TaiPﬁa) . (5.31)

Using the product rule to take the partial derivative of 8PF(a)/ Oa; with respect to a; [26], we
obtain

0°Prr)  OPr 0F(a)_ . , 9Fa)., .. ., OF(a)dF(a)*
8a¢8aj N 8aj 8a2- F(a) +PF(a) 8a,-8aj F(a) + PF(a) 8ai 8aj
OPE () OF 9°F +\T
@ OF(@) . 1 (@) \+ , po. OF(a)IF(a)
+( Oaj aai F(a) JrPF(a) aaiOajF(a) +PF(a) 88.1‘ 8aj ) ’
For the sake of brevity, we define
OPi(a) OF 02 "
o @0F@) . 51 OF@_ . o, OJF(a)dF(a)
D(l’j) N 88.]‘ 8ai F(a) * PF(a) Baiﬁaj F(a) + PF(a) 8ai aaj 7
and, thus, )
9P (a) T
daj0a; Dy +Diig) -

We will now simplify the computation of Dy; ;). First, using the fact that

apé‘_(a) _ OPp

Oa; da; ’
we deduce that
_ OPp@dF(@). . . o, PFl@_ . o, OJF(a)dF(a)’
D(Lj)——iaaj 7831' F(a) +PF(a)8ai8ajF(a) +PF(a) Da; aaj :
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Next, we recall that F(.) is a linear transformation from R*? into R"P*™¥ (see equation (3.20)
in Subsection . This implies, in particular, that D(F(a)) = F(.), for all a € R*?, mean-
ing that D(F(.)) is a constant function from R*? into £(R*? R"P*"-) From this, we deduce
that D?(F(a)) is the null application for every a € R¥?, which implies that all the second partial
derivatives 9°F(a)/0a;0a; are identically zero.

This may be used to simplify D; ;) again, giving

. OF(a)dF(a)*

Pr(w OF(a) L OE() oF (@)t
a 8ai 8aj

B +

Now, we need to compute the derivative of F(a)™ which is given in Theoremunder the assump-
tion that F(a) is of local constant rank at any point a in which differentiation is to be performed
(see Theorem [5.1] for details):

D(F(a)") = — F(a)" D(F(a))F(a)" + F(a)"(F(a)")" D(F(a)" )Py,
+ (Inx = F(a)"F(a)) D(F(a)")(F(a)") F(a)* .
In order to simplify the derivation, we will now further assume that F(a) has full column-rank,
leaving the general case for future research. For practical applications, this hypothesis implies that
the rank of F(a) is k.n and that each column of X must have at least & "nonmissing” elements. In

other words, using the p x n incidence matrix, d, associated with the matrix X (see equation (5.26)
in Subsection [5.2)), we must have

P
Zélj >k ,forallj=1,---,n

Note also that this hypothesis is automatically verified if W € RY’, “™ and A is of full column rank
since

F(a) = (D F;(a) where F;(a) = diag(vVW ;)A .
=1

From this hypothesis, we deduce that
F(a)"F(a) =1,
yielding a simplified formula for the derivative of F(a)™

D(F(a)") = ~F(a)" D(F(a))F(a)" + F(a)" (F(a)")" D(F(a)") P

a)
and its partial derivatives

OF (a)*
8aj

OF (a)
8aj

7 0F (a)"

— +
a F(a) 8aj

F(a)" +F(a)"(F(a)")

Pﬁ(

Substituting this definition into D ; ;) gives

0Py OF(a) o

Dii) =~ 55, oa; (a)"
aa)a;? (~ P G ray + Fla (Pl ) )
_ P dF(a)
N da; Oa; F(a)"

a a T a
+ P e Bl (B )T TP, - R @)
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Using this result, we are now in the position to deduce an explicit formula for S;;

Sij = —r(a)" (D(i,) + Dy )%
= —r(a)" Dy jyx — r(a) D x
= —r(a)TD(iJ)X - xTD(i,j)r(a) .

Using the facts that r(a) = P]_#(a)x, P]_#(a)r(a) =r(a) and b = F(a)"x, the first term in the right

hand side of this equation reduces to

6]-:)F a 8F a
—r(a)TD(i,j)X = r(a)TA (2)

aaj 8al-
a a T a
- o) G (B )T ()~ )
O0Pg(a a a a)l
- r(a)Tg:; ) 8?; )b - r(a)Ta];; ) F(a)+(F(a>+)Tag;j) r(a)
+ r(a)T(a(];‘E(i;a)F(a)+agéj)b.

Substituting 0P, /0a; (see equation (5.31)) above) yields

a a)l a
—r(a)"D; yx =r(a)" <P§(a) Og;j )F(a)+ + (F(a)Jr)Ta];(aj)Pl*{(a)) 8(-};;)]0
a a)”
_ r(a)TﬁyF(a)+(F(a)+)Ta%Qr(a)
) J
OF(a) OF(a)
r(?-l)TaiaiF(a)Jr da, b.

Noting that Pﬁ(a)r(a) =r(a) and F(a)Tr(a) = 0%", this reduces to

T

Q
=
&

—r(a)" D(; j)x =r(a) Ja F(a) e b
OF (a) OF (a)T
_ Tor\a) + T
r()” 7 F (@) (Pla) ) M (a)
JOF (a) OF (a)
+ r(a)T —"=F(a)" b.
8ai 83]'
Next, if we consider the second term in S;;, it reduces to
oP OF(a)
I _ (TYF(a) +
x' D jr(a) Ja, Oa; F(a)"r(a)
OF(a OF(a)”
= X Py B (B ) P e
OF (a) OF (a)
Tpl + +
+ X Pga Oa, F(a) 7a, F(a)"r(a)
r0F(a) OF (a)T

= —r(a) Da, F(a)Jr(F(a)Jr)TT%r(a)?

using again the facts that P]_#(a)r(a) =r(a), F(a)*r(a) = 0" and Plﬁ(a) = (Pf(a))T.
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Collecting all these results together, we deduce that

o rOF@) L OF (@)
SZ] ( ) aaj F( ) aai b
T OF@) L OF ()

+ () R

a T
- x(a >T8§;)F<a>+<F<a>+>Ta§;) r(a) .

b

Now from equations (5.14) and (5.18) in Subsection[5.2} V a, Aa € RP*, we have
(D(F(a))(Aa))b=U(a)Aa and (D(F(a))(Aa))Tr(a) =V(a)Aa,

where U(a) and V (a) are defined in equations (5.20) and (5.21) of Subsection[5.2] In these condi-
tions, it is evident that

JF (a)
Oa;

———~*b="U(a); and r(a)=V(a); foralli=1,--- pk.

Thus,
— (V(a) )TF (a) +U(a)z+ (V(a):) F(a)*U(a); — 2.(V(a),) F(a)* (F(a)*)  V(a)
= (L(a);) Ua) + (L(a).) Ula); — 2.(L(a)s) ' La),
= (U(a).) L(a); + (L(a):) ' Ua); - 2.(L(a)) 'L(a),;

where L(a) is defined in equation (3.19) of Subsection[5.2] This implies, finally, that

S =U(a)'L(a) + L(a)"U(a) — 2.L(a)"L(a) . (5.32)

Using the fact that J(r(a))? J(r(a)) = M(a)’M(a) + L(a)? L(a) established in equation (5.29)
above, we finally obtain the following explicit and compact expression for the Hessian matrix
V21 (a) as the sum of three symmetric matrix terms

H = M(a)"M(a) — L(a)"L(a) + (U(a)’L(a) + L(a)"U(a)) , (5.33)
under the hypothesis that F(.) has full column-rank in a neighborhood of a.

We first note that H is relatively cheap to evaluate as all the matrix terms involved in the above
expression of H are also needed to compute the Jacobian matrix J(r(a)) and are, thus, avail-
able in most cases. This small difference between a full Newton and a Gauss-Newton approach
in terms of computational load is due to the fact that all the second partial derivatives of F(.) are
identically zero everywhere and that, consequently, all the mixed partial derivatives matrix terms,
which are normally present in the Hessian matrix, vanish here [[10]. This small overhead of a full
Newton method for solving the WLRA problem with a variable projection or Grassmann manifold
approaches has already been highlighted by Boumal and Absil [14] when solving a regularized
version of the WLRA problem when zero weights are present with a Riemannian method.

Next, we observe that the Gauss-Newton approximation of the Hessian matrix is
V24(a) ~ M(a)"M(a) + L(a)"L(a) ,
while the first two symmetric terms in the exact formulation of V21)(a) derived above are
M(a)"M(a) — L(a)"L(a) .

This suggests that the term M(a)”M(a) can be eventually a much better estimate of the full Hes-
sian matrix V2i(a) than its Gauss-Newton estimate surprisingly. This feature is not specific of
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the WLRA problem, but rather related to the variable projection framework, and remains true for
any separable NLLS problem [10]. This is also verified in the comparison experiments of Hong et
al. [81]] in which a Levenberg-Marquardt algorithm using —M(a) as a simplified Jacobian matrix
performs equally or even better than the one using the full Jacobian matrix — (M(a) + L(a)). As
we will explain in Subsection approximating the Jacobian matrix by the term —M(a) corre-
sponds also to the simplification of the standard variable projection Gauss-Newton and Levenberg-
Marquardt algorithms introduced by Kaufman [96]] and Ruhe and Wedin [166]. These results were
also given given in Hong and Fitzgibbon [81], but their notations are different from those used
here.

Based on similar arguments, we can also develop an efficient quasi-Newton method in which we
drop the last symmetric term, e.g., U(a)TL(a) + L(a)"U(a) in the full Hessian, and use the

symmetric matrix
H=M(a)’M(a) — L(a)TL(a), (5.34)

as an approximate Hessian matrix. This approach is new and has never been proposed in the liter-
ature to the best of our knowledge. Obviously, we are not assure that this approximation is always
positive semi-definite as in any Newton-like method, but this will be generally the rule as the term
M(a) usually dominates the term L(a) in the Jacobian matrix as discussed above. However, an it-
erative algorithm based on this approximate Hessian H should perform similarly or better than any
Gauss-Newton- or Levenberg-Marquardt-like methods using the full Jacobian — (M(a) + L(a)) or
its approximation —M(a) as discussed above.

The approximate Hessian matrix H also inherits of the singularity of the Jacobian matrix and of its
two terms (see Theorems [5.2] and since null(J(r(a))) = null(M(a)) N null(L(a)) is always
included in the null space of H and this can be considered at first sight as a disadvantage. How-
ever, we will demonstrate below that a Newton method using the full Hessian matrix H has also to
overcome similar singularity and ill-conditioning problems in a small neighborhood of a first-order
stationary point of ¢(.). Furthermore, we will finally illustrate that, in both cases, we can handle
these difficulties for many practical cases with the same techniques developed for the Gauss-Newton
or Levenberg-Marquardt algorithms in Subsection[5.2), e.g., by restricting the search directions for
the Newton correction to ran(A)~ at each iteration.

The results in Subsection show that the problem of minimizing v(.) is an ill-posed NLLS
problem in the sense that the Jacobian matrix, J(r(a)), is exactly rank-deficient everywhere in
the solution space ]RZXk. We first derive some KKT theorems which give a characterization of a
local minimum of ¢)(.) for this very special class of NLLS problems.

Theorem 5.9. Leta = vec(A)7, with A € R**, be a first-order stationary point of (.) and F(.)
has full column-rank in a neighborhood of a. Then, the Hessian matrix of 1(.) ata, H = V¢ (a), is
a matrix of rank less than or equal to (p—k).k as for the Jacobian matrix J (r(a)) (see Corollary|[5.3).

Proof. First, the hypothesis that F(a) has full column-rank in a neighborhood of a implies the
existence of H as demonstrated above. Furthermore, from equation (5.33)), H is given by

H=M(3)"M(@@) - L@)"L@) + U@)"L@) + L(@) U(@) .
Now, as in Theorem [5.2] we consider the matrix
From Theorem we have rank(N) = k.k and the relation

ran(IN) C null(M(a)) Nnull(L(a)) .

We also observe that the theorem will be proved if the relation ran(N) C null(H) is verified.
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To prove this inclusion, we first note that, if y € ran(IN), we have
M(a)y = L(a)y = 0"".
From this, we deduce that
Hy — M(3) "M(@)y - L@ L@)y + UA)"L(@)y + LE) U@y
= L(ﬁ)TU(ﬁ)y )
Thus, to demonstrate that y € null(H), it suffices to show that L(a)7 U(a)y = 0.
If y € ran(N), then 3Z € RF** such that

y = Nvec(Z) = Kpp (I ® A)vec(Z) .

Consequently, using the definition of U(a) (see Subsection[5.2), we have
U(a)y = diag(vec(vVW)) BT ® L) Ko p) K i) (I @ A)vec(Z)
= diag(vec(\/W)) (BT @ 1) (I, @ A)vec(Z)
= diag(vec(VW)) (B” @ A)vec(Z)
= diag(vec(\/W))vec(KZﬁ)
= diag(vec(\/W))(In ® A)vec(ZB)
— F(a)vec(ZB)

Now, as in Subsection using the projection operator, Pq(.), associated with the p x n weight
matrix W, we have

9

k
N X, — Y A;B;; if Wi #£0,
[PQ(X . AB)] u _ 1) ; 7, J 1)

0 if Wi; = 0.

where b = F(a)™x and B = mat(g), and the variable projection residual vector of X at A can be

written as L
r(a) = vec(VW @ Po(X — AB)) .

Thus, using the definition of L(@) (see equation (5.19) in Section[5.2) and the fact that F(a) "F(a) =
I, x, which results from the hypothesis that F'(a) has full column-rank, we have
) ® I,)F(a) TF(a)vec(ZB)

L@)TU@)y = (We Poy(X - A
~AB))® Ik)vec(Zﬁ) ,

B
= (Wo Py(X B
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Finally, this leads to the equalities

LTU@)y = vec(ZB(W © Po(X — AB))T)

= (I, ® Z)vec(B(W & Po(X — AB))")
= (I, ® Z)(I, @ B)vec((W & PQ(X ~ AB))T)
=L®Z)(I,® ﬁ)dlag(vec ) ( \/7 W o Po(X Aﬁ))T)
= (1, ® Z)(L, ® B)diag(vec(vVW  ))vec((VW © Po(X — AB))7)
=I,®7Z) (diag(vec(\/WT))(Ip ® B) ) vec((\/W ® Po(X — Kﬁ))T)
=I,®7Z) (diag(vec(\/WT))(Ip ® 1§T)>Tvec((\/W ® Po(X — K]g))T)
= (I, ® Z)G(b)Tvec (VW & Po(X — AB))T)
= (I, ® Z)G(b) K, ,yvec(VW © Po(X — AB))
= (1, ® Z)G(b)"K, ,r(3)
=L, ®Z)Vy(a)
(1

the two last equalities resulting from Theorem. and the hypothesis V/(a) = 0%?. Thus, IEIy
0%P and rcm(N) C null(H). This implies, finally, that k.k < dlm(null(H)) and rank(H)
(p — k).k as claimed in the theorem.

<

O

Furthermore, if rank(.J (r(a)) = (p — k).k, for example if the hypotheses of Theorem [5.3|are satis-
fied, we have the following corollary:

Corollary 5.9. Let a = vec(A)T, with A € RﬁXk, be a first-order stationary point of ¢(.) and
suppose that F(a) has full column-rank in a neighborhood of a and the rank of the Jacobian matrix
J(r(d)) is equal to 7 = (p — k).k. Then, the Hessian matrix of 1(.) at &, H = V21)(a), is a matrix
of rank less than or equal to 7 with its null space containing the null space of J(r(a)).

Proof. Using the same notations as in Theorem[5.9] the hypotheses imply the relation

dim (null(J(r(ﬁ)))) = k.k = rank(N) .
From the relation ran(ﬁ) C null(M(a)) N null(L(a)) = null(J(r(a))), we then deduce that
ran(N) = null(J (r(a))) and all the results are a direct consequence of Theorem

O

Remark 5.3. Theorem and Corollary are similar to Theorem 2.2 of Eriksson et al. [54] and
its consequences, which deal with NLLS problems that are uniformly rank-deficient, i.e., with a Ja-
cobian matrix that have the same deficient rank in the neighborhood of a solution. However, it is im-
portant to highlight that the strong assumption of uniform rank deficiency of the Jacobian matrix in
the neighborhood of a solution has not been used here to derive Theorem while this hypothesis
is central in the results of Eriksson et al. [[54] through the use of the Constant-Rank Theorem [26]]. l

Remark 5.4. Theorem [5.9] and Corollary [5.9] also explain why full Newton variable projection al-
gorithms (without any specific adaptation or regularization) perform poorly in the comparison ex-
periments of Okatani et al. [150] and Hong et al. [81]. As soon as we are in a small neighborhood
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of a first-order stationary point a of 1)(.), the Hessian matrix V2(a) may become nearly singular
and ill-conditioned according to Theorem [5.9)and Corollary [5.9]leading to an erratic behaviour and
a dramatic lost of accuracy in the final steps of the Newton method. H

Importantly, Theorem[5.9]and Corollary[5.9|can also be used to illustrate that the sufficient condition
for the existence of a strict local minima of (.) (see Subsection for details) are never meet, but
non strict local minima may still exist though. To see this, suppose that ¢(.) is twice continuously
differentiable at @ and that A is a first-order stationary point of 1(.), then V1/(a) = 0*? and the
second-order Taylor expansion of ¢(.) at a becomes

V(@ + da) = () + da’ VZy(a)da + O(||dalf3) .

However, for da € null(N), where N = Kpp Ik ® A), and da sufficiently small, this Taylor
expansion reduces to
V(@ +da) = ¢(@) + O(|dall3) ,

according to Theorem This last equation and the fact that the matrix V2%(a) is never positive
definite, are consistent with the property that, if the problem admits a solution a, then there
exist infinitely many solutions near a (see Remark for details). Thus, having J(r(a)) rank
deficient everywhere makes the minimization of ¢(.) an ill-posed problem since if this problem has
a solution a than this solution is never unique and, in addition, there are an infinite set of solutions
in any neighborhood of a.

To conclude this section, we now give sufficient second-order KKT conditions for ¢(.) to have a
(non strict) minimum under the exact and constant rank-deficient condition of J(r(a)) in a neigh-
borhood of a first-order stationary point in the following theorem, which is a reformulation and an
extension in our context of results demonstrated in Eriksson et al. [54].

Theorem 5.10. Let a € R*?, with A = (matgp(@))T € RiXk, be a first-order stationary point

of ¢(.), and suppose that F(a) has full column-rank and the rank of the Jacobian matrix J(r(a)) is

equal to r = (p — k).k in a neighborhood of a. Let further Q € R¥P*" such that the columns of Q

A~

form a basis for ran(.J (r(a))”) = null(J(r(A)))*. Then, define the  x r symmetric matrix
T =Q'V*¥(@)Q
= Q"HQ
= Q" (M(@)'M(@) - L(@)'L(@) +U@)’L@) +L@’'u@)Q. (5.35)

In these conditions, if ¢(.) has a local minimum at a then Tis positive semi-definite. Reciprocally,
if T is positive definite then ¢(.) has a (non strict) local minimizer at a and we have the equalities

null(V*)(Q)) = null(J(r(a))) and rank(V*y(a)) =r.
Proof. We first verify that the condition is necessary if 2 € R*? is a local minimizer of 1(.). To
this end, let P € RZZXM such that the columns of P form a basis for null(.J(r(a))). We first note

that orthonormal matrices P and Q can be easily constructed from the results of Corollary [5.6/and
that, with this choice, the columns of the partitioned matrix

[P Q=[O0 O]

is an orthonormal basis of R¥ since null(.J (r(a))) and null(J(r(d)))* are orthogonal subspaces
of R¥ and

RFP — null(J(r(ﬁ))) @ null(J(l“(a)))L ’

where @ stands for the direct sum. Thus, Vy € R*P, y can be decomposed as

y=[P Q] Bg] — Pyp + Qyo with yp € R¥F and yg € RO
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Now, as a is a local minimizer of v(.), V¢ () is a positive semi-definite matrix (see Subsec-
tion2.4), which implies that, Vy € R¥P?, we have

y VA (@)y > 0.
On the other hand, since the null space of J(r(@)) is included in the null space of V21)(a) according
to Corollary |5.9|and taking into account the symmetry of V21)(a), we have
y'VA@)y = (Pyr + Qyo)" V2¥(a) (Pyp + Qyq)
= Q)" V*¥(a) (Qyo)
=yoTyg >0,

which demonstrates that T is a positive semi-definite matrix as claimed in the theorem.

We now give a sketch of the proof for the sufficient condition and we refer the interested reader
to Eriksson et al. [52][53]][54] for more details. First, the hypothesis that A is of full column
rank implies that it exists an open neighborhood of a, say Y, in which all its elements have also
full-column rank, as RﬁXk is open in RP** according to Theorem By eventually restricting
this open neighborhood Y, the hypotheses that F(a) has full column-rank and that the rank of the
Jacobian matrix J(r(a)) is equal to 7 = (p — k).k in a neighborhood of @ imply that the residual
function r(.) from R to RP™ is infinitely differentiable in an open neighborhood Y of a. This
allows us to apply the Constant-Rank Theorem (see Theorem 2.1 in [54] or [26]) to demonstrate
that there exist two functions, e.g.,

z:RFP 3 R" and h:R" — R™P,
which are twice continuously differentiable functions, respectively, over an open neighborhood Y

of a and over R”, such that r(a) = h(z(a)).

Using the chain rule for computing derivatives [26]], we get, for all a € T, the relation
J(r(a)) = J(h(z(a)))J(z(a)) . (5.36)

In these conditions, using the hypothesis that the rank of the Jacobian matrix J(r(a)) is equal to
r = (p— k).k,Ya € Y, and equation (2.2)) in Subsection we deduce immediately that the
Jacobian matrices, J(z(a)) and J(h(z(a))), have also a constant (full) rank equals tor = (p—k).k
for all a € Y. Furthermore, since both J(h(z(a))) and J(z(a)) have full rank =, which is also
equal to the rank of J(r(a)), we have the equalities

null(J(r(a))) = null(J(z(a))) and ran(J(r(a))) = ran(J(h(z(a)))) ,
and also the transposed” versions of these equalities
null(J(r(a))") = null(J(h(z(a)))") and ran(J(r(a))") = ran(J(z(a))"),
forallae T.
Now, the equality null (J(r(a))”) = nuil (J(h(z(a)))") and the hypothesis that @ is a first-order
stationary point of ¥(.), i.e.,
V(@) = J(r@) r(@) = 0,
imply that
J(n(z(2))) ' h(z(a)) = J (h(z(a))) r(@) = 07* .

This demonstrates that z(a) is a first-order stationary point of the twice continuously differentiable
real function ¢(.) defined by

1 1
¢: R — R:0w 2[h(o)[3 = Sh(0) h(o) .
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In these conditions, a sufficient condition for the first-order stationary point z(a) to be a strict local
minimizer of ¢(.) is that the Hessian matrix V2¢(z(a)) is positive definite (see Subsection|2.4)) and
this will also imply that a is a non strict local minimizer of ¢(.) since

for all a € Y. The Hessian matrix V2¢(z(a)) is positive definite if and only if
o’ (V?¢(z(a))) o > 0 forallo € R" witho # 0" .
Now, the equality null (J(r(a))) = null (J(z(a))) demonstrated above implies that
nudl(J(r(@))) " = null(J (z(a))) ",

and this shows that the  x r matrix J(z(a))Q is of full rank r as the r columns of Q form a basis of
null (J(z(d)))". In these conditions, the columns of .J (z(a))Q form a basis of R” and any o € R”
can be written as o = J(z(a))Qw for some w € R” and the proposition that V2¢(z(a)) is positive
definite, is equivalent to

w’ (Q"J(2(8)) " (V26(2(a)) ) J (2(2)Q) w > 0 for all w € R with w 0" ,

e.g., that the 7 x 7 symmetric matrix <QTJ(Z(§))T (V%(z(ﬁ))) J(z(a)) Q> is definite positive.

We will now show that this symmetric matrix is nothing else than the r» x r symmetric matrix T,
defined in equation (5.35)), and which is assumed to be positive definite by hypothesis.

Using equations [2.66]and [5.36] above, we have
J(2(@)" (V?6(a(@)) J (+(a))
= J(z(@)" (J(h(z(a)))TJ(h(Z(a))) + th(Z(ﬁ))Vghz(Z(ﬁ))> J(z(a))
=1
n.p
= J(r(ﬁ))TJ(r(ﬁ)) + J(z(ﬁ))T (Z rl(ﬁ)Vth(z(ﬁ))> J(z(a)) .

=1
Next, using again the chain rule for computing the second derivatives of r;(.) and the fact that
J(h(z(a))) r(@) = 0P*

q\emonstrated above, we obtain the following expression for the second term of the Hessian matrix
H = V?24(a), defined in equations and , in terms of the derivatives of z(.) and h(.):

$=3 n@)V’n@) = J(2@)" (Z rl(ﬁ)V2hl(z(§))> J(2(a)) .
=1 =1

This implies the equality
J(z(ﬁ))T<V2¢(z(ﬁ))) J(z(a)) = J(r(ﬁ))TJ(r(a)) +S=H,
from which we deduce that
Q"J(2(8)" (V?6(2(a) ) J (2(3) @ = Q"HQ =T

As the matrix T is positive definite by hypothesis, this also shows that V2¢(z(a)) is definite positive
since the proposition that V2¢(z(a)) is definite positive is equivalent to the proposition that T is
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definite positive as noted above. Furthermore, this implies immediately that the first-order stationary
point z(a) is a strict local minimizer of ¢(.) and that the first-order stationary point a is a non strict
local minimizer of v(.) as claimed in the theorem.

Finally, since V2¢(z(Q)) is definite positive and we have the equality
o T ~ ~
H = J(2(3))" (V20(2(a)) ) J (2(3))

it is easy to deduce that null(H) = null(J(z(a))) = null(J(r(a))) and dim (null(ﬁ)) = k.k, using
the hypothesis rank(J (r(a))) = r and the rank-nullity relationship This last equality implies,
finally, that rank(ﬁ) = r again by the rank-nullity theorem which concludes the demonstration
of the theorem.

O

Interestingly, under the same hypotheses as used in Theorem [5.10]and when, in addition, the r x r
symmetric matrix T is definite positive and a is thus a (local) minimizer of #(.), the continuum
of (local) minimizers of v (.) which achieve the same minimum value of (@), say S(a) defined
formally as follows,

S(a) = {a € RPF /yp(a) = () and A = (matyp(a))” € RiXk} , (5.37)

is locally well-behaved around @ in the sense that this continuum forms a smooth (e.g., C'') sub-
manifold of R¥? (locally) around @ of dimension k.k and the tangent linear space to S(a) at a is
exactly the kernel of V21 (3), i.e.,

null(V*)(d)) = TaS(a) .

Note that, this is the best, we can hope for smooth functions like #/(.) with singular (local) minima
(because of over-parameterization) and this expresses the fact that the restriction of V21)(a) to the
normal linear space of S(a) at @, say N3S(a) (i.e., NzS(a) = (TaS(a)) ), is definite positive (e.g.,
V24(Q) is definite positive along its normal directions) as demonstrated in Theorem

This nice geometrical property is called the Morse-Bott property in Rebjock and Boumal [[163]], see
their Definition 1.1. They further show that this local Morse-Bott property is essentially equivalent
to various (local) structural assumptions like the Polyak—Lojasiewicz condition, Quadratic Growth
and Error Bound properties, which have been used in the past to explain the surprising local con-
vergence with a fast local rate of (quasi-)Newton methods in some neighborhood of non-isolated
optima; e.g., for minimizing C? cost functions like v (.) for which the Hessian at (local) minima
is at best positive semi-definite, but never positive definite because local minima are never isolated
due to over-parameterization.

In order to demonstrate that )(.) satisfies effectively the Morse-Bott property at a, let us first give
a precise definition of a smooth (i.e., C'') submanifold around one of its points in R”, taken from
Example 6.8 in [[165].

Definition 5.1. Let C be a nonempty subset of R".

We say that C is a d-dimensional smooth submanifold in R™ around the point a € C, if C can be
represented relative to an open neighborhood U of a as the set of solutions to g(a) = 0™ where g(.)
is a C' mapping from U to R™ with its differential at @, ¢ (a), being a surjective linear operator,
which is equivalent to say that the Jacobian matrix J(g(a)) € R™*™ is of full rank m, where
m=n—d.

Thus, equivalently, C is a d-dimensional smooth submanifold in R™ around the point a € C, if

CNU={aecU/g(a)=0"} and rank(J(g(ﬁ))) =m=n—d.
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Such function g(.), if it exists, is called a local defining function for C at a as in the Definition
of a classical C? embedded submanifold of R™ given in Subsection

Obviously, if M is a smooth embedded submanifold of R™ in the sense of Definition [2.4] M is also
a C' submanifold around each of its points in the sense of Definition [5.1}, but the converse is not
true in general. Thus, a smooth submanifold around one of its points, is just the ”local” version of a
classical smooth submanifold embedded in R".

Next, we will use the definition of tangent vectors to an arbitrary nonempty subset of a normed
vector space, given in Definition and a finite version of the Lyusternik Theorem [105]] (given
below), which gives a complete characterization of the set of tangent vectors to a subset of a normed
vector space of the form

S={acU/gla)=0m},

where U is an open set of R™ and g(.) is a function from U to R™ of class C"*.

Theorem 5.11. Let U be an open subset of R™ and g(.) a C'* function from U to R™. Further,
define the subset of R"
S={aclU/g(a)=0"},

andleta € S.

~

If the differential of g(. ) a, ¢ (a), is a surjective linear operator from R™ to R™, which is equiva-
lent to say that rank(J(g(a ))) m, then

null(J(9(3)) = Ta

where J(g(a)) is the Jacobian matrix of g(.) at a and 73S is the set of tangent vectors to S at a in
the sense of Definition[2.5] which is thus a linear subspace of R™ of dimension d = n — m.

Proof. Omitted. See [[105]] and [168]] for proof. ]

The Lyusternik Theorem is the angular stone behind the Definition of an embedded C'!
submanifold C around one of its points in R”. Furthermore, it allows an easy identification of
the tangent space to such “’local” submanifolds as the kernel of the Jacobian of the local defining
function for C at this particular point and also of the dimension of such smooth submanifold around
one of its points. These “local” results are further consistent with those concerning classical smooth
submanifolds embedded in normed vector spaces discussed in Subsection [2.4]

With these preliminaries, we are now in position to demonstrate that the continuum of (local) min-
ima of 1(.), S(A), defined in equation (5.37), is effectively a smooth (e.g., C'') submanifold of R
(locally) around a of dimension k.k in the sense of Definition and that

null(V*y(a)) = TaS(@@) ,
if we assume, as in Theorem [5.10] that:

-4 € RFP, with A = (matgy ()T € Rng, is a first-order stationary point of ¢ (.);

- F(a) has full column-rank and the rank of the Jacobian matrix J(r(a)) is equal to r = (p — k).k
in a neighborhood of a.

- and, finally, the X r symmetric matrix T defined in equation (5.39) is positive definite.

Under these hypotheses, we know from Theorem that a is a (local) minimizer of ¢ (.) and we
can assert that the set S(a) defined in equation (5.37) is nonempty and even forms a continuum of
points. Furthermore, again as a direct consequence of Theorem[5.10] we also have

null(V*)(Q)) = null(J(r(a))) and dim(null(V*y(a))) = k.k .
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We now first demonstrate that S(@) is effectively an embedded k.k-dimensional C! submanifold in
R*? around the point 2 € S(aA) in the sense of Definition [5.1|and that the tangent space to S(a)
around a is nothing else than the kernel of J(r(a)) using the Lyusternik Theorem [5.11]

To verify Definition 5.1/ for S(a), we need to find an open neighborhood U of @ in R¥? and a C*
mapping g(.) from U to R" with » = k.(p — k) such that

S@nU={acU/g(a)=0"} and rank(J(g(a)))=r.

However, as in the demonstration of Theorem [5.10} the above hypotheses imply that there exist an
open neighborhood Y of @ in R*?, a twice continuously differentiable function z(.) from Y to R”
and a twice continuously differentiable function h(.) from R” to R¥"? such that r(a) = h(z(a)) and
the Jacobian matrices, J(z(a)) and J(h(z(a))), have a constant rank equals to r = (p — k).k for
allae ™.

Furthermore, we can also define a twice continuously differentiable real function ¢(.) from R" to R
such that ¢(o) = ||h(0)||3, Vo € R", and, again according to the demonstration of Theorem
the point z(a) is a strict (local) minimizer of ¢(.). This implies the existence of an open neigh-
borhood V' of z(a) in R" such that ,Yo € V, we have ¢(0) > ¢(z(a)). As the function z(.) is
continuous over Y, the set U = z~ (V) is of the form U = Y N W, where W is an open set of
R*P_ and U is thus an open neighborhood of a in R*?. Clearly, the elements a € S(a) N U verify
z(a) = z(a).

In these conditions, U is an open neighborhood of a and we can define a twice continuously differ-
entiable function g(.) from U to R" by

g:U— R :aw~ g(a)=1z(a) —z(a),

and we have effectively
S@NU={acU/g(a)=0m} .

Furthermore, the Jacobian matrix ./ (g(a)) = J(z(a)) € R™**¥ verifies rank( J (g(a))) =r,Va e

U (see the demonstration of Theorem |5.10). This implies in particular that rank(J (g(ﬁ))) =r

and ¢ (a) is a surjective linear mapping from R*? to R” and we conclude that S(a) is effectively
an embedded C'' submanifold around the (local) minimizer a in R*? of dimension k.p — r =
k.k.

Moreover, a closer look at the preceding demonstration further shows that the set S(a) NU is in fact
also an embedded k.k-dimensional C? submanifold in R¥? in the sense of Definition because
the mapping g(.) from U to R", defined above, is of class C and a valid local defining function for
S@) NUatallaec S(@)NU.

Let us now determine the tangent space to S(a) N U ata € S(a) N U. By applying the Lyusternik
Theorem [5.11]to the set S(a) N U, we have immediately

null(J(9(a)) ) = mull(J (2(a)) ) = Ta(S@) (V) VaeS@NU.
Finally, using the equality
null(J(r(a))) = null(J(z(a))) ,Vae T,
established in the demonstration of Theorem [5.10), we get the equality
null(J(r(a))) = Ta(S@NU) ,VaeS@NU.

This shows that the tangent space to S(a) N U at a € S(a) N U is nothing else than the kernel of
the Jacobian matrix J(r(a)), Ya € S(a) N U. This implies in particular that

null(J(r(a))) = Ta(S@) NU) .
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Finally, using the hypothesis that T (defined in equation (5.35)) is positive definite and Theo-
rem[5.10} we obtain the equality

null (V) (a)) = null(J(r(a))) = Ta(S@) NU) ,

which demonstrates that the cost function ¢/ (.) effectively verifies the so-called Morse-Bott property
at the (local) minimizer & under the hypotheses of Theorem [5.10] and when, in addition, the r x 7
symmetric matrix T defined in equation (5.33) is positive definite as claimed above. Note that if &
is a (local) minimizer of (. ), but we don’t assume the hypothesis Tis positive definite, we can still
get the inclusion

Ta(S@) NU) C null(V*y(a)) ,

by using Theorem [5.9] and Corollary and the fact that @ is a first-order stationary point of
¥(.).

In order to show now that Theorem [5.10] covers a large body of real applications, we note that the
matrix variable A is always requested to have full column rank to assure the differentiability of ()
and that F(a) is of full column rank in most cases as soon as every line or column of the data matrix
X has at least £ non-missing entries. Furthermore, the hypothesis that the rank of the Jacobian
matrix J(r(a)) is constant and equal to » = (p — k).k in a neighborhood of a is automatically
verified if the hypotheses of Theorem [5.3]are fulfilled in a neighborhood of a. Finally, we note that
orthonormal bases given, respectively, by the columns of P and Q for the null space of J(r(a))
and its orthogonal complement, used in Theorem [5.10] can be easily computed from the results of

Corollary

Obviously, Theorem [5.10] also justifies the extension of the regularization techniques, developed
in Subsection [5.2]to overcome the systematic singularity of the Jacobian matrix (or its approxima-
tion) in the Gauss-Newton or Levenberg-Marquardt methods, to the Newton method using the full
Hessian matrix H or its two-term approximation H derived above. In other words, to avoid the
singularity or ill-conditioning of these two symmetric matrices near first-order stationary points of
9(.), the Newton correction vector da,, € R¥P can be found in a two-step procedure at each iter-
ation, as for the Gauss-Newton algorithm described in Subsection [5.2] In a first step, we solve the
(p — k).k x (p — k).k symmetric linear system

(0H)THO da, = —(01)TJ (r(a)) r(a) = (M(a)0") " r(a) (5.38)
or, if we use the two-term approximation of the Hessian, H defined in equation (5.34),
(0H)THO da, = (M(a)0") r(a) (5.39)

for da, € R?P~M¥ and where O1 = K, 1)(I; ® O) € QFP*P=F-k and OL € QP*(P~=H) are

. . . 1
orthonormal matrices whose columns form, respectively, a basis of null(J(r(a)))™ and ran(A)*,
see Corollary [5.6|and Theorem [5.7] for details. In a second step, to get the Newton correction vector
we need to compute the following matrix-vector product

da, = O*da, € R*? |
or, equivalently, in matrix format,
dA, = O+dA, e RP*F

This modification of the Newton algorithm in the context of the problem, first suggested by
Chen [28]], has a strong theoretical justification as it can be interpreted as a Riemannian Newton
operating on the (quotient) Grassmann manifold Gr(p, k) as we will show below, but it is also
computationally very expensive as O~ is huge matrix in most cases.
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Alternatively, we can use a cheaper alternative based on the orthogonality constraint
NTda,, = 0%F

where N = K, 1y (Ix ® A) or N = K, 1) (I ® O), and the columns of the matrix A (O) form a
(orthonormal) basis of ran(A) and the columns of N is a (orthonormal) basis of null(J(r(a))) =
null (M(a)), as demonstrated in Corollary [5.6/and discussed in Subsection and proceed in one
step by solving the damped symmetric linear system

(H+ NN”)da,, = —Vi)(a) = M(a)'r(a) (5.40)

or
(H + NN”)da,, = —Vi(a) = M(a)'r(a) (5.41)

if we use the two-term approximation of the Hessian matrix. Note that, in both cases, the term NN
can be efficiently evaluated as

NN =K, (I, ® AAT)K .,y or NNT =K, (I, ® 00")K,) - (5.42)

This last approach using a linear constraint is new in the context of Newton methods, but is sim-
ply an extension to (quasi-)Newton methods of the technique first proposed by Okatani et al. [[150]]
for Gauss-Newton and Levenberg-Marquardt methods. The variant of the Newton method, defined
by equation (5.41), can also be interpreted as a Riemannian quasi-Newton operating on the (quo-
tient) Grassmann manifold Gr(p, k), but not the first one defined by equation (5.40) as we will see
below.

Assuming that the dimension of the null space of H or H at first-order stationary points of 1(.)
is equal to the dimension of the null space of the Jacobian matrix and that both are equal to k.k,
these different approaches will efficiently overcome the systematic singularity of H or those of H at
these first-order stationary points of ¢(.). In these conditions, the above symmetric linear systems
will have an unique solution and the (quasi-)Newton direction is thus well defined. Of course,
as always in Newton methods, one common weakness of these two second-order approaches for
solving the problem is that H or its two-term approximation H may not be positive definite at
some points in a region of mixed curvature. In such condition, the Newton direction may not be in a
descent direction and the above linear systems cannot be solved by a simple Cholesky factorization.
However, many standard techniques are available to deal with this classical problem [[139][123] and
can be applied here in our specific WLRA context without any modification as we will discussed in
Subsection

Alternatively, we can again recast the WLRA problem in its variable projection formulation as an
optimization problem on the (quotient) Grassmann manifold Gr(p, k) [3][11] and use a Riemannian
Newton method to solve it as was done for example in [13[][[14]. To clarify the differences and
similarities between the Riemannian Newton method operating on Gr(p, k) and the above (quasi)-
Newton algorithms operating on RiXk (or on St(p, k) = QP*F), we now investigate the relationships
between the Euclidean Hessian of #(.) at a, given in equation (5.33)) (e.g., when ¢(.) is considered
as a real function from RP* to R, see equation (3.23)), and the Riemannian Hessian of the un-
vectorized form of ¥(.) at A € RZXk (e.g., the real function ¢ o h=1(.) from RiXk to R, where
h~1(.) is defined in equation (3.29) of Subsectionwith h=1(A) = vec(AT) = a,VA € RD*M),
when this cost function is considered abusively as defined on the Grassmann manifold Gr(p, k), as
already discussed at the end of Subsection [5.2]and at the beginning of this subsection. The results
we present now are a slight extension, with our notations, of those given in [|82]].

As in our previous discussion on the connections between the Euclidean gradient of v(.) and the
Riemannian gradient of 1) o h~!(.), to simplify the presentation we require that W & Rﬁ:kn and
that each element O € Gr(p, k) is represented by an element of the compact Stiefel manifold
O € St(p, k), in line with previous works on Riemannian optimization on Gr(p, k) [47][14][11].
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Recall also that any element of the tangent space of Gr(p, k) at O, T&Gr(p, k), can be represented
uniquely by an element of the following linear subspace of RP** of dimension (p — k).k:

ToGr(p, k) = {D e R”* / 0D = 0"} |

as already noted in Subsectronﬂ 5.2l ToGr(p, k) is nothing else than the horizontal space of St(p, k)
at O € St(p, k), noted HoSt(p, k) or HoOP** in Subsection [2.4 n In these conditions, using
Theorem [5.8] we have

Vit oh'(0) = (I, = 00") Vo h™1(0) = Vo h™'(0)

where V gip o h~1(0O) is the Riemannian gradient of the smooth cost function ¢ o h~1(.) (defined
on the Grassmann manifold Gr(p, k)) at O € Gr(p, k) and V 1) o h~1(O) is the standard Frobenius
gradient of 1) o h=1(.) at O € St(p, k).

In this framework, the Riemannian Hessian of the smooth map 1) o h~!(.) defined on the Grassmann

manifold Gr(p, k) at O = ran(O) € Gr(p, k), is thus a linear transformation from ToGr(p, k) to

ToGr(p, k). Furthermore, using the above equality between the Riemannian and Frobenius gra-

dlents and equatlon in Subsection VD € ToGr(p, k), the image of D by the Hessian
V21 o h=1(O) considered as a linear operator from ToGr(p, k) to ToGr(p, k) is given by

[V o h™1(0))(D) = (I, - 00”) [Vi¢p o b~ (0)](D), (5.43)

where V%1 o h=1(O) is the standard Frobenius Hessian of ¢ o h™1(.) at O € St(p, k) and
(Ip — OOT) is the orthogonal projector onto ran(O) in RP, but also the orthogonal projector onto
ToGr(p, k) in RP**, when ToGr(p, k) is considered as a subspace of RP** of dimension (p — k).k,
which is also the horizontal space of St(p, k) at O € St(p, k) as noted above.

Thus, we have D € ToGr(p, k) and [V4¢ o h=1(0)](D) € ToGr(p, k), and both are considered
as p x k matrices in equation (5.43). In these conditions, as noted in Subsection[5.2] equivalently,
we can vectorize both D and [V%1 o h~1(O)](D) as

h = vec(DT) € RP* and  VZu(6)d = vec (([v%%q/) o h*l(())](D))T) € RPF |

where now V%1(6) is a p.k x p.k (asymmetric) matrix.

Furthermore, using equations (5.43), (2.32), (Z.36) and Corollary [5.6 we have, ¥d € RP¥,
V24(6)d = vec ( ((1, — 007) [VZy o h—l(O)](D))T)
= vec (([v%z/; o h~1(0))(D))” (I, — 007) )

~ (1, - 00T) @ 1) vee (([VEw o h™1(0))(D)) ")

= (L — (007 @ 1)) vee (V3w 0 b~ (0))(D)”)

= (T, — 007) vec (([V3w o h(0))(D))")
= (I, — 00T) V*)(o)d ,

where V2¢(0) is a p.k x p.k symmetric matrix and the orthogonal projector (I, — OO”) onto
ToGr(p, k) is represented in vectorized form by the orthogonal projector onto null(.J (r(o)))L =
null(M(o))L given by (I, — OOT), where the columns of O = K, x)(Ix ® O) are an or-
thonormal basis of null(J(r(0))) = null(M(o)), as demonstrated in Corollary of Subsec-

tion[3.2

This leads to the matrix equality
Vi (6) = (I — 00T) V*¢(o) ,
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and, using the explicit form of V2¢(0) given by equation (5.33), we obtain:

ViY(6) = (I, — 00™) (M(o)"M(o) — L(0o)"L(o) + U(0o)"L(o) + L(0)" U(o))
= M(o)"M(o0) — L(0)"L(0) + (I,x — 00") U(0)"L(o) + L(0)" U(0) , (5.44)

since

(I,x — O0") M(o)" = M(o

as null(J(r(0))) = null(M(o0)) Nnull(L(o)) C null(L(0)) and, thus, each column vector of O is
also an element of null(L(0)) when W € RE " according to Corollary

Since V%1 o h=1(0) is a linear operator from ToGr(p, k) to ToGr(p, k), which is of dimension
(p — k).k, the p.k x p.k matrix V%1)(6) represents a linear mapping from null(J(r(a)))L to
null(J(r(a)))J‘ (or equivalently from null(M(o))J‘ to null(M(o))J‘) and we can represent this

linear mapping in terms of the orthonormal basis of null(J (r(a))) * given by the columns of O+ =
Kpp Ik ® ol) c Qkr x(P=k)-k When we do so the Riemannian Newton direction vector, do,_,,

in null(M(o)) * can be computed as the solution of the following (p — k).k x (p — k).k symmetric
linear system of equations

(05T VH(6)0+do,—,, = —(0F) ' VRy(0), (5.45)
which is exactly equivalent to the symmetric linear system given in equation [5.38]since

(OH)VRY(6) = (01)" (Ix — 00T) V9 (o)
=(01)70(0H)"V*¥(o)

and

In a final step, we can also get the Riemannian Newton direction vector, do,_,,, in RFP as
do,—p = OJ_d(_)rfn )

and we have both do,_, = do, and do,_, = do,. Thus, the Newton iteration defined by
equation (5.38) can effectively be considered as a Riemannian Newton method if the next New-
ton iterate is computed with the help of a proper retraction onto the Stiefel manifold St(p, k), as
defined in equation (5.25)) of Subsection [5.2] Obviously, a similar argument shows that the quasi-
Newton iteration defined by equation (5.39) can also be interpreted as a Riemannian quasi-Newton
method.
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We now show that the Newton iteration defined by equation (5.40) does not share this nice property
in general. Since V%1)(6) is asymmetric and is considered to be a linear operator from 7o Gr(p, k)

to ToGr(p, k) (more precisely from null(J(r(a)))J‘ to null(J(r(a)))J‘), it is first convenient to
define the p.k X p.k. symmetric projected Riemannian Hessian as

VE1(8) (I, — 00T)

= (I, — 00™") (M(0)"M(o) — L(0)"L(o) + U(0)"L(o) + L(0)" U(0)) (I, — OO7)
= M(0)"M(o) — L(0)"L(0) + (I, — 00") U(0)"L(o) + L(0)" U(o) (I, — OO")

= (I, — 00") V*(o) (I, — OOT) , (5.46)

which is now a symmetric linear mapping from RP-* to RP-¥, but this one has, however, the incon-
venient to be always rank-deficient with its null space equals to null(J(r(0))) = null(M(0)) in
regular cases, e.g., when the hypotheses of Corollary are fulfilled and the matrix function F(.)
has full column rank in a neighborhood of o so that V21(0) exists.

Next, adding the term NN, defined in equation (5.42), to this symmetric projected Riemannian
Hessian matrix will remove its systematic rank degeneracy [82] and provides an alternative method
to compute the Riemannian Newton direction vector do,_,,, defined above, as the unique solution
vector of the following p.k X p.k symmetric linear system in regular cases

(Lpx — (_)(_)T) V2 (o) (L — (_)(_)T) do,_, = M(0)Tr(o0) .

However, we observe that Riemannian Newton iteration based on this damped version of the sym-
metric projected Riemannian Hessian will differ in general from the damped Newton iteration based
on equation despite the damping term is the same. This is obvious from equation defin-
ing the symmetric projected Riemannian Hessian, which shows that the third symmetric term in the
symmetric projected Riemannian Hessian differs from the third symmetric term in the formulation
of the Euclidean Hessian given in equation (5.33)). On the other hand, as the first two-terms of the
symmetric projected Riemannian and Euclidean Hessians are identical, we can conclude that the
damped quasi-Newton iteration based on a two-term approximation of the Euclidean Hessian H,
defined in equation (5.41]), can still be interpreted as a Riemannian quasi-Newton method operating
on the (quotient) Grassmann manifold Gr(p, k) as claimed above.

To conclude that subsection, we now give an overview of the second-order trust-region method
(RTRMC?2) proposed by Boumal and Absil [14] to minimize the cost function ¢» o h=1(.) = g(.)
on the Grassmann manifold Gr(p, k), where g, (.) is defined in equation (3.18)), in order to contrast
its advantages and drawbacks compared to the quasi-Newton methods just described above. To this
end and as above, we assume that W & R’j_ﬁ”, that each element O € Gr(p, k) is represented by an
element of the compact Stiefel manifold O € St(p, k) and that v» o h=1(.) is a smooth function on
St(p, k) such that both the Riemannian gradient and Hessian of 1) o h=1(.) exist VO € St(p, k). In
this framework, the RTRMC2 method can be both interpreted as a variable projection method and
a Riemannian second-order optimization method operating on the quotient Grassmann manifold
Gr(p, k).

First, Boumal and Absil have avoided the direct computation of the vectorized forms of the Eu-
clidean or Riemannian Hessian of ¢(.) as we did in equations and (5.44)), respectively. In-
stead, they have derived only the directional derivative in the direction of D € ToGr(p,k) =
HoSt(p, k) of the Riemannian gradient of v o h=1(.) at O € Gr(p, k) in a compact formulae, see
equation 27 in [14]], which is relatively inexpensive and efficient compared to the evaluation of the
full Hessians in equations (5.33) and (5.44). In other words and in our notations, this expression
uses unvectorized variables and is essentially equivalent to equation (5.43)) given above. Further-
more, this compact expression is sufficient for implementing efficiently an (inexact) iterative inner
subsolver inside the RTRMC2 method, as we will describe now.

Besides, the RTRMC2 method generates a sequence of iterates O° € St(p, k) (more precisely of
iterates O’ € Gr(p, k)) together with a sequence of trust-region radii ° > 0. At each iteration i,
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a subproblem solver computes a new step dO° € ToGr(p, k) = HoSt(p, k) and the next iterate
O € St(p, k) is obtained by performing a retraction Retractiong:(dO?), as defined in equa-
tion (5.23)), to go back to the correct manifold, e.g., St(p, k) (or more precisely Gr(p, k) [14]). The
RTRMC?2 method proceeds by computing dO? via minimizing an approximate second-order Taylor
expansion of the objective function ) o h~1(.) within a “trust-region” ||dO||r < §° with adap-
tively chosen radii 6° [3][14][L1]. Depending on the performance of the inner subsolver, the outer
RTRMC?2 algorithm decides to accept or reject the proposed step dO?, and, possibly, decides to
increase or reduce the trust-region radii. More precisely, in the inner subsolver, dO’ is computed
to approximately minimize the following quadratic model function m*(dO) : ToGr(p, k) — R
defined by

m!(d0) = Y o k™! (01) + (4O, Vg0 h™ (O))p + 5(dO, [V o h~(0)](dO))

under the constraint ||dO||p < 4% and so that m*(0P**) = ¢ o h~! (O%) and m*(dO’) ~ ¢ o
h~1 (OHI) . The selected inner subsolver is inexact and uses truncated conjugate gradient iterations
to attempt to minimize m’(.) over ToGr(p, k) [14][11] .

Despite the use of an iterative inner subsolver inside of an outer solver, the RTRMC2 method has a
medium per-iteration complexity cost of the order of O((p.k)?), while the (quasi-)Newton methods
given in equations (5.38), (5.39), (5.40), (5.41) have a much high per-iteration complexity of
order at least O((p.k)?) for inverting the damped Hessian, giving a clear advantage to the RTRMC2
method in terms of speed and efficiency. On the other hand, the RTRMC2 method has more severe
instability issues because its iterative inner solver based on (truncated) conjugate gradient iterations
is not always robust when the Hessian is singular or ill-conditioned, which is always the case at first-
order stationarity points and near the (local) non-isolated minima of ¢ o h~!(.) where the Hessian
has always vanishingly small, possibly negative eigenvalues [162]. This is verified experimentally
in Hong et al. [81]] and is explained by the theory developed in [[162]. Thus, with respect to accuracy
and robustness, the Gauss-Newton, Levenberg-Marquardt and (quasi-)Newton methods developed
in the previous and present subsections have a clear advantage as illustrated in the comparative
studies of Okatani et al. [150]] or Hong et al. [81].

This suggests finally that a fruitful area of future research to get the advantages of the two worlds,
for solving efficiently and accurately difficult WLRA problems, may be to use a damped version
of the Riemannian Hessian or of its two-term approximation (e.g., with a damping term equivalent
to the one defined in equation (5.42) for v(.)) in the quadratic model function m‘(.) minimized
by the inner solver of RTRMC?2. This may eventually help to reduce its instability issues near the
non-isolated minima of v» o h~!(.), while keeping its lower per-iteration complexity.

6 Implementation of variable projection NLLS methods for solving
the WLRA problem

This section is concerned with the formulation of practical and effective second-order algorithms for
minimizing the cost function ¢ (.), i.e., the description of variable projection (pseudo-)second-order
algorithms designed to solve the formulation of the WLRA problem using the theoretical
results established in the previous sections, especially the systematic rank-deficient nature of the
Jacobian matrix J(r(a)) everywhere in the search space and the exactly rank-deficient nature of the
Hessian matrix V21 (a) if 4 is a stationary point of t/(.).

Standard results for the convergence of (quasi-)Newton methods suppose that the cost function is
smooth, the target local minimum has a positive definite Hessian and that the algorithm is initialized
in a neighborhood of this minimum [45][[139]. However, this hypothesis is always violated here for
the cost function ¢/ (.) used in the formulation of the WLRA problem as local minima of )(.)
are never isolated and can even form a continuum or a smooth manifold in some circumstances
(e.g., when #(.) locally verified the Morse-Bott property as illustrated in the previous section). In
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such deteriorated conditions, standard NLLS methods such as the Gauss-Newton or (quasi-)Newton
methods would have difficulties [163]][199]]. The Levenberg-Marquardt and trust-region Gauss-
Newton methods can be used without modifications if the Jacobian J(r(a)) is not of full rank if
the Marquardt damping parameter A or the radius A of the trust-region are controlled appropriately
to not approach zero during the iterations and, especially, in the neighborhood of a critical point a.
However, these methods may have very slow convergence if the Jacobian matrix J(r(a)) is singular
everywhere in the search space and the damping factor is controlled so as not to tend to zero during
the iterations, as in this scenario, we loose the quadratic or superlinear convergence speed of these
methods near a critical point and the attainable accuracy is also limited [199]. Moreover, most
convergence results for all these methods essentially depend on the assumption that, at a solution
point a, the Jacobian J(r(a)) is nonsingular [45][139].

However, some convergence results are also available for the exactly rank-deficient Jacobian case
in the neighborhood of a solution point a for Gauss-Newton- or Levenberg-Marquardt-like meth-
ods [SI[6TISSIILTAIONIZ3N[1950152115311196]156][541[341[19] or for a singular Hessian at local
minima a for (quasi-)Newton methods [5][6][159][40][671 (590 [161][137][361[21[421[163][199][43].
Moreover, in practice, some of these (quasi-)second-order methods preserve their favourable faster
convergence compared to first-order methods for non-isolated minima, a surprising result, which has
been explained under mild assumptions like the Polyak—ILojasiewicz, Quadratic Growth and Error
Bound conditions [[199]][162][163][43]. Recently, Rebjock and Boumal [163]] unified these different
results by demonstrated that these three conditions are essentially equivalent to the Morse-Bott prop-
erty if the objective function is a C? function in a neighborhood of the target local minimum like the
cost function ¢(.) used in the (VPI]) formulation of the WLRA problem under some circumstances
(see the previous section for more details).

In the case of the Newton method, one of the most successful approaches in the case of a singular
Hessian is the use of bordering techniques introduced by Griewank and co-workers [S9][161]] and
the adaptation of the Newton method described in the previous section to solve the form of the
WLRA problem falls in this category. On the other hand, if as is the current approximate solution,
recall that the Gauss-Newton method for minimizing ¢(.) is based on a linear approximation of the
residual function r(.) from the Taylor’s expansion around a,

r(a) = r(a) + J(r(as))(a —as) + O(lla - all3) .

The Gauss-Newton step dag,, = a—aj is then the solution of the linear least-squares problem

1
dag, = Arg min J dal3 .
agn rgd;;gﬁg%k 2”1‘(83) + (r(as)) aH2
Since J(r(as)) is always rank deficient, the solution of this linear least-squares problem is not
unique. However, a natural choice is to take dag, to be the unique minimum 2-norm solution,
which is given by
+
dag, = —J(r(as)) r(a,) ,

since the linearization argument used to derive the Gauss-Newton iteration is only valid in a ”small”
neighborhood of a. This leads to the generalized (Gauss-)Newton or Ben-Israel iterative method

as41 = as +dag, =a; — J(r(as))+r(as) :

The local and global convergence properties of this algorithm when J(r(a)) does not have full
rank in the neighborhood of a solution point a have been first investigated by Ben-Israel [5][6] and
then by several authors afterward [9][73][137][36][42][199]. On assumptions like that J(r(a))*
is Lipschitz-continuous, the Jacobian J(r(a)) is of constant rank in some neighborhood of a or
the cost function ¢(.) verifies a Morse-Bott-like property in a neighborhood of a , they were able
to show the convergence of this generalized (Gauss-)Newton method to a stationary point of ().
In practice, it is necessary to include some strategy to estimate the numerical rank of J(r(as))
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and the assigned rank can have a decisive influence on the success of the method. Thus, a QR-
or COD-factorization, or even a SVD-decomposition, of the matrix J(r(as)) are natural tools for
the Ben-Israel iteration. This implies that the Ben-Israel method is relatively expensive. An al-
ternative to this problem is to use a Tikhonov regularized version of the Ben-Israel iteration as in
Levenberg-Marquardt or trust-region methods (see Subsection [5.1]), but the choice of the regular-
ization parameter is also a challenge in the rank-deficient case. Fortunately, the specific properties
of the Jacobian J(r(a)) derived in Subsection |[5.2|can be used for this purpose and also to reduce
drastically the cost of the Ben-Israel iterative method or its regularized version as we will illustrate
below.

Alternatively, Menzel [121]] has proposed to reformulate the exactly rank deficient problem as an
auxiliary least-squares problem of higher dimension which can be shown to be a well-posed one
if the rank deficiency of J(r(a)) is small. Moreover, he was able to prove that for arbitrary rank
deficiency in the consistent case ¥ (a) = 0, the Gauss-Newton sequence for his auxiliary least-
squares problem converges at least superlinearly to a. However, his technique, which expands
considerably the size of the problem, is useful in practice only for small dimensions and small rank
deficiency values and cannot be applied to our WLRA problem where both the dimensions and the
rank deficiency values may be high.

More recently, Eriksson and Wedin [52[][S3]][54]] also considered the NLLS problem with an exactly
rank-deficient Jacobian matrix for all points in a neighborhood of a local solution. As this situation
corresponds exactly to the minimization of the cost function (.) in the formulation of the
WLRA problem, as demonstrated in the previous sections, we discuss now their method in some
details. They suggested the following reformulation (in our notations) of the variant of the
WLRA problem in order to obtain a uniquely defined solution

s.t. Argming cgpr 39(a) = 1|r(a)]|3 ’

< {Arg Mitlyezrs 3all3
and they proposed two different iterative methods to solve this problem: a Gauss-Newton method
and a Tikhonov regularization method. In words, what Eriksson and Wedin [52]][53]][154] suggested
is to actually obtain the minimum Euclidean norm solution to the problem of minimizing #(.). A
similar approach was already mentioned by Boggs [9]. Using a Taylor series through two terms
around ag, we get the linearized version of this problem and the following iterative method

_ JArgming g 3lalf3
Ast+l = : 1 2
s.t. Argmingeppr 3/r(as) + J(r(as))(a — a,)||3

Following Pes and Rodriguez [[153]][154]], we will denote this as the Minimal-Norm Gauss-Newton
(MNGN) method. It must be noted that the Ben-Israel iterative method has no predisposition to-
ward the minimum 2-norm solution of minimizing v(.) in the sense that any limit point generated
by the Ben-Israel iteration is a least-squares solution, but not in general the minimum 2-norm solu-
tion and, consequently, the Ben-Israel and MNGN solutions will differ in general [9][54][34/[153]].
Since

r(as) + J(r(as))(a—a,) = (r(as) - J(r(as))as) + J(r(as))a,

the minimum 2-norm solution a,1 of the problem

min, lr(an) + 7 (r(a2) (2 — a3
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agy] = —J(r(as))+<r(a3) — J(r(as))as)

= —J(r(ay) "r(as) + J (r(ay) "I (r(as))as
= dagn + PJ(r(a )T s

S

= PJ(r(as))T (as + dagn) ,

where P ;(,.(,,))r is the orthogonal projector onto ran(J(r(as))") = null(J(r(as)))*, e.g., onto the
row space of J(r(as)) and the last equality results from equation (2.9). Thus, to ensure computation
of the minimal 2-norm solution, at the s** iteration of the MNGN method, the standard Gauss-
Newton approximation a, + dagy,, computed by the Ben-Israel method, is (orthogonally) projected
onto the orthogonal of the null space of J(r(ay)), e.g., null(J(r(as)))*. Alternatively, the MNGN
iteration proposed by Eriksson and Wedin [53]][54] can be written as

a1 = as + damngn )
with the MNGN step computed as

damngn = —J(r(as))+r(as) + P j(r(a,))7@s — s

1
= dagn = Pjea,ras

= dagn — Puu(s(r(a,)))@s ;

and where P, (x(a,))) i the orthogonal projector onto the null space of J(r(as)). See Sub-
section for details how the orthogonal projectors P,y j(x(a,))) and P j(y(a,))r can be repre-
sented using the SVD of J(r(as)) or much more efficiently using a COD of this matrix. Further-
more, note that these orthogonal projectors can be easily computed using the orthonormal bases of
null(J(r(as))) and its orthogonal complement identified in Corollary [5.6] (assuming that the rank
of J(r(as)) isequal tor = k.(p — k)).

In order to ensure global convergence of the MNGN method, Campbell et al. [34] and Pes and
Rodriguez [[154] have also considered the inclusion of relaxation (or damping) parameters in the
MNGN method, giving the iterative methods

As41 = Ag + asdagn — Pnull(J(r(aS)))as (MNGNI)
or
As41 = a5 + dagn - ﬂsPnull(J(r(as)))as (MNGN2)
and also
a4l = as + asdagn - ﬁsPnull(J(r(as)))as ) (MNGNS3)

where as and 35 are step length parameters, which can be determined by a line search and specific
strategies described in [34]][[154]].

As suggested by Eriksson and Wedin [52][53][54] and Pes and Rodriguez [[153]], a good approximate
Minimal-Norm Levenberg-Marquardt step, da,,i.n, can also be found by solving the regularized
linear least-squares problem

_ o1 r(as) J(r(as)) 2
da,nim = Argda{g{%k 2H [Mas ] + [ L., daH2 , 6.1)

with a sufficiently small Tikhonov regularization parameter p since this regularized problem has an
unique solution

Aot = — (7 (r(a)) " (r(a,)) + 17Tp) I (r(as) "r(a)

_ (J(r(as))TJ(r(as)) + “21’“’)

1
2
peag
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and

lim (J(r(as))TJ(r(as)) + M2Ik.p>_1 J(r(as))T = J(r(as))Jr ,

pn—0

lim (J(r(as))TJ(r(as)) + MzIk.p>

n—0

Ly
= Prai(e(as))) »

as demonstrated in [70]. The Tikhonov method proposed by Eriksson and Wedin [54]], and also
considered by Pes and Rodriguez [[153]], then approximately solves a sequence of Tikhonov regu-
larized NLLS problems for a sequence of decreasing regularization parameter j; where the index ¢
does not necessarily equal the iteration index s. The approximate solution of one regularized NLLS
problem with Tikhonov parameter p; is taken as the starting point for the next regularized problem
with Tikhonov parameter p:4+1 < p¢. Eriksson and Wedin [[54] proved that both the MNGN and
Tikhonov methods converge to a local minimum 2-norm solution if the iterations are started in a
neighborhood of the solution.

These two methods are directly applicable to an exactly rank deficient problem such as the (VPI)
formulation of the WLRA problem. However, we note that the different damped variants of the
MNGN method may fail to converge in many cases because projecting the GN solution orthogonally
to the null space of J(r(as)) may cause the residual to increase during the iterations for the MNGN1
variant or because the MNGN?2 variant is equivalent to the application of the undamped Gauss-
Newton method, whose convergence is not theoretically guaranteed [154][34)]. Note further that in
the case of the MNGN3 variant, convergence can be generally obtained if a; and 3, are suitably
chosen, but in that case the method does not converge to the minimum 2-norm solution unless 35 =
1 for s close to convergence [154]. Moreover, it is not of interest, nor natural to find the minimum
2-norm least-squares solution of our WLRA problem due to its very special structure, separability
properties and over-parameterization (e.g., because it is an optimization problem on manifolds or
subspaces). Additionally, the MNGN and Tikhonov methods involve the extra-computations of the
terms

Pnull(](r(as)))as and (J((r(as)()TJ((r(as) () + NZIk.p)_l FLQas y

in each iteration, respectively. This suggests that simple Ben-Israel or regularized Tikhonov meth-
ods will be more appropriate to minimize (.).

With these considerations, we are now in position to give a full formal description of different
variations of the Gauss-Newton, Levenberg-Marquardt and (quasi-)Newton algorithms which may
be used to minimize v(.) in practice.

6.1 Variable projection Gauss-Newton algorithms

Using similar notations and definitions as in previous sections, an outline of the variable projection
Gauss-Newton algorithms is as follows:

Gauss-Newton algorithms 1.

Choose starting matrix A; € RP*k, €1,€2,€3 € Ry, and t1mazs Jmaz € Ny, appropriately
For i =1,2,... until convergence do

(0) Optionally, compute a QRCP of A, (see equation (2.15))) to determine k; = rank(A;) and an
orthonormal basis of ran(A;):

QiAP; = op—ki)xki lp—ki)x(k—ki)| >

where Q; is an p x p orthogonal matrix, P; is an k x k permutation matrix, R; is an k; X k;
nonsingular upper triangular matrix (with diagonal elements of decreasing absolute magni-
tude) and S; an k; x (k — k;) full matrix, which is vacuous if k; = k. If k; < k, complete the
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orthonormal basis of ran(A ;) with k — k; orthonormal vectors by using the p x p orthogonal
matrix Q; computed implicitly during the QRCP of A;.

In other words, in all cases, compute a p x k matrix O; with orthonormal columns as the first
k columns of Q; (i.e., such that ran(A;) C ran(O;) if k; < k and ran(A;) = ran(O;) if
k; = k) and set

A;=0;.
This optional orthogonalization step is a safe-guard as the condition k; = k is a necessary
condition for the differentiability of ¢(.) at a point A; and is also useful to limit the occurrence

of overflows and underflows in the next steps by enforcing that the matrix variable A; €
Qrxk,

(1) Determine (implicitly) the block diagonal matrix
F(a;) = diag(vec(vVW)) (I, ® A;) ,
where a; = vec(AT) .
(2) Compute (implicitly) a QRCP of F(a;) to determine th(ai) and F(a;)~ (see equations (2.18)
and (2.19)) or, alternatively, a COD of F(a;) to determine Pf;:(a,) and F(a;)" (see equa-
tions (2.18) and (2.21)).

Note also that F(a;)~ = F(a;) " if F(a;) is of full column rank and that Pg;
F(a;)™ are also block diagonal matrices.

(a5)" F(a;)” and

(3) Solve the block diagonal linear least-squares problem
b; = Argmingcpen ||x — F(a;)b||3,
e.g., compute

by — F(a;)”x {ifa QRCP of F(a;) is used in step (2)}
" | F(a;)*x {ifaCOD of F(a,) is used in step (2)}

(4) Determine:
r(a;) = P]_%( a)X {current residual vector}
¥(a;) = i|Ir(a;)||3 {current value of the cost function }
Vi(a;) = G(b;)TG(b;)a; — G(b;)"z {see Theorems 4.3 and [5.7]}

Note that the steps (1) to (4) above can be very easily parallelized using the block diagonal
structure of F(a;).

(5) Check for convergence. Relevant convergence criteria in the algorithms are of the form:
- Vi@l < &
* |lai —ai-1lla < ealea + Jlagll2) {if i # 1}
If step (0) is used, this last convergence condition can be simplified as:
la; — ai_1]]2 < e2llaill2 = e2vk
* [(aim1) — ¥(a)| < esles +(ay)) {if i # 1}
* i > imae {€.g., give up if the number of iterations is too large}
where €1, €2, €3 and 1,4, are constants chosen by the user.

Exit if convergence. Otherwise, go to step (6)
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(6) Compute the Gauss-Newton correction vector dag, as the minimum 2-norm solution of one
of the following linear least-squares problems:

Golub-Pereyra step: Golub and Pereyra [63]], Ruhe and Wedin [166]
+
dagy—gn = (M(a;) + L(ai)) r(a;)

[ Argmingcsp [dal?
s.t. Arg ming, s [[r(a;) — (M(a;) + L(a;)) dal|3

Kaufman step: Kaufman [96]], Ruhe and Wedin [166]
dak—gn = M(ai)+r(ai)

_ JArgmingaepox ||dal3
s.t. Argming,cprr |[r(a;) — M(a;)dal|3

Gauss-Seidel step: Ruhe and Wedin [[166]
+
dags—gn = (K(np)G(bi)) 'r(a;)

_ {Argmindaew.k Idal

s.t. Argming,cper [|r(a;) — K, ) G(bs)dal[3

n,p)

(7) Increment a; = vec(A]), e.g., compute a,11 = vec(A],,) such that ¢(a;41) < ¥(a;) in
order to obtain global convergence.

(7.1) To this end, first compute
a; 1 = a; +dag,
and if a Golub-Pereyra or Kaufman step is used in step (6)
Pla) = Hir@i)3 = 3P, XI5
using (implicitly) a QRCP of the block diagonal matrix F(a;41).

(7.2) If a Golub-Pereyra or Kaufman step is used in step (6) and ¢(a;11) > ¢ (a;) then
recompute a;41 by one of the following methods:

Gauss-Seidel: a; 1 = a; + days_y, Where days g, is a Gauss-Seidel step [166] de-
fined as

dags—gn = (K(mp)G(bi)) +r(ai)

A min e a3
s.t. Argmin g, cgor ||r(a;) — K, ) G(by)dal|3

Block alternating least-squares:
aj+1 = G(bz)+z

[ Argmingcpon a3
s.t. Argmingcppx |z — G(b;)al|3
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Line search:
a1 =a; + aidagn ,

where o; < 1 is determined by a line search to make the algorithm a descent
method (i.e., such that ¢ (a; 1) < v¥(a;)). This is always possible as the correction
vector dagy, is in a descent direction for (.) if || Vt)(a;)||2 # 0, see Corollary [5.7]

As an illustration, a simple, but still efficient, strategy is to first shorten the correc-
tion step to half the Gauss-Newton length, compute the new trial value for ¥)(a; 1)
and, if it is still worse, continue to reduce the step until we get a step short enough
such that ¥(a;4+1) < w¥(a;). The following loop incorporates this simple step-
shortening algorithm:

For j =1,2,... while(¢(a;+1) > ¢(a;))
dag, = %dagn
a;11 = a; +dag,
U(ai) = 5]|Pgy
If j > jmas exit {e.g., give up if the number of iterations is too large}

End do

)X||% {using a QRCP of the matrix F(a;11)}

Aai4+1

End do

For the convenience of the reader, we first recall the shape and definition of the vector and matrix
variables used in these Gauss-Newton algorithms. We have: X € RPX" W ¢ RT", A; € RP¥F
B, € kan’ 0O, € OP*k and
=vec(VW 0 X) ,
=vec((VW © X)T) ,
a; = vec(AT)
F(a;) = diag(vec(vVW)) (I, ® A;) ,

b (B)) F(a;)”x {if a QRCP is used in step (2)}
i = vec(B;) =
F(a;)"™x {ifa COD is used in step (2)}

Y

G(b;) = diag (vec(\/WT)) (I, ®B]),

U(a;) = diag(vec(VW))(B] @ I,)K 1., ,

V(a;) = ((W ® Po(X — A;B;))" @ 1) {where Pq(.) is defined in equation (3-17)} ,
M(al) = (al) = F(ai)K(n,p)G(bi) )

(a0) = F(ai) TV (a;) {if a QRCP is used in step (2)}
Y 1 F(a)tTV(a;)  {if a COD is used in step (2)}

In these Gauss-Newton algorithms, the iterations are terminated either when one or several of the
convergence criteria listed in step (5) are satisfied, or when the iteration count exceeds the predeter-
mined number 7,4,

The Golub-Pereyra step dag, 4, corresponds exactly to the standard Gauss-Newton step dag;, ap-
plied to the minimization of the variable projection functional ¢ (.), which is introduced in Subsec-

tion

The following is a brief review of the basic ideas underlying the simplification introduced by the
Kaufman step day_g, in the Gauss-Newton algorithms and also in the Marquardt-Levenberg
algorithms (2) described in the next subsection. As stated in Subsection [5.1] the Gauss-Newton
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method may be interpreted as a variation of Newton’s method to find a zero of the gradient of
¥(.). More precisely, dropping the iteration index of the algorithm in order to simplify the notation,
the Gauss-Newton algorithm approximates the Hessian matrix H = V24)(a) with the cross-product
matrix J(r(a))?J(r(a)) at each iteration based on the assumption that the components of the resid-
ual vector |r;(a)| are small near a solution and using the fact that the second term of the Hessian
matrix V2¢(a) given by

n.

S = r;(a)V?r;(a)

hS]

T
I

is of order O(||r(a)l|2) (see equation (5.32) for the explicit form of S in our WLRA context). Now,
the Gauss-Newton approximation of the Hessian matrix is

V*(a) ~ J(r(a))" J(r(a) = M(a) " M(a) + L(a) L(a),

as demonstrated in Subsection(see equation for details). Hence, the term —L(a) does not
contribute to the gradient Vi/(a) (see Theorem[5.7) and changes the Gauss-Newton approximation
of the Hessian only by the term L(a)” L(a), which is of order O(||r(a)||3), see equation (5.19). If
[r(a)]|2 is small then this term is smaller than the second term of V21)(a), S, which is of order
O(||lr(a)||2), and which is already dropped in the Gauss-Newton and Levenberg-Marquardt meth-
ods. Following the Gauss-Newton philosophy, it is then natural to drop this term here too. In
addition, since the approximation of the Hessian matrix by its first two symmetric exact terms is
given by
V24 (a) ~ M(a)"M(a) - L(a) " L(a)

see equation (5.34), we may expect that approximating the Hessian matrix by the cross-product
matrix M(a)”M(a) (or equivalently the Jacobian matrix by —M(a)) can perform even better than
the Gauss-Newton approximation of the Hessian matrix, see Subsection [5.3|and equation for
details. This leads to the following linear least-squares problems for computing the simplified Kauf-
man correction step in the Gauss-Newton and Levenberg-Marquardt methods, respectively,

1
day_g, = A in — — M(a)da||3
a—gn = Arg min o |r(a) — M(a)dal,

. 1 2 A 2
daj_im = Arg m §||r(a) — M(a)dal; + §HDdaH2 ;
where A is the damping Marquardt parameter and D is a diagonal scaling matrix of dimension k.p,

or their variants including a linear constraint to deal with the singularity of the M(a) matrix as
described in Subsection[5.2]

For more details in a general variable projection context, see Kaufman [96], where this simplifi-
cation has been derived for the first time using a QR factorization of the matrix F(a) and differ-
entiation of orthogonal matrices, Ruhe and Wedin [166] where a more direct derivation and gen-
eralizations are given, and also O’Leary and Rust [[149]] for a recent discussion of the respective
merits of this Jacobian approximation against the true Jacobian matrix, again for general variable
projection NLLS algorithms. Note that, in the computer vision’s community, this Kaufman vari-
ant of the Gauss-Newton or Levenberg-Marquardt algorithms has been already extensively used for
solving Structure-From-Motion (SFM) tasks [[147/][27][28]][37][150][66][81][88]] and is incorrectly
called the Wiberg’s algorithm in reference of the conference paper [[190]. However, the first applica-
tion of this algorithm to solve WLRA problems (with binary weights) is in fact due to Ruhe [158]].
Furthermore, again in the computer vision community, this algorithm has frequently be assumed
to be similar to the block ALS algorithm [[176][15] (described in Section E]) which is also incor-
rect as shown above. The first correct derivation of this variant of the Gauss-Newton algorithm
to solve WLRA problems with binary weights in the computer vision field is due to Okatani and
Deguchi [147], see also the excellent Master thesis of Daskalov [37] in which this derivation is
revisited.
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Now, the Gauss-Seidel step, days_ gy, is closely related to the Kaufman step, day_ 4, since it cor-
responds to applying the Gauss-Seidel iteration to the linear system appearing in the Kaufman-
Gauss-Newton iteration, see [166]] for details. It is also closely related to the block ALS algorithm
described in Sectiond] as we will demonstrate now.

The Gauss-Seidel step, dags—gp, is computed as the minimum 2-norm solution of the linear least-
squares problem

min r(a;) — K, G(b;)dal3

dacRp-k P

and we have

r(a;) = Plﬁ(ai)x =x—F(a;)b; = x — K, ,) G(b;)a; ,

D)

as demonstrated in Subsection [3.4] Hence,

r(ai) - K(mp)G(b )da =X — K(np G(b,)az K(n G(b )da
K(n p)G(bl) (az + da)

=K, ( G(b;)(a; + da)) :

Furthermore,
Ir(a;) — K, G(bs)dall3 = ||z — G(b;)(a; + da)||3 ,

since K, ) is an orthogonal matrix, and we see that the Gauss-Seidel step, dags—gn, solves the
linear least-squares problem
- 2 _ 2
min ||z — G(bi)(ai + da) I3 = | (z - G(bi)ai) — G(by)dal|; ,
dacRr-k
while the ALS iteration computes a;;1 as the minimum 2-norm solution of the linear least-squares
problem
min |z — G(b;)al|3.
acRr-k

If G(b;) is a full column-rank matrix, we then have
= Ntg — V' G(b,)) ! AT
a1 = G(b;) "z = (G(b;)" G(b;)) G(b;)" z
and

dags—gn = G(bi)+(z - G(bi)ai)

= aj+1 — a4,

and, in these conditions, the ALS and Gauss-Seidel-Gauss-Newton algorithms generate exactly the
same iterates. On the other hand, if G(b;) is not a full column-rank matrix, we still have the
equality

Iz — G(bi)ai1]3 = [|(z — G(bi)a;) — G(b;)dags—gnl3 -

However, in general a; 1 # a;+dags_gy since the Gauss-Seidel iteration produces the minimum 2-
norm correction vector dags_ g, to the above linear least-squares problem while the ALS algorithm
obtains the minimum 2-norm solution a; of this linear least-squares problem. Thus, unless a;1
belongs to the correct manifold, the Gauss-Seidel and ALS steps do not produce the same iterate
when the matrix G(b;) is not of full column-rank.

We finally observe that a line search in step (7.2) of the Gauss-Newton algorithms (1)) is not required
for the Gauss-Seidel correction dags—gy, in order to obtain the inequality ) (a; 1) < (a;) and
global convergence of the iterations, see Section[|for details. On the other hand, for both the Golub-
Pereyra correction dag,_g, and the Kaufman correction day,_ 4y, it may happen that ¢ (a; 1) >
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1(a;) meaning that the 1)(.) surface is not reliably approximated by a quadratic function. In other
words, the quadratic approximation is only good in the local neighborhood of a;, not at the bottom
of the quadratic valley that the Gauss-Newton approach uses. In such cases, a line search algorithm
to determine «; at each iteration such that ¢)(a;11) < 1 (a;) must be incorporated in step (7.2)
of the Gauss-Newton algorithms in order to obtain global convergence. Note also that this is
always possible despite the singularity of the Jacobian matrix — (M(ai) + L(ai)) or its Kaufman
approximation —M(a;) (see Theorem as the correction vectors dag, ¢, and day_g, are in
a descent direction for v(.) if V¢)(a;) # 0FP (see Corollary . However, to develop damped
versions of these Gauss-Newton algorithms by implementing a line search algorithm, we have to
perform the second part of step (4) of the Gauss-Newton algorithms (TI)), every time we want to get
Y (a;4+1) for a new trial value of a; 1, since

1
Y(ait1) = §”Pi?_(a1;+1)x‘|§ ;

and a line search can involve many extra evaluations of (.), which do not get us closer to the
solution. Furthermore, if a line search is incorporated, the Gauss-Newton algorithms (I)) must be
slightly reorganized to avoid duplicate computations in steps (4) and (7), but we omit these details
here.

In these conditions, to obtain global convergence, it is tempting to perform one iteration with a
Gauss-Seidel step dags_ g, or even several iterations with the fast block ALS method described in
Section E] to compute a; 1 in step (7.2) (e.g., if ¢ (a; + dag,) > 1(a;)) instead of using a more
costly line search. In other words, if a full Gauss-Newton step gives a sufficient decrease of v(.),
we accept this point as the new iterate. Otherwise we switch to the fast Gauss-Seidel or block ALS
methods.

We now explain how the matrices M(a;) and —J(r(a;)) = M(a;) + L(a;) and their QR factoriza-
tions can be computed efficiently and with reduced storage in order to obtain the correction vectors
day_g, or dag, 4, at each iteration of the Gauss-Newton algorithms (I). To this end, we first
recall from the results of Subsection [5.2) that we have the following explicit expressions for these
matrices:

with

U(a) = diag(vec(vVW))(BT @ 1)K ) = K ()G (b) ,
V(a)=(Wo Py(X - AB) @1,

as stated in equations (5.20), and (5.22). The notations here are exactly the same as in
Subsection [5.2] and we have drop again the iteration index of the Gauss-Newton iterations in order
to simplify the notations in the rest of this section. Note that, in the definition of L(a), F(a)*
can be replaced by a symmetric generalized inverse F(a)~ at our convenience. We also recall
that the matrices —J(r(a)), M(a) and L(a) have n.p rows if W € RY.", but only nobs rows if
W e RE*", where nobs is the number of non-zero rows of F(a). As explained in Subsection
nobs is simply the number of “non-missing” elements in the data matrix X or, equivalently, the
number of non-zero weights in the weight matrix W, namely,

nobs = Z 0ij ,
(]

where 4 is the incidence matrix associated the weight matrix (also defined in Subsection[5.2). From
the above equations, we see that the matrix —J(r(a)) and its two matrix components are tall and
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skinny in most cases, even if the number of missing values is high, as k is expected to be much
smaller than min(p, n) and that their evaluations require the computations of the orthogonal pro-
jector Pf?( a)> and, of F(a)™ and b = F(a)"x if a COD is used in step (2) of the Gauss-Newton

algorithms (T)) or, alternatively, of F'(a)™ and b= F(a) x if a QRCP is used in this step (2).

The key-observation to compute efficiently these different matrices is to remember that F(a) is a
block-diagonal matrix, namely,

F(a) = (P F;(a) . where Fj(a) = diag(vVW ;)A .
j=1

In these conditions, as already discussed in Subsection[5.2] we have

n

rank(F(a)) = Z rank(Fj(a)) = er = TF(a)
= =1

and
n n

Pia) = @P#j(a) F(a)" = DFj(a)" and F(a)” = DF;(a)".
j=

j=1 j=1

Taking advantage of these block-structures of PP{( a) and of the generalized inverses of F'(a) can re-
duce drastically the required storage and allows us to use efficient parallelization techniques for re-
ducing the computing time needed to solve large WLRA problems using variable projection second-
order algorithms as we will illustrate below. Interestingly, the techniques used for this purpose are
very similar to those developed for solving large and dense structured linear least-squares problems
arising in the context of separable NLLS problems with multiple right hand sides (e.g., NLLS prob-
lems in which a linear combination of nonlinear functions is fit linearly to data in many datasets);
see Kaufman and Silvester [102], Kaufman et al. [[103]] and Kaufman [97]] for more details.

Taking into account the block-structures of PIL?( a)’ F(a)™ and F(a)~, we first observe that the

n.p X k.p matrices —J(r(a)), M(a) and L(a) can be divided into n blocks, each of shape p x k.p
it W e REL™

Ji M, Ly
—J(r(a)) = |J;| ., M(a)= |M, | andL(a) = |L; | . (6.2)
[ Jn ] (M, | | Ly |

IfW e Rﬁxn, these matrices can also be divided into n blocks, but the number of rows in each
block J;, M; and L; will differ and will be equal to the number of non-missing elements in the
corresponding column of the data matrix X. In order to simplify the exposition, but without loss of
generality, we will assume in the rest of this section that W € RE’". Obviously, if W € RE*", the
zero-rows of these submatrices should be eliminated in real computations.

For the same reasons, the matrices U(a) and V (a) involved, respectively, in the definitions of M (a)
and L(a) can also be considered as stacks of n blocks. We also observe that these two matrices are
very sparse as U(a) is a row-permuted block diagonal matrix and V (a) is the Kronecker product
of a matrix with Iy, the identity matrix of order k. However, they have also a well-defined regular
structure for the positions of their non-zero elements, which can be exploited in practical compu-
tations. As an illustration, it is easily checked, using the equality, U(a) = K(nyp)G(B), that the

matrix U(a) as the following block structure with at most k& non-zero elements in each of its rows

159



and at most n non-zero elements in each of its columns:

U,
U(a) = |U; | with U; € RP*Pfor j =1,--- ,nand (6.3)
_Un_
[ VW (B) 0 0 0 |
0 VW (BT 0 0
U, = : - . :
0 . 0 VW 1);(B,)T 0
I 0 0 0 VW, (B ;)T |

Similarly, it is easily verified that the matrix V(a) has the following block structure with at most n
non-zero elements in each of its columns and at most p non-zero elements in each of its rows:

Vi

V(a)= |V;| with V; e R"*Pforj=1,--- nandV; = [Zy -+ Z; -+ Z,|, (64)

_Vn_

with Z; € R¥* and Z; = Bl fori = 1,--- ,p, where ; = W;(Xy; — S, Ailﬁlj), I, is the
identity matrix of order k and
= Xz‘j if Wij 75 0
Xz’j = . .
0 if Wij =0

Finally, if W € R’ﬁ”, the residual vector r(a) = Pﬁ(a)x can also be considered as a stack of n
p-vectors with

r(a) = |r;j(a)| withrj(a) = P#j(a)xj andx; =vW,;0X;. (6.5)

rn.(a)

The subvector r;(a) is the j residual vector associated with the j* atomic function 1;(.) de-
fined in equation (3.23)) of Subsection [3.4] Using these different block-structures, we can use the
following strategy for computing M (a) and —J(r(a)) in n independent steps.

At the jth step, we compute the blocks M, L; and J; defined above, namely,
J;=M;+Lj,
1
M; = Pg (a)U;
Lj = Fj(a)+TVj or Lj = Fj(a)_TVj .

To this end, we need to process the ;" columns of X and W, and we first compute the matrix F;(a)

as
Fj(a) = diag(VW ;A

where A is the current estimate for this matrix variable of the factor model and we eliminate even-
tually the zero rows in F;(a) if some elements of the weight column-vector W ; are equal to zero.
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Next, from the above equations, we see that the computation of J; and its two matrix components re-
quires the computations of Pg (@) Fj(a)" and B j =Fj(a)™x;,or,Fj(a)” and ﬁ,j =F;(a)7x;,
where x; = VW, W ; © X ;. This implies that the two matrix components of J; can be obtained from
a QRCP or a COD (see equations and[2.20]in Subsection[2.1) of the p x k matrix F;(a). See
also Golub and Pereyra [63] [64], Krogh [95], Kaufman [96] and Gay and Kaufman [61]] for more
details in a more general framework dealing with general separable NLLS problems. Thus, we first
compute the QRCP of F;(a) as

Fj(a) = Qf 0(17}{7“]‘])><7"j O(I’*Tj?i(k*?“j) ;'F’

where Q; is an p X p orthogonal matrix, R; is an 7; X r; nonsingular upper triangular matrix
with 7; = rank(Fj(a)), which can be estimated during the QRCP, S; is vacuous unless F;(a) is
rank deficient and P; is a k x k permutation matrix. Note that F;(a) is a dense matrix, so that
its QRCP can be computed efficiently and cheaply with the help of standard dense methods, see
Subsection and [[71]][8]] for details. From the above QRCP of Fj(a), we can compute P#j(a)

as
o[ 0mxT 0ri % (p—7;5)
J(a) Q p T5)XT; P-7s J

and also a symmetric generalized inverse of F';(a) as

B R! 0,
Fj(a) = Pj |:O(k,qj)><7«j O(k r] P pTJ ) :| QJ

See again Subsection for more information. Next, from this formulation of F;(a)~, the ;"
column of B can be computed as

ﬁ_j = Fj(a)*xj = le-Rj_lelXj .
In this last equation, the orthogonal matrices Q; and P have been partitioned as
1
Q= [ 5] and [P} P2 |
Qj
where
. Q} and Q? have, respectively, r; and p — 7 rows ,
. le and P? have, respectively, ; and k — r; columns .

If ; = k then Fj(a)™ = F;(a)”. On the other hand, if F;(a) is singular, we can optionally com-
pute its COD from its QRCP in order to obtain F;(a)* and compute ]§ as F;(a)*x,. However,
taking into account the special structure and indeterminacy associated W1th the solutlons (A B)
of the WLRA problem (see Section [3 ', we don’t really need to compute F;(a)™ even if F;(a) is
rank-deficient, so we omit here the details of the optional computation of the COD of F(a).

Once ]§,j has been computed, the submatrices U; and V; defined above can then be evaluated,
or more precisely are available, to compute M; and L;. Finally, r;(a) can be computed as fol-

lows
0"
rj(a) =Py o)X = Q; [Q?xj] = (Q)"(Qx)) .

using the above results, and similarly if a QRCP or COD of F;(a) is available. Inserting now the
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above expressions for Plﬁ (@) and F'j(a)~ in the definition of J;, we obtain
J

Jj =Py, U + (Fj(a) )"V,
(0 L Rl 0ori X (p—7;5)

(p—rj)xr; I

Fj(a
RT rix(k=r;)

U T T~ .

b, ]QJUﬁ Q [O@Jﬂxm 0<p—rj>x<k—rj>} PiVi

-af |
073 X7 ori x(p—7;5) RT ori < (k—rj) T
Q ( [0 (p—rj)xr; | P— ] QU; + [O(IJ_%)X” 0(p_rj)x(k_rj)] P Vj)

Orjxkp —T(Pl)TV
Q ] [ or— T])ka ])

=Qf [ (gl?TV } :

In these conditions, for da € R¥P, we have
0" R T (PHTV;
ri(a) —J;da= T({ ]—[7 J jda).
@)= Jida = Q| g2y QI

At this point, we introduce several new block matrix and vector definitions again to simplify the
notation going forward:

J1
~ S~ RITEHTY
J(r(a)) = [J;| withJ; = { J J ]} (6.6)
! ’ QjU;
3]
and .
3}
Ha) S - [0%' } 67
r(a) = |T;| withr; = : :
X 719

Thus, r(a) is an n.p-vector, which is a stack of n (p — r;)-subvectors, separated by r; zero elements
in sequential order. Finally, we conceptually define the orthogonal block diagonal matrix

Qr=PQ;. (6.8)
=1

With these new notations and the preceding results, we have
—J(r(a)) = QpJ(r(a)) and r(a) = Qpr(a) . (6.9)

Now, as the 2-norm is unitarily invariant, Vda € RF-P, we have

[r(a) + J(r(a))dall2 = |lr(a) — (M(a) + L(a))dall2 = [[F(a) — J(r(a))da]2
as Qg is an p.n X p.n orthogonal matrix. In other words, the linear least-squares problem

: _ 2
Jnin r(a) — (M(a) + L(a))dall; , (6.10)

which must be solved at each iteration of the Gauss-Newton algorithm if a Golub-Pereyra step
dag,_gn is used, is equivalent to the linear least-squares problem

min |[F(a) — J(r(a))dal3 . (6.11)
dacRpr-k
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Similarly, if we use the Kaufman variant at each iteration of the Gauss-Newton algorithm (T, it
is not difficult to verify using similar arguments that computing a QRCP of F(a) at step (2) of
this algorithm is again sufficient and that the associated linear least-squares problem to solve for
computing the correction vector day,_4y,, namely,

min |r(a) — M(a)da|3 , (6.12)
dacRp-*

is equivalent to the linear least-squares problem

min ||F(a) — M(a)dalf3
dacRp-k

where M(a) has the following block structure

M,
R U I
M(a) = Mj with M; = {Q?U]} ) (6.13)
N,
and we also have the matrix equality
M(a) = QrM(a) . (6.14)

Furthermore, as zero rows appearing in the coefficient matrix of a linear least-squares problem do
not affect the solution of this linear least-squares problem, these zero rows can be deleted and the
linear least-squares problem to be solved at each iteration of the Kaufman variant of the Gauss-
Newton algorithm (T)) reduces, finally, to

in ||F(a) — M(a)dal|?, 6.15
i Ir(a) (a)dall; (6.15)
where -
M,
M(a) = |M; | with M; = Q}U; (6.16)
_Mn_
and o
r)
t(a) = |r; | witht; = Q}x, . (6.17)
_f‘n

M(a) and r(a) have, respectively, only n.p — 7'p(a) rows and elements if W e R77", and,

nobs — rp(a) rows and elements if W € R’fn. Thus, the work involved in solving this linear
least-squares problem is further reduced in addition to the simplifications introduced by the use
of the approximated Jacobian matrix —M(a) as the coefficient matrix of the linear least-squares
problem.

In all the above alternative formulations of the linear least-squares problems involving the Jaco-
bian matrix or its approximation, which must be solved at each iteration of the Gauss-Newton
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algorithms (I)), we observe that both the coefficient matrix and the right hand-side vector of the as-
sociated linear least-squares problems can be computed independently in n steps, which may offer
some important speed-up in a parallel environment.

The next critical step is to solve the linear least-squares problems involving the huge, but tall and
skinny, matrices J (r(a)) or M(a) in a computationally responsible manner. If W & RE", J(r(a))
and M(a) will have, respectively, n.p and n.p — TF(a) ToWs and k.p columns (with k < min(n, n))
and it is not conceivable to store such huge matrices in main memory to compute their SVD, QRCP
or COD by standard methods as soon as both p and n are relatively large numbers. We suggest
two different strategies to alleviate this problem. The first one uses a QR decomposition of the
transformed matrices .J(r(a)) or M(a) as a preliminary step to reduce the size of the problems
and the second one consists in solving the normal equations associated with the linear least-squares

problems (6.10) and (6.12) or their transformed versions (6.11]) and (6.15).

For most NLLS problems, separable or not, using a QR decomposition of the Jacobian matrix takes
at least twice as long as using the normal equations, but gives improved accuracy when the Jacobian
matrix is ill-conditioned. As we already know that —.J(r(a)) and M(a), or their transformed ver-
sions, are always rank-deficient matrices (see Theorem[5.2)), this may favor a QR approach for more
reliable results. However, computing a Cholesky factor of the Gauss-Newton approximations of
the Hessian matrix is substantially faster than computing a QR factorization of the (approximated)
Jacobian matrix, especially when this matrix is tall and skinny. This explains why the normal equa-
tions approach has been favored in past studies [L50][81][88] despite the inherent difficulties in this
approach to deal efficiently and accurately with the singularity of the Gauss-Newton approximations
of the Hessian matrix.

We first describe the iterative methods, which aim at computing the thin QR decomposition of the
n.p X k.p transformed Jacobian matrix

J(r(a)) = QR , (6.18)

where Q is an n.p x k.p matrix (if W € RE”.™) with orthonormal columns and R is an k.p X k.p

(singular) upper-triangular matrix, or of its Kaufman approximation
M(a) = QuRM , (6.19)

where Qg and Ry have similar shapes than M (a) and R, respectively. In most practical appli-
cations k is much smaller than min(p, n) and the matrices J(r(a)) and M(a) are tall and skinny, as
discussed above, for which highly efficient parallel QR algorithms have been proposed in the litera-
ture [48]]. These dedicated Tall and Skinny QR (TSQR) algorithms are often referred as communica-
tion avoiding algorithms and outperform significantly the conventional Householder QR algorithm
for an m X n matrix with m > n. Furthermore, these TSQR algorithms can be combined or more
precisely “fused” with the n independent steps described above for the computation of J(r(a)) or
M(a). This allows us to get the triangular factors R.; or Ry in the standard QR factorizations of
J(r(a)) or M(a) without storing in main memory these huge matrices or explicitly computing the
orthonormal matrices Q or Q.

We now focus on two TSQR algorithms for computing these triangular factors and also the matrix-
vector products Q%T(a) or Qf;T(a), which are needed to solve the associated linear least-squares
problems involving J (r(a)) and M(a) in a final step. The first TSQR method is a serial algorithm
and the second one is a parallel algorithm. Both of them processes the rows of J(r(a)) or M(a)
in n steps as described above, but in different order and with different computational kernels as we
will see now.

For the sake of convenience, we first describe the serial TSQR, which proceeds the n steps in sequen-
tial order from j = 1 to n. Again, to simplify the presentation, but without loss of generality, we
will also assume that W € RE”", so that J(r(a)) have n.p rows and each of the n steps processes
exactly p rows of J(r(a)), namely, the 5% step processes the submatrix jj defined above.
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In the first step, the submatrix jl and the subvector 17 are evaluated exactly as described above.
Then, a standard Householder QR algorithm is applied to J; to transform this target matrix into an
upper triangular (if £ = 1) or trapezoidal (if £ > 1) matrix Ry:

:71 = Qlﬁl )

where Ql is an p X p orthogonal matrix and ﬁl is an p X k.p upper triangular or trapezoidal matrix.
This is performed by the application of a sequence of p Householder transformations, whose product
implicitly represents the orthogonal matrix Ql, see Subsection for more details. The algorithm
consists of the iterations of two steps: generation of the Householder transformation from the target
column vector of J; and application of this Householder transformation to the trailing part of .J;.

Next, the right hand-side subvector r; is pre-multiplied by the transpose of Q1 Note that, in a
practical implementation of this TSQR algorithm, it is convenient to concatenate and store jl and
11 in the same matrix array (with p rows and k.p + 1 columns if W € Rﬁin) so that the matrix-
vector product Q{E is directly computed when the Householder transformations are applied to the
trailing part of Ji during its QR factorization.

In the second step of the TSQR algorithm, the submatrix J, and the subvector T are first evaluated
and then combined with the results of the first step as follows:

~ R ~ AT
Jo = [131] and o = [Qirl} )
Jo ro

Then, a structured and thin QR factorization of the matrix jg is performed

J2 = Q2Ra,
where Qg is a matrix with min(2.p, k.p) orthonormal columns and ﬁ,g is an upper triangular or

trapezoidal matrix. This reduction to triangular or trapezoidal form of jg can be accomplished by
a special sequence of min(2.p, k.p) Householder transformations in which the i** transformation

is designed to annihilate the nonzero subdiagonal elements in the it column of J,. Note that no
fill-in occurs during this process because the columns of J 5 are reduced from left to right. Finally,

the vector T is pre-multiplied by the transpose of Q2 and this ends the second step.

At the ;" step, the submatrix Jj and subvector r; are evaluated and concatenated with the outputs

of the 7 — 1 step as
~ R. ~ O .
Jj = [R§1] andr; = [QJ—F{I‘J—l} ’
J J

and a structured and thin QR factorization of J j is performed as
Jj=QiR;,

where Qj is a matrix with min(j.p, k.p) orthonormal columns and ﬁj is an upper triangular or

trapezoidal matrix. The vector r; is also pre-multiplied by the transpose of Qj after this new
structured QR factorization.

Then, the following steps are exactly similar to the j* step and this process continues in blocks
of p rows of J(r(a)) until there are no more rows of J(r(a)) left. In exact arithmetic without
roundoff errors, it can be shown that the final triangular factor f{n obtained by this recursive algo-
rithm is the upper triangular factor R ; of the standard thin QR factorization of J(r(a)) defined in
equation (6.18). Furthermore, the associated right hand-side vector Q T, in output of the recursive
process is also equal the matrix-vector product QT (a), where Q J is also defined in equation (6.18))
and r(a) in equation (6.7).
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For the description of the parallel TSQR algorithm, we assume that ¢ processors are available with
their own memory. Then, the n columns of the matrices X and W and the n steps are distributed
equally among these ¢ processors (or eventually such that the rows of j(r(a)) are partitioned equally
among the ¢ processors if W € R™).

Next, each processor ¢ processes its own n; steps independently without any communication be-
tween the processors as in the serial TSQR algorithm. The obtained triangular factors and trans-
formed right hand-side vectors, say,

— — — — T =

R(i) = R(7),, and r(i)(a) = Q(i),, r(i), fori=1tot,
are then reduced into an unique triangular factor R; and an unique transformed right hand-side
vector Q?F(a) by the QR factorizations (in parallel) of a sequence of matrices built by coupling

B N

two upper-triangular factors R(z) and R(j) on top of each other. We also call such special QR
factorization, a structured QR factorization, and this QR factorization can also be performed by a
special sequence of Householder transformations [[111]][48]]. In this second part of the parallel TSQR
algorithm, we note that several reduction trees are available to obtain the final triangular factor R
and transformed right hand-side vector Q?’f(a) [48]. But, for simplicity, we further assume that ¢ is
a power of two and that a binary reduction tree is used. In other words, the pairs of processors used
in the second part of the parallel TSQR algorithm are given by simply grouping together, initially, a
processor and its neighbour, e.g., (0,1),(2,3),---, (t —2,t — 1). Then, in the next recursion level,
we group the left most processor of a pair, e.g., (0,2), (4,6),--- and proceed in this fashion until
the last pair is (0,¢/2) with the result that the triangular factor and right hand-side vector stored in
processor 0 contains R ; and the matrix-vector product Q?F(a), e.g., the actual triangular factor in
the QR factorization of J(r(a)) and the associated transformed right hand-side vector.

Thus, in the parallel version of the TSQR algorithm, after each processor 7 has computed its own

—_— —

triangular factor R(7), one repeats sending, receiving one’s R.(j) to/from one’s processor neighbour
and calculating structured QR factorizations in parallel. Then, another round of a reduced number
of structured QR factorizations is performed in parallel and this process repeats until the final R
factor is obtained. Obviously, other groupings of processors can be used to take advantage of a
given topology of a network of processors. As noted in Demmel et al. [48], any sequence of tree
of (structured) QR factorizations between the serial and parallel versions of the TSQR algorithm
will work. Our binary tree version shows how to compute the TSQR factorization with maximum
parallelism while the serial version does not exhibit any parallelism, but requires less memory. Note,
finally, that the two structured QR factorizations used in the serial and parallel TSQR algorithms,
namely,
[gj = QR and [I;(l] =QR,

where R, Ro and R are upper triangular or trapezoidal matrices, Q is an orthogonal matrix and X
is a full matrix, can be computed very efficiently using BLAS3 algorithms exploiting the triangular
structure of the R; and Ry matrices appearing in these structured QR factorizations [48]. As an
illustration, such computational kernels are already available in the recent versions of the LAPACK
library.

Furthermore, the orthonormal matrix Qs in the thin QR factorization of .J (r(a)) (see equation (6.18))
is never explicitly formed in both the serial and parallel TSQR algorithms, but pre-multiplying the
vector r(a) by (N,)?; can be done also recursively and efficiently during the TSQR algorithms (as
illustrated above) and this is sufficient to solve the linear least-squares problems involving j(r(a))
as a coefficient matrix, or as a block of the coefficient matrix to deal with its singularity as we will
illustrate below. Obviously, the same recursive TSQR methods can be used to compute the thin QR
factorization of M(a) if a Kaufman step is used in the Gauss-Newton algorithms (T]), but we omit
the details here as the steps are essentially the same.
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In the previous paragraphs, we show how variable projection WLRA solvers, which request the
Jacobian matrix (or its approximation in the case of the Kaufman variant) and perform a QR de-
composition of it for solving the linear least-squares problems or at each iteration, can
be implemented efficiently and with reduced memory requirements by exploiting the block diag-
onal structure of F(a) and using a parallel two-step TSQR algorithm. We now consider variable
projection WLRA solvers, which, at each iteration, solve the linear least-squares problems (6.10)
or (6.12) by computing the k.p x k.p cross-product positive semi-definite matrices

A = J(r(a))? J(r(a)) or A = M(a)'M(a)
and solving the associated normal equations, e.g.,
Ada = —Vi(a) or Ada = —Vi(a),

where Vi) (a) = J(r(a))’r(a).

In order to present in more details this Cholesky approach, we first recall from the results in Sec-
tion [5.2] that
J(r(a)) = —(M(a) + L(a))

and that the columns of L(a) lie in ran(F(a)), the range of F(a), and those of M(a) lie in
ran(F(a))+. This implies the equalities
M(a)TL(a) = 0¥?**? and L(a)'r(a) = 0*?,
from which we deduce that
A =M(a)"M(a) + L(a)"L(a) and Vi(a) =M(a)r(a).

Thus, A is the sum of two positive semi-definite matrices and L(a) does not contribute in Vi) (a),
see Section [5.3] for details. As in the QR approach, to speed up and parallelize the computations, it
is convenient to consider the matrices —J(r(a)), M(a) and L(a) as stacks of n submatrices (each
of p rows if W € RE’™) as in equation (6.2). As before, the j blocks J;, M; and L; are defined
by

Jj=M;+1Lj,
M; =Pg () U;
Lj = Lj = Fj(a)_TVj .

and can be computed from the j** columns of the matrices X and W. Similarly, it is useful to

consider the n.p-vector r(a) as a stack of n subvectors of dimension p (if W € REY"™) as in

equation (6.5). With these block-structures of —J(r(a)), M(a), L(a) and r(a), we have the equal-
ities

A= M(a)TM(a) — ZMJTM] and L(a)TL(a) = ZLij
j=1 J=1

and also
n n

A= (ZM]TM] + ZL;‘FLj) and Viy(a) = ZM?rj(a) ,
j=1

J=1 Jj=1

which show that the computations of A, A and V)(a) can be easily parallelized if several processors
are available.

As in the QR approach, we can also use the transformed versions of —J(r(a)) and M(a) (see

equations (6.8), (6.9) and (6.14))) defined as
J(r(a)) = QhJ(r(a)) and M(a) = QEM(a)
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since

A=1J(r(a)"J(r(a)) and A=M(a)"M(a) = M(a)"M(a) .

Furthermore, taking again into account the respective block-structures of .J (r(a)), M(a) and M,
defined, respectively, in equations (6.6), (6.13)) and (6.16)), we have the equalities

n n n
A= ijjj and A= Z M;TM] = Z M?M] y
j=1 j=1 =1
which demonstrate that the evaluation of these transformed forms of A and A can also be eas-
ily parallelized. Similarly, using the block-structures of r(a) and r(a) (defined in equations (6.7)

and (6.17)) and equations (6.13)), (6.14) and (6.16), we can also express Vi)(a) as

Vila)=> MIT; =Y MlT;.
j=1

J=1

This demonstrates that the evaluation of Vi (a) can also be easily evaluated and parallelized in
the normal-equation framework. An alternative approach to evaluate V) (a) in parallel is to use
Theorems {.3]and [5.7]and the equality

~ 99*(A,B)

o = G(b)"G(b)a— G(b)"z,

Vij(a)

where z = vec((\/W ® X)T) as already indicated in the formal description of the variable projec-
tion Gauss-Newton algorithms (1)) at the beginning of this section. Taking into account the diagonal
block-structure of G(b) (see equation (3.22)), the evaluation of Vi(a) using this last formulation
can also be parallelized very efficiently.

We now explain how to compute the correction vectors dag, g, and daj_,, in the Gauss-Newton
algorithms (|1}) using both the TSQR and normal-equation approaches described above.

In the TSQR approach, we compute implicitly a thin QR decomposition of —J(r(a)) or M(a) in
two stages. For the Jacobian matrix J(r(a)), these two steps are as follows

(a) I (r(@) = QrJ(r(a)) .
(b) J(r(a)) = Q/Ry,
giving the thin QR factorization of —J(r(a)) = M(a) + L(a) as
M(a) + L(a) = (QrQ/)R; = QR , (6.20)

where Q ; is an p.n X k.p matrix with orthonormal columns and R ; is an k.p x k.p upper triangular
matrix. Similarly, if we use the approximate Jacobian matrix —M(a), we have the two steps:

(a) M(a) = QrM(a).
(b) M(a) = QuRnm .
giving the thin QR factorization of M(a) as
M(a) = (QrQm)Rm = QuRM , 6.21)

where, again, Qg is an p.n X k.p matrix with orthonormal columns and Ry is an k.p x k.p upper
triangular matrix.

As noted above, M(a) has rg(a) zero rows and these zero rows can be eliminated in the second
step, giving the following simplified step

() M(a) = QuRMm
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for the computation of the upper triangular factor Ryt in the Kaufman variant of the Gauss-Newton
algorithm. Note that the matrices Q ; and Qg are never explicitly computed and all that is needed
to solve the associated linear least-squares problems and (6.12), and compute the correction
vectors dag,_ g, and day_g, are the triangular factor R ; and the matrix-vector product Q?r(a)
in the case of the Golub-Pereyra variant or the triangular factor Ry and the matrix-vector product
%}Ir(a) in the case of the Kaufman variant. These two matrix-vector products are given, respec-

tively, by N B
QJr(a) = Q) Qfr(a) = QJr(a) (6.22)

and B B

Qhir(a) = Q4QFr(a) = Q¥jT(a) = Q¥r(a) . 623)

As explained in the previous paragraphs, both Q% r(a) and Qf;r(a) can be computed recursively,
as the triangular factors R ; and and Ry, and without explicitly computing the matrices Q; and
Qmr with the help of the (parallel) TSQR algorithm.

Now, if we assume that the triangular matrices Ry and Ry are of full rank (which is equivalent to
assume that —.J(r(a)) and M(a) are of full column-rank), the unique solutions of the associated
linear least-squares problems and are simply found by solving the following upper
triangular systems, for da € R¥P,

Rjda= Qlr(a) and Rpda= Qi;r(a),
since the 2-norm is unitarily invariant. Thus, in this case, we obtain
dagy—gn = R}lQ?;r(a) and day_,, = Ry; Qigr(a) .

Of course, in our case, this simple approach cannot be used as we already know that the trian-
gular factors R; and Ry are rank deficient since —J(r(a)) and M(a) are always column rank
deficient (see Theorem [5.2)). Thus, we will discuss how to proceed in order to compute the mini-
mum 2-norm solutions of these triangular systems (and, thus, of the associated linear least-squares
problems (6.10) and (6.12))) using the theoretical results of Subsection [5.2] once we have pre-
sented how the correction vectors dag, 4, and dai_g, can be computed in the normal-equation
approach.

In the normal-equation approach, the correction vectors dag, 4, and daj,_g4, can be found by com-
puting, respectively, the matrices A and A, as described above, and solving the associated normal
equations, namely,

Ada = —-Vi(a) or Ada=—-Vi(a),

where Viy(a) = J(r(a))Tr(a) is also evaluated by one of the methods described in the preced-
ing paragraphs. Since A and A are symmetric and positive semi-definite matrices, these normal
equations are usually solved by computing the Cholesky factorization of A and A, namely,

A=RARar or A=RIR,,

where R and Ry are k.p x k.p upper-triangular matrices. Then, if we assume that A and A are
of full rank and, thus, positive definite (which is again equivalent to assume that J(r(a)) and M(a)
are of full column-rank), the normal equations can be solved by backward and forward substitutions
using these Cholesky triangular factors. For example, assuming that A is nonsingular, we first solve,
for dap € R¥P, the triangular system

RAdan = —J(r(a))Tr(a) = dap = —RKTJ(r(a)) r(a),

k.
and, then, solve for dagy, 4, € R"?,

-1
Radag, g, = dapn = dag, 4, = R dan .
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Note that, up to the sign of the rows of the matrices, we have the equality
Ra=Ry,
and, also up to the sign of the elements of the vectors, the equality
dap = Qhr(a),

where Q ; and R ; are, respectively, a n.p X k.p matrix with orthonormal columns and n k.p X k.p
upper triangular matrix, which define the two matrix factors of the QR decomposition of —J(r(a))
in equation (6.20). Obviously, similar results are valid for A. In such conditions, we have, thus, the
equivalences

Radag, g, = dap <= Rydag, g, = Qr(a)

and
Rpdag_g, = day <= Rydag_g, = Qigr(a)

which establish the equivalence between the QR and Cholesky approaches when we assume that
—J(r(a)) and M(a) are of full column rank and that the computations are performed with exact
arithmetic without any roundoff errors. However, again, dag, 4, and day_, cannot be found in
this simple way with the normal-equation approach as we already know that the symmetric matrices
A and A are only positive semi-definite since —J(r(a)) and M(a) are always rank-deficient and
we will also come back to this problem after discussing the respective merits of the QR and normal-
equation approaches in more details.

Because n.p is in most cases much larger than k.p (assuming that p < n and &k < p) and the
computation of the QR decomposition of the (approximated) Jacobian matrix is the major portion
of the time for the variable projection WLRA solvers, which use this QR approach (despite of the
use of a parallel TSQR algorithm and BLAS3 kernels for the structured QR decompositions in it), a
standard normal-equation approach can be much faster than the QR approach. However, while the
normal-equation approach is extremely efficient in terms of work and speed, it may be also numeri-
cally unreliable for ill-conditioned linear least-squares problems as it is well know [111][71][87][8l].
Furthermore, as —.J(r(a)) and M (a) are always rank-deficient, but their precise rank is not known
if W ¢ RT” and the number of zero weights in W is large (see Section , it is important to
have reliable information about the rank of these matrices, which can be obtained theoretically from
the triangular factors Ry and Ryt in the QR approach or RA and R, in the normal equations
approach. However, the errors in the computation of R ; and Ry depend on the condition number
of —J(r(a)) and M(a), while that of R and R depend on the square of the condition numbers
of —J(r(a)) and M(a) [T11][7L1[87][8]. Thus, the QR approach can still be preferred for stability
and accuracy reasons, especially when the number of zero weights in W is large.

More precisely, from the results of Subsection[5.2} we know that the matrices —J (r(a)) and M(a)
have a rank r at most equal to (p — k).k if rank(A) = k (see Theorem[5.2]and Corollary recall
also that the condition rank(A) = k is required for the continuity and differentiability of PB{(_),
F(.)" and F(.)™ at a), but that r can be smaller than (p — k).k depending on the number of zero
weights or missing values in X (see Theorems [5.5] and [5.6] for details). Standard tools for solving
linear least-squares problems with such deficient matrices are the SVD or the COD, as outlined in
Subsection which both allow to estimate the solution vectors dag,_ 4, and day,_ g, of minimum
2-norm of problems (6.11)) and (6.13) with the help of the generalized inverse of R ; or Ry in the
QR approach.

As an illustration, if the SVD of the upper triangular matrix R ; is given by
R;,=U;D;V,",

where Uy and Vj are k.p X k.p orthogonal matrices and Dy is a k.p X k.p diagonal matrix with
its diagonal elements equal to the singular values of R; in decreasing order with at least its k.k
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last diagonal elements equal to zero according to Theorem As stated in equation (2.12)), we
have
RY =V;D,; U, ,

where [D;T); = [Dy];;" if [Ds)ii # 0 and [DyT];; = 0 if [Dj);; = 0 and the correction vector
dag;,_4n, of minimum 2-norm can be computed as

dagy—gn = R}L Q?r(a)

and, similarly, if we use the Kaufman variant of the Gauss-Newton algorithm, the correction vector
day_ 45, of minimum 2-norm can be estimated as

day_ g, = R{;Qir(a) = Ry, Qut(a) .

Note that if any [Dj];; or [Dm]s; is small, but non-zero, these computations can be numerically
unstable, which makes important to consider approximate methods, which can provide control over
the size of dagp g4, Or dag_g4y,. This leads to consider low rank estimates of R; and Ryp by
considering only their singular values, which are above a suitable threshold v € R, in the SVDs
of R; and Ry, and, finally, in the computations of Rj and dag,_ 4, or, alternatively, of RJA} and
dak_gn.

As an illustration, for the Golub-Pereyra variant of the Gauss-Newton algorithm, without a thresh-
old, we will have

Tr(a))? ;
dagp_gn = Z (QJ ( )) [UJ].Z[VJ}M

[Ds]ii>0 [Dslii

but, using the threshold v, we will get

dagp-gn = (er[(;))J)]ﬁ[UJ]j[VJ].i,

[Djlii>v
which obviously limits the potential occurrence of large elements in dagy,_4,. Alternatively, we
can estimate RJJr and Rf{,[ by a COD of R; and Ry as described in Subsection This will
be less time consuming, but also less reliable in estimating precisely the ranks of —J(r(a)) and
M(a). However, recent investigations in the context of general NLLS problems suggest that using
a COD can even be more reliable than the truncated SVD approach described above, see [90] for
details.

Similarly, in the normal-equation approach, we can compute the Eigenvalue-Vector Decomposition
(EVD) of the positive semi-definite matrices A (or A) and use a truncated EVD to estimate its
pseudo-inverses AT (or A™) and, finally, dag, g, (or dag_g,) as

J(r(a)Tr(a) [V,
dagy—gn = — Z ( (())[Di]?)z) [Vl

[Vili,

[DJL%->V2

where the EVD of A is given by
A=V;D;?Vv,",

where the matrices Vy and Dy have the same meaning as in the SVD of R ;.

However, if p is large and the rank k& of the WLRA matrix approximation we are seeking is also not
small, the dimensions of R ; and Ry in the TSQR approach, or, A and A in the normal-equation
approach, can be very large. In these conditions, computing a SVD, or even a COD, of R ; (or Ryp)
in the TSQR approach or an EVD of A (or A) in the normal-equation approach, at each iteration of
the variable projection Gauss-Newton algorithms (T)), can be very costly and, consequently, must be
avoided as much as possible.
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In many practical applications, for example if W & Rﬂin or if the number of observed values in

each column and row of the data matrix X is larger than the rank % of the matrix approximation we
are seeking, we also know that r = rank(.J(r(a))) will be exactly equal to (p — k).k with high prob-
ability (see Theorem [5.3]and Corollaries [5.4] and [5.3)), the last k.k columns of J(r(a)) and M(a)
are linearly dependent upon the first (p — k).k columns of these matrices (see Theorem and,
finally, that it is easy to compute an orthonormal basis of the null-space of J(r(a)) and M(a) from
an orthonormal basis of A if rank(A) = k (see Corollary [5.6). Collectively, these different results
suggest that the minimum 2-norm solutions of the linear least-squares problems and
involving the rank deficient matrices —J(r(a)) and M(a) can still be found accurately and much
more efficiently without resorting to costly techniques like the SVD or a full COD in the TSQR ap-
proach or the EVD in the normal-equation framework as already illustrated in Subsection[5.2]

We first reconsider the TSQR approach in which we want to find the minimum 2-norm solutions
dag,_ g, or day_ g, of the rank-deficient, but consistent upper triangular systems,

Rjdag, g = Qhr(a) or Rpdag_ g, = Qar(a) ,

assuming that
rank(R ;) = rank(J(r(a))) = (p — k).k

and, similarly, that
rank(Rnp) = rank(M(a)) = (p — k) .k .

Under the hypotheses of Theorem [5.4] we know that the first (p — k).k columns of —.J(r(a)) and
M(a) are linearly independent and that the last k.k columns of these matrices are linearly dependent
onto the first (p — k).k columns of these matrices. Obviously, the same relationships hold for
R ; and Ry are these matrices are, respectively, the triangular factors in the QR factorizations of
—J(r(a)) and M(a). Then, it is possible to compute the vectors dag,_ g4, or daj,_gy, efficiently as
follows.

First, we define the following partitions of the two matrix factors in the thin QR decompositions of
—J(r(a)) and M(a), defined in equations (6.20) and (6.21)), which correspond to the partitions of
J(r(a)) and M(a) used in Theorem 5.4

Rll R12
Qs = [Q}] Q?]] Ry = [Ok.kx(gk).k R2j2:| )
and 11 12
R R
Qu=[Ql Q@ ,RMz[ M M]
[ M M] 0ok-kx(p k).k Rﬁ
where

* Q) and Q) € QPx(P=k)k

* Q% and Q3 € Qrnxkk

« R and R}} are (p — k).k x (p — k).k upper triangular matrices ,
. R?,Q and R%?I are k.k x k.k upper triangular matrices ,

« R'? and Ry are (p — k).k x k.k full matrices .

as R; and Ry exhibit the same linear dependencies as J(r(a)) and M(a).
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Next, applying (p — k).k Householder transformations to the right of [R}]l R?] and [Rllvl[ RIIVQI]
to annihilate R'? and R}%, we obtain the following simplified CODs of R.; and Ry:

R, — RlJl Rb2 _ T, O(p—k).kxk‘k 77
ok-kx(p—k).k  gk.kxkk ok-kx(p—Fk).k 0k-kxk.k J

nd Rll\/ll Rll\% TMm O(pfk).kxk.k
RM = |:Ok.k><(p—k).k Ok.kxk.k:| = |:0k.k><(p—k).k Ok.kxk.k :| ZM’

where T ; and Tp are (p—k).k X (p—k).k nonsingular upper triangular matrices, and, Z ; and Zyg
are k.p x k.p orthogonal matrices, which are the product of (p — k).k Householder transformations
designed to annihilate R‘? and RIIVQI, respectively. In doing so, we implicitly obtain the follow-
ing CODs of —J(r(a)) or M(a) from their thin QR decompositions (defined in equations (6.20)
and (6.21))) and computed by the TSQR algorithm:

T 0(p—k)-kxk.k
I = QR = |k Cgrierr | 2

and (p—k).kxk.k
Twm Q\p—Fh).fixk.
M(a) = QuBRM = Qum [Ok kx(p—k).k  gkkxkk ] Ziy

and we can express —J(r(a))™ or M(a)™"
T— O(p k).kxk.k Q
—J(r(a))" =2, {Ok ox (p—k).k ok-kxk.k } Q) =27, [Ok kx((p Jk:)) k]
and 1 (p—k).kxk.k 1\T
Ty Q\p—Fh).ixk. T (Q
M(a) =7m [Ok kx(I;\D/I k).k oF-kxk.k ] QK/I =Zm [Ok%i(p%)).k} :
Finally, dag, 4, and daj_4, can be computed as
T Tr(a T:1(QY) T (a
dag-gn = (o) ria) = 2 [T AT — 2, [T A
and 1iol \T 1ial \T
T (Q r(a Ty (Q r(a
dak—gn = M(a)"'r(a) =7Znm |: %k(kxl(\gzk);g ):| =7Zm [ ng(kxl(\gzk)]g ):| )

where we have used equations (6.22)) and (6.23)), and, in both cases, the matrix expressions on the
right hand-side of these equalities are available on output of the TSQR algorithm.

Alternatively, the correction vectors dag, g, and daj,_g4, can be computed with the help of Theo-
rem[5.3]and Corollary [5.6] which state that the matrix

N = K(ch) (Ik (9] A)

is a matrix of full column rank and that the columns of N form a basis of null(J(r(a))) =
null(M(a)), if rank(A)) = k and the hypotheses of Theorem|[5.3|are verified. Note that the condition
rank(A) = k is always verified if step (0) of the Gauss-Newton algorithms (1)) is performed at each
iteration. On the other hand, the hypotheses of Theorem|[5.3|can be violated or, more generally, the
condition rank(J(r(a))) = rank(M(a)) = (p — k).k can be not verified, especially, in the case of
a very large number of missing values in X or zero weights in W as demonstrated in Theorems
and[5.6] However, as noted at the end of Subsection[5.2], if we restrict the set of WLRA problems by
P

imposing the condition Z 0;; > kforall j = 1,--- ,n, where d is the incidence matrix associated

=1
with the matrix X, the condition rank(.J (r(a))) = rank(M(a)) = (p — k).k will be also verified in
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the majority of practical applications. In this scenario, the columns of N form also an orthonormal
basis of null(J(r(a))) = null(M(a)) if step (0) of the Gauss-Newton algorithms (T) is used at each
iteration according to Corollary [5.6] since A has orthonormal columns after step (0) is performed.
Then, using the results of Section 5.2} it is not difficult to see that the vector dag,_, is the unique
solution of the structured linear system

[RJ] dagy g — [Q?F(a)] 7

NT Ok.kxk.p

which can be solved by computing the structured thin QR decomposition of [;{ﬂ in a first step

as
R
[Nﬂ = Q;(N)R,(N),
where Q;(IN) is an k.(p + k) x k.p matrix with orthonormal columns and R ;(N) is an k.p X k.p
nonsingular upper triangular matrix. In these conditions, dag,_ 4y, is the unique solution of the upper
triangular system

~
R, (N)dagy—gn = QJ(N)T [%Jkl;(l?;)a} )

which can be easily solved by backward substitution. In a similar fashion and using the same

: . . . R
notations, day,_g, can be evaluated by computing the structured thin QR decomposition of [Nl\j/ﬂ[]

in a first step
R

and by solving the following nonsingular upper triangular system in the second step

R (N)dag—gn = Qum(N)" [ﬁ’&i&ﬂ :

Recall, finally, that solving these upper triangular systems for dag, 4, and day_g, in output of
the TSQR algorithm is equivalent to find, respectively, the unique solutions of the following “con-
strained” linear least-squares problems

.1y [r(a) M(a) + L(a) 2
dagp—gn = Arg dacR K 5” [Okk} - [ NT dal, (6.24)

and
. (6.25)

.1, [r(a) M(a)
daj_gn = Arg gl §H |:0kk:| - [ NT dal

in three steps at each iteration of the Golub-Pereyra or Kaufman variants of the Gauss-Newton al-
gorithms (I) (as discussed in Section[5.2).

Remark 6.1. A third solution for computing the correction vectors dagy, g, and dajg_g, in the
Gauss-Newton algorithms (I)), if we assumed again that rank(A) = k and rank(J(r(a))) =
rank(M(a)) = (p — k).k, is to apply the TSQR algorithm to the matrices —.J(r(a))O+ and
M(a)O+ defined in Corollary instead to —.J(r(a) and M(a) as described above. In these
conditions, the upper triangular matrices obtained in the output of the TSQR algorithm are also
nonsingular and can, thus, be directly solved by backward substitution. Finally, the correction
vectors dag, g, and day_g, can be computed by a simple matrix-vector product as described in
Subsection5.2] W

174



Similarly, in the normal-equation approach, several faster alternative methods can be used to find the
correction vectors dag, ¢, and day_ 4, from the symmetric positive semi-definite matrices

A= J(r(a) I (x(a) = J(x(a) T (x(a))

and B B
A = M(a)"M(a) = M(a)"M(a),

if we assume that rank(A) = k and rank(J(r(a))) = rank(M(a)) = (p — k).k. Remember again
that the first condition is always true if step (0) of the Gauss-Newton algorithms (T]) is performed
at each iteration. Under these hypotheses, we deduce immediately that rank(A) = rank(A) =
(p — k).k and to cope with this uniform rank deficiency of A and A, we can again use the results
of Corollary which state that the matrices N = K, ;) (Iy ® A) and O = K, ;y(I; ® O)
(where O is an orthonormal basis of ran(A)) are, respectively, a basis and an orthonormal basis of
null(J(r(a))) = null(M(a)) and, thus, also of the null spaces of the matrices A and A.

In these conditions, as first suggested by Okatani et al. [150], we can compute
NN = Ky Ik @ AAT)K(k,p)

or
(_)(_)T = K(pJ{;)(Ik’ X OOT)K(k,m) ,

and add these positive semi-definite matrices of rank k.k to A and A. Again, note that, if step (0) of
the Gauss-Newton algorithms (T)) is performed, we have N = O and, thus, NN7 = OO’ Next,
we can compute

A(N) = A+ NN7 = [JSI\}(?))} ) [J%(?))} or A(N) = A+ NN” = [l\ﬂf})} ' [1\1/5?)] .

Since ran(NNT) = ran(A)* = ran(A)* if rank(J(r(a))) = rank(M(a)) = (p — k).k, we have
the relationships

dim(A(N)) = dim(A) + dim(NNT) = (p —k).k + kk=kp,

and, similarly, dim(A(N)) = k.p. In other words, the matrices A(N) and A(IN) are positive definite
and, thus, of full rank. In these conditions, the normal equations

A(N)dag,_g, = —Vip(a) or A(N)day_g4, = —Vip(a)

have an unique solution, which are also the solutions of the associated linear least-square prob-
lems and solved in the TSQR approach in order to find dag,_gy, and day_g,. Thus,
when using the normal-equation approach, we finally need to compute the Cholesky factorizations
of A(N) or A(N) and solve the above positive definite systems by forward and backward substitu-
tions using these triangular Cholesky factors as described in Okatani et al. [[150]].

Remark 6.2. As for the TSQR method, an alternative solution for computing the correction vectors
dag,_gn and day_ g, in the Gauss-Newton algorithms (I)), if we assumed that rank(J(r(a))) =
rank(M(a)) = (p — k).k, is to apply the normal-equation algorithm to the matrices —.J (r(a))O~+
and M(a)O+ defined in Corollary instead to —J(r(a) and M(a) as described above. In these
conditions, the upper triangular matrices obtained in the output of the Cholesky factorization are
nonsingular and can, thus, be directly solved by forward and backward substitutions. Finally, the
correction vectors dag, 4, and day,_ 4, can also be computed by a simple matrix-vector product as
described in Subsection5.2] W
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6.2 Variable projection Levenberg-Marquardt algorithms

This subsection describes and investigates variable projection Levenberg-Marquardt methods for the
solution of the WLRA problem. Using similar notations as in the Gauss-Newton algorithms () de-
scribed in the previous subsection, an outline of a first version of the variable projection Levenberg-
Marquardt algorithms is as follows:

Levenberg-Marquardt algorithms 2.

Choose starting matrix A; € RP** | ¢y, 9,3, 8, |V lmin € Rix and 4rmaz, jmaz € Ni, appro-
priately

For i = 1,2, ... until convergence do

(0) Optionally, compute a QRCP of A, (see equation (2.15)) to determine k; = rank(A;) and an
orthonormal basis of ran(A;):

RZ' Sz‘
Q:AP; = op—Fki)xki  gp—k:i)x(k—k:) | >

where Q; is an p X p orthogonal matrix, P; is an k x k permutation matrix, R; is an k; x k;
nonsingular upper triangular matrix (with diagonal elements of decreasing absolute magni-
tude) and S; an k; x (k — k;) full matrix, which is vacuous if k; = k.

In all cases, compute an p X k matrix O; with orthonormal columns as the first £ columns of
Q; (i.e., such that ran(A;) C ran(O;) if k; < k and ran(A;) = ran(0O;) if k; = k) and set

A;=0;.

This optional orthogonalization step is a safe-guard as the condition k; = k is a necessary
condition for the differentiability of ¢ (.) at a point A; and is also to limit the occurrence of
overflows and underflows in the next steps by enforcing that the matrix variable A; € QP**.

(1) Determine (implicitly) the block diagonal matrix
F(a;) = diag(vec(vW)) (I, @ A;) ,
where a; = vec(AT).
(2) Compute (implicitly) a QRCP of F(a;) to determine PI%( ay) and F(a;)~ (see equations 2.13)

and (2.19)) or, alternatively, a COD of F(a;) to determine P]_%“(a,.) and F(a;)" (see equa-
tions (2.18)) and (2.21))).

Note also that F(a;)~ = F(a;) " if F(a;) is of full column rank and that Pg;
F(a;)™ are also block diagonal matrices.

(a5)" F(a;)” and

(3) Solve the block diagonal linear least-squares problem
b; = Arg mingcpen ||x — F(a;)bl|3,
e.g., compute

b — F(a;)"x {ifa QRCP of F(a;) is used in step (2)}
" | F(a;)tx {ifa COD of F(a;) is used in step (2)}

(4) Determine:

r(a;) = P]_%(ai)x {current residual vector}

¥(a;) = 1|Ir(a;)||3 {current value of the cost function }

Vi(a;) = G(b;)TG(b;)a; — G(b;)"z {see Theorems§.3|and[5.7]}
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i = B||Vab(a;)||3 {set ridge parameter proportional to the squared 2-norm of the gradient}

Note that the steps (1) to (4) above can be very easily parallelized using the block diagonal
structure of F(a;).

(5) Check for convergence. Relevant convergence criteria in the algorithms are of the form:
* [[VY(a)l2 < e
* llai —ai-1ll2 < ea(e2 + [lagll2) {if i # 1}
If step (0) is used, this last convergence condition can be simplified as:
la; —ai—1]2 < eallal]2 = eoVk
* [Y(ai-1) — ¢(a)| < es(es + ¥(ay)) {if o # 1}
* i > imax {€.g., give up if the number of iterations is too large}
where €1, €2, €3 and 7,,,4, are constants chosen by the user.
Exit if convergence. Otherwise, go to step (6)

(6) Compute the Levenberg-Marquardt correction vector day;, as the (minimum 2-norm) solution
of one of the following (regularized) linear least-squares problems:

(6.1) If |V (a;)l|2 > ||V min then
Golub-Pereyra Levenberg-Marquardt step: Golub and Pereyra [[63]

g i = ML) )

= Arg min ||r(a;) — (M(a;) + L(ay))dal|} + A;|Didal3
dacRp-k

Kaufman Levenberg-Marquardt step: Kaufman [90]

day_im = [%%)j + [r(](l?.fo)]

= Arg_min |[|r(a;) — M(a;)dal[3 + \i[|D;dal}
dacRp-k

(6.2) Else
Golub-Pereyra Gauss-Newton step: Golub and Pereyra [63]], Ruhe and Wedin [166]]
dag, gn = (M(a;) + L(ai))+r(ai)

_ [ Argmingace, |dal?
s.t. Argming, g |[r(a;) — (M(a;) + L(a;))dal|3

Kaufman Gauss-Newton step: Kaufman [96]], Ruhe and Wedin [[166]
dakfgn = M(ai)Jrr(ai)

_ JArgming, o [|dal3
s.t. Argming,eppr |r(a;) — M(a;)dal|3
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(7) Increment a; = vec(A]), e.g., compute a,41 = vec(A], ;) such that ¢(a;+1) < ¥(a;) in
order to obtain global convergence.

(7.1) To this end, first compute
a;11 = a; +dayy,
D(ai) = glr(a)l3 = 3P, XI5
using (implicitly) a QRCP of the block diagonal matrix F(a;41).
(7.2) If ¢(a;+1) > 1 (a;) then recompute a; 11 by one of the following methods:

Gauss-Seidel: a; 1 = a; + dags_ g, Where dags_ gy, is a Gauss-Seidel step [166]
+
dags—gn = (K5 G(bi)) r(ai)

_ {Argmindaem.k |dal3

s.t. Argmin g, g ||r(a;) — K, ) G(bs)dal|3

Block alternating least-squares:
aAj+1 = G(bi)JrZ

[ Argming s Jal3
s.t. Argmingecppx ||z — G(b;)al|3

Line search:
a;11 = a; + qday,

where a; < 1 is determined by a line search to make the algorithm a descent
method (i.e, such that ¢)(a;+1) < v(a;)). This is always possible as the correction
vector day,, is in a descent direction for (.) if [V (a;)||2 # 0, see Corollaries
and[5.8]

As an illustration, a simple, but still efficient, strategy is to first shorten the cor-
rection step to half the Levenberg-Marquardt length (or Gauss-Newton length if
IV (a;)|l2 < ||IVY|lmin), compute the new trial value for v(a; 1) and, if it is
still worse, continue to reduce the step until we get a step short enough such that
Y(ai+1) < ¥(a;). The following loop incorporates this simple step-shortening
algorithm:

For j = 1,2,... while(v(a;+1) > v¥(a;))
day,, = %dalm
aj11 = a; +dayy,
P(air1) = 3P
If j > jma. exit {give up if the number of iterations is too large}

End do

)X”% {using a QRCP of the matrix F(a;;1)}

Ait1

End do

In this version of the Levenberg-Marquardt algorithms (2)), the shape and definition of the different
vector and matrix variables are exactly the same as in the Gauss-Newton algorithms (1f) described
in the previous subsection. Furthermore, if, during the iterations, ||V (a;)||2 < |[V¥||min where
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IV9||min is a positive real constant greater than € chosen by the user, we use a Gauss-Newton
correction step as also described in the previous subsection. In addition, as in the Gauss-Newton
algorithm, the computations in the above Levenberg-Marquardt algorithms (2 are terminated either
when one or several of the convergence criteria listed in step (5) are satisfied, or when the itera-
tion count exceeds the predetermined number i,,,,. Obviously, this version (2)) of the Levenberg-
Marquardt algorithms is, thus, similar to the Gauss-Newton algorithms (I)), except in step (6.1),
when [[Vi(ai)[l2 = [V [min -

This approach is first justified by the fact that, when £1 < [|[Vi(a;)|l2 < ||V¥|min, We are near
a stationary or local solution point of our minimization problem, in which case, we want to benefit
from the faster convergence of the Gauss-Newton method, see Subsection [5.1|for more details. On
the other hand, if ||V (a;)|l2 > ||V%||min, We consider that we are far away from a stationary
or solution point in which case the Gauss-Newton method may be much less satisfactorily and we
prefer to use a more robust correction step, which will be more in the steepest descent direction, in
order to widen the basin of convergence of the method. With these considerations in mind, when
IV(a;)ll2 > [[VY|min, we introduce both a strictly positive damping parameter \; (e.g. the
Marquardt parameter), which takes into account how far we are from a solution and, optionally, a
strictly positive scaling diagonal matrix D; € Rﬁ'p xh.p , which may be useful to render the algorithm
invariant under diagonal scaling of the solution vector a and even more robust when \; becomes
very large as discussed also in Subsection [5.1]

The choice of ); influences both the direction and the size of the correction vector dag,_;, and
day_jy,. If A; tends to zero, dagy i, and day_;,;, will tend, respectively, to the corresponding
Gauss-Newton steps dag,_gp, and day_g,. On the other hand, if \; tends to infinity, then dag,_;,,
and day_;,, will tend to a short step in the steepest descent direction, e.g., —)\%Vzﬂ(ai), see Sub-
section for more information. Thus, the choice of the Marquardt parameter )\; is based on the
following considerations: if we are close to a local solution then we want the faster convergence of
the Gauss-Newton method while it is safe to choose the steepest descent method when we are far
from the solution. In other words, the selection procedure

Xi = Bl Vi(a)l3,

used in step (6.1) of our Levenberg-Marquardt algorithms (2)), is first motivated by the fact that the
method of steepest descent has global convergence not held by the Gauss-Newton method. When
one is far away from the solution (i.e. ||V (a;)||2 is large), \; is chosen to be large in order to weight
the descent part of the correction. As the iterates proceed toward the solution (i.e. |V (a;)]|2 is
small), \; is decreased to weight the Gauss-Newton part of the correction. When we are far from
the solution we are interested in the stability of the steepest descent method; when we are close, we
strive for the rapidity of convergence of the Gauss-Newton method.

However, taking into account the systematic rank deficiency of the Jacobian matrix J(r(a;)) or
its Kaufman approximation —M (a;) demonstrated in the previous sections, we cannot let \; tends
to zero freely and we need to control it appropriately in order to avoid numerical instability when
computing the correction steps dagy,_;,, or day_;,, if A; approaches zero. Thus, in an actual com-
puter implementation, the condition test A\; = 0 must be replaced by the condition A; < A, (With
Amin € Ry ,) to switch to the Gauss-Newton method, where A, is a suitably chosen real constant

such that the matrices
M(al) + L(az) and M(az)

do not become nearly singular or ill-conditioned when \; approaches zero as it is expected after
some iterations of the Levenberg-Marquardt algorithms (2)). Equivalently, in our version (2) of the
Levenberg-Marquardt algorithms, such numerical test is also performed in step (6.1), on || Vi) (a)||2
using the user defined threshold || V|| ;min € R4 rather on \;. This is justified by the fact that \; =
BIIVip(as)||2, where [ is a strictly positive real constant also chosen by the user. Obviously, the
choice of || V|| min (or alternatively A,;,,) can be tricky as it depends on the scaling of the problem.
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Moreover, it must be done with care to avoid numerical instabilities when computing dag,_;.,
or day_;;,, and, at the same time, maintain the global convergence properties of the Levenberg-
Marquardt algorithms (2) .

In addition, we have introduced a strictly positive diagonal matrix D; € Ri‘p *EP in step (6.1) of
the Levenberg-Marquardt algorithms. A common simple choice for this scaling diagonal matrix is
to set D; = I, the identity matrix of order k.p. This choice together with a suitable strategy
to update \; across the iterations gives the original Levenberg algorithm [107)]. Note that D; can
also vary during the iterations and permits for example to introduce some scaling in order to take
into account the relative sizes of the columns of the Jacobian matrix or its Kaufman approximation.
Thus, as first suggested by Marquardt [[120], we can also set

[D] _ ” [M(az) + L(al-)].j H2 {if day,, = dagp,lm in step (6.1)}
' M (a3)] ]2 {if day,, = dayj,_, in step (6.1)}

forj = 1,--- ,k.p, see Subsection for further details. Note, however, that this last choice for
the scaling matrix D; implies that the conditions stated in Theorem [5.6]are not verified as otherwise
some of the elements of the diagonal of D; will be equal to zero during the whole iterative process.

The Golub-Pereyra step day,_;, corresponds exactly to the standard Levenberg-Marquardt step
day,, applied to the minimization of the variable projection functional v(.), which is introduced
in Subsection The philosophy behind the Kaufman step day_;,, is exactly similar to the one
detailed for the Gauss-Newton algorithms (2): in most cases, approximating the Jacobian matrix
by —M(a) can perform even better than to use the exact Jacobian matrix, taking into account the
particular form of the Hessian matrix V2¢)(a) derived in Subsection

The Golub-Pereyra and Kaufman variants in the Gauss-Newton algorithms (1) generate a sequence
{a;} by setting a;11 = a; + a;da;, where da; is the minimum 2-norm solution of one of the
linearized subproblems

1
da; = A in —|(da)3
a; = Arg min o |i(da)llz ,

with

I(da) {r(ai) — (M(a;) + L(a;))da  {if dagy_g, is used in step (6)} , (6.26)

r(a;) — M(a;)da {if day_ g, is used in step (6)}

as explained in the previous subsection. However, we know from the results of the previous sections
that a solution of the WLRA problem, if it exists, is never unique and isolated. Furthermore, since
we also know that the above linear least-squares subproblems are always rank-deficient, Levenberg-
Marquardt methods, which replace them by regularized linearized subproblems of the form

1 Ai
da; = Arg min S |i(da)|3 + F||Didall; ,

where ); is a strictly positive parameter and D; is a (positive) diagonal matrix, are an interest-
ing alternative. Equivalently, this means that the correction step da; in the Levenberg-Marquardt
approach minimizes one of the following quadratic models

Y(a;) + dal Vip(ay) + 3da’ (M(a;)"M(a;) + L(a;)TL(a;) + \\D?)da

Flda) = {w(az‘) + da’' Vi (a;) + %daT (M(a;)"M(a;) + \;D})da

since Vip(a;) = —(M(ay) + L(ai))Tr(ai) = —M(a;)Tr(a;). On the other hand, the correction
step da; in the Gauss-Newton methods is based on the simpler quadratic models

¥(a;) + da’ Vip(a;) + 3da’ (M(a;)"M(a;) + L(a;)TL(a;))da

Glda) = Lolda) = {1/1(511) +da" Vip(a;) + 5da’ M(a;)" M(a;)da
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The gradients of the quadratic functions L}, (.) are, respectively,

Vi (da) = | V@) + (M(2:)" M(a;) + L(a) "L(ai) + AiDj) da
1 Vi(ai) + (M(ai) " M(a;) + AD?)da

and, by setting these gradients equal to zero, we get dagy,_;,, and day_;,, as the solutions to the

linear systems

(M(ai)TM(ai) + L(a;)TL(a;) + AiD?)dagp_lm = —Vi(a;) = M(a;) r(a;)

and
(M(ai)TM(ai) + )\Z-D?)dak_lm = —Vi(a;) = M(a;) r(a;)

which are, respectively, the normal equations for the damped linear least-squares problems

] - M) dal

min H
dacRp-k

. r(a; M(a; 2
i | [T = [V aall.
Furthermore, as the coefficient matrices of the above normal equations are always positive definite if
Ai > 0, these linear systems have always an unique solution, which are the global minimizers of the
associated linear least-squares problems or quadratic model functions, and these quadratic functions
are also strictly convex. These nice properties are important numerically and are also an another
advantage of the Levenberg-Marquardt methods over a simple Gauss-Newton approach. These
results also show that the correction vectors dag,_;,, and daj_;,, can be computed, alternatively,
by a normal-equation or a more stable QR method as for the Gauss-Newton correction vectors
dag, 4, and day_ g, and we will discuss this matter in more details below after we derive a second
and third versions of the Levenberg-Marquardt algorithms.

and

One disadvantage with the simple strategy used in the Levenberg-Marquardt algorithms (2)) for
updating the Marquardt parameter \; is, however, that strict descent (i.e., ¥ (a;+1) < 1(a;)) is not
guaranteed if a line search or alternative strategies for computing a;,; are not incorporated in step
(7.2) of the algorithms. However, as for the Gauss-Newton algorithms (IJ), in order to implement a
line search algorithm, we have to perform the second part of step (4) of the algorithm, every time
we want to get ¢)(a;+1) for a new trial value of «; since

Wais) = 3 [Pa,,xB
and this line search can involve many extra evaluations of ¢ (.), which do not get us closer to an
acceptable solution. In these conditions, it is again tempting to perform one or several iterations
with the fast Gauss-Seidel or block ALS methods to compute a;; in step (7.2) in case we have
Y (a; + day,) > 1(a;) instead of using a more costly line search algorithm. In other words, if a full
Levenberg-Marquardt step gives a sufficient decrease of (.), we accept the point a; + day,, as the
new iterate. Otherwise we switch to the fast Gauss-Seidel or block ALS methods.

Alternatively, it is well-known that a line search can be completely avoided in Levenberg-Marquardt
methods by using a more sophisticated strategy for updating A during the iterations since the choice
of the Marquardt parameter influences both the direction and the size of the correction vector
day,, [139][123]. Furthermore, it is always possible to find a A such that ¢(a; + day,) < ¥(a;)
if |V (a;)|l2 # 0 [139])[123]]. Thus, by a proper adjustment of the damping parameter A we have
also a direct method for ensuring the descent condition ¥ (a; + day,,) < ¥ (a;).

As first suggested by Marquardt [120], one such strategy is to start with \ sets at a small value, 10~%
for example. Whenever a step is unsuccessful, A gets multiplied by 10 to force smaller steps until
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Y(a; + day,) < ¥(a;). On the other hand, when the steps become successful A is divided by 10.
This simple strategy results in a fully adaptive technique that behaves just like Gauss-Newton when
Gauss-Newton is successful, but shifts in the steepest descent direction and shortens steps when the
steps are not successful.

More sophisticated strategies for updating the Marquardt parameter A during the iterations are based
on the so-called gain factor

Y(a;) —(a; +da)  P(a;) —P(a; + da)
G(0kP) — G(da)  Lo(0k?) — Lo(da) ’

where .
G(da) = Lo(da) = il(da)Tl(da) ,

and [(.) is defined in equation (6.26), see [141][122][139][123] for a discussion of this strategy in
a general NLLS context. G(da) is assumed to be a good approximation to ¢)(a; + da) when da
is sufficiently small since [(da) is based on first order Taylor’s expansions for the residual function
r(a) around the current iterate a;. Note further that G(da) = Lo(da) is the quadratic model,
which is used to approximate ¢)(a) in the neighborhood of the current iterate a; and is minimized
at each iteration of the variable projection Gauss-Newton algorithms (1)) as discussed above. Now,
we have for the Kaufman variant of the variable projection Levenberg-Marquardt algorithm the
equalities

1 1
G(0FP) — G(day_im) = §Z(Ok'p)Tl(0k'p) - il(dak,lm)Tl(dak,lm)

= (a;) — %(I‘(az‘) ~ M(ai)dag_im) " (r(a;) — M(a;)dag_m)

1
= —daj_;,, Vi(ai) - §da£_zmM(az’)TM(az’)dak—lm
1
= —idag_lm (2Vip(ay) + M(ai)TM(ai)dak_lm)
1
— —dal_, (2V¢(ai) + (M(a;)"M(a;) + \D? — )\iD?)dak_lm>
1
= —dal_, <2V¢(ai) — Vip(ay) — )\iD?dak,lm>
1
= Sdal_y, ()\iD?dak,lm - vw(ai))
1
= 3 (NlIDidagim3 — daf_,,, Vi(ar)
where we have used the equalities
Vw(az) = —M(ai)Tr(ai) and (M(ai)TM(ai) + )\iD?)dak_lm = —V@/}(al) y

derived in Theorem [5.7]and Corollary [5.8] Moreover, the same equality holds for the Golub-Pereyra
variant since
ran(M(a;)) C ran(F(a;))* and ran(L(a;)) C ran(F(a;)) .

Thus, in both cases, G(0%?) — G(day,,) and the gain factor p can be easily computed at each
iteration of the Levenberg-Marquardt algorithms as the terms \;||D;day,, ||3 and V)(a;) are already
available before the gain factor must be evaluated.

Furthermore, G(0*P?) — G(day,,) is always guaranteed to be positive as both ||D;day,,||? and
—dal Vi(a;) are positive if | Vi)(a;)||2 # O since dayy, is in a descent direction for 1(.), as
demonstrated in Corollary In these conditions, it follows that the condition p > 0 is equivalent
to the descending condition ¢ (a; + day,,) < ¥(a;) if || Vi(a;)||2 # 0 for both the Golub-Pereyra
and Kaufman variants of the Levenberg-Marquardt algorithm. Using these results, the following

182



clever strategy proposed by Madsen and Nielsen [[123|] may be used to update A at each iteration of
Levenberg-Marquardt methods:

For i = 1,2, ... until convergence do

) ---

(6) Compute the Levenberg-Marquardt correction vector day,, as the solution of one of the fol-
lowing constrained and damped linear least-squares problems:

Golub-Pereyra Levenberg-Marquardt step:

dagy_i;m = Arg min ||r(a;) — (M(a;) + L(ai))daH% + \|Djdal|?,
dacRp-k

Kaufman Levenberg-Marquardt step:

daj_j, = Arg min |r(a;) — M(a;)da||5 + \|D;da|5 ,
dacRr-k

(7) Increment a; = vec(A7), e.g., compute a; {1 = vec(AiTH) such that ¥ (a;11) < ¥(a;) in
order to obtain global convergence. To this end, first compute the gain factor

p= Y(a)—v(aitday,) _ Y(ai)—(a;+dajm)
G(OEP)=G(damm) L (\||Djday,|3—dal, Vi(ai))
If p > 0 then

a1 = a; + dayy,

A= )\.max(%, 1—(2p-1)%

v=2
Else
A=v.A
v=2v
Go to step (6)

End do

In this algorithm, the factor v is initialized to 2 and the Marquardt parameter A is again initialized
to a small value like 10~® (see below for more details). With this updating strategy, if p < 0 then
A, is kept fixed, but we increase A quickly with the twofold purpose of getting closer to the steepest
descent direction and reduce the step length. On the other hand, if p > 0 we accept the new point
a;+1 = a; + day,,. However, if p is small, the quadratic model G(da) is considered not to be a
good approximation to the function )(a; + da) in the neighborhood of a; and \ is increased. On the
other hand, if p is large the quadratic model G(da) is considered to be a good approximation to the
function ¢ (a; + da) and X is decreased in order to get closer to the Gauss-Newton direction in the
next iteration step. Thus, this more sophisticated strategy results also in a fully adaptive technique
that behaves just like Gauss-Newton when it is successful, but shifts smoothly in the steepest descent
direction and shortens steps when the steps are not successful [123]].

However, in our specific WLRA context, both updating schemes of the Marquardt parameter must
be adapted to take care of the systematic rank deficiency of the coefficient matrices M(a;) + L(a;)
or M(a;) across the iterations and this without using a specific threshold like Ay, OF ||V min
to shift to a Gauss-Newton step when A approaches zero as this will break the incremental nature
of the updating schemes if we set A = 0 when a full Gauss-Newton step is used at one particular
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iteration. Furthermore, as before, we must also avoid the near singularity and ill-conditioning of the
regularized coefficient matrices

] = i)

when \ approaches zero.

A clever way to avoid the use of a threshold and to deal efficiently with the uniform rank deficiency
of the Jacobian matrix J(r(a;)) or its Kaufman approximation —M(a;), if we want to incorporate
these updating schemes in the variable projection Levenberg-Marquardt algorithms, is to solve at
step (6) the constrained and regularized problems

dagy—im = Arg min - |r(a;) — (M(ai) + L(ay))dal3 + ||N} dal|3 + Xi[|Didal|3
acRP

or
dag_jm = ArgdmIiRnk |r(a;) — M(a;)dal|3 + ||N1Tda\|§ + \i||Dydal|3 ,
acRp
where the columns of N; = K, 1) (Ix ® A;) are a (orthonormal) basis of null(M(ai) + L(ai)) =

null(M(a;)) if rank(A;) = k and rank(J (r(a;))) = rank(M(a;)) = k.(p — k) (see Corollary [5.6]
for details). The associated quadratic models are

LANZ (da) = ¢ (a;) + dal Vi(a;) + %daT (M(a;)"M(a;) + L(a;)"L(a;) + N;NT + \;D?)da

or
_ 1
LY (da) = 9(a;) + da’ Vip(a;) + 5daT (M(a;)"M(a;) + N;N! + \,D?)da,

which can be minimized by solving the symmetric linear systems
(M(ai)TM(ai) + L(al-)TL(ai) + NZN;F + )\Z'D%)dagp,lm = M(ai)Tr(aZ-)

or
(M(ai)TM(ai) + NZNZT + )\Z-D?)dak_lm = M(ai)Tr(ai) s

which, in turn, are the normal equations for the constrained and damped linear systems

r(a;) M(a;) + L(a;)

mink ‘ ok | — N7 daHg
dacRy or-k D
and
r(a;) M(a;) ,
min ‘ okk | — NiT daH2 .
dacRr-k op-k AiDy;

This approach was first suggested by Okatani et al. [150]]. These two linear least-squares problems
always have an unique solution independently of the value of ) if we assume that

rank(A;) =k and rank(J(r(a;))) = rank(M(a;)) = k.(p — k) ,

during the iterations or, at least, that these conditions are verified as soon as A = 0. If A = 0,
we again obtained dagy,_;,, = dag, 4, and day_,, = daj_g, as in version (2)) of the Levenberg-
Marquardt algorithms if the above assumptions are verified. However, the key-difference with this
version ([2) is that these two linear least-squares problems remain nonsingular and well-conditioned
when A\ approaches zero if the above assumptions are verified thanks to the inclusion of the block
NiT in the coefficient matrix of these linear least-squares problems or to the addition of the term
NZ-NZ-T in the associated normal equations if we use a normal-equation approach to solve them.
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Finally, when A >> 0, and we want to shift day,_;,, or day_;,, in the steepest descent direction in
order to benefit of the good global convergence ability of the gradient descent method, the inclusion
of the block N;; or the term NZ-N;-F is of secondary importance and will not impair the performance
of the algorithm as they just try to constrain the columns of the perturbation matrices dA g,_;,,, or
dA_im to belong to ran(Ai)L, see the discussion after Corollary for details.

Finally, note that the computations of the gain factor p at step (7) must also be slightly modified as
follows

_ ¥(ai) — ¥(a; + dapy) Y(a;) — (a; + dayy,)

G(0FP) — G(daym) L (INTday,|2 + A|Diday, |3 — dal Vi(a;)) ’

when the above constrained and regularized linear least-squares problems are solved in step (6).
This is justified by the fact that we cannot assume that |[N7day,||2 = 0 if a damping term
M| D;day,,||3 with A > 0 is also used in the algorithms.

These different considerations lead to our second and third versions of the Levenberg-Marquardt
algorithms, which use, respectively, the simple and more sophisticated updating strategies of A dis-
cussed above:

Levenberg-Marquardt algorithms 3.

Choose starting matrix A; € RP*E €1,€2,€3, A € Ry, and t1maz, Jmaz € Nx, appropriately
For: =1,2,... until convergence do

(0) Optionally, compute a QRCP of A; (see equation (2.15)) to determine k; = rank(A;) and an
orthonormal basis of ran(A;):

R; S;

QiAiP; = | Joki)xk:  glo—ki)x(k—k2) | »

where Q; is an p X p orthogonal matrix, P; is an k x k permutation matrix, R; is an k; X k;
nonsingular upper triangular matrix (with diagonal elements of decreasing absolute magni-
tude) and S; an k; x (k — k;) full matrix, which is vacuous if k; = k.

In all cases, compute an p X k matrix O; with orthonormal columns as the first £ columns of
Q; (i.e., such that ran(A;) C ran(O;) if k; < k and ran(A;) = ran(0O;) if k; = k) and set

A;=0;.

This optional orthogonalization step is a safe-guard as the condition k; = k is a necessary
condition for the differentiability of ¢(.) at a point A; and also to limit the occurence of
overflows and underflows in the next steps by enforcing that the matrix variable A; € QP**.

(1) Determine (implicitly) the block diagonal matrix
F(a;) = a’iag(vec(\/W)) (In ® AZ») ,
where a; = vec(ATl).

(2) Compute (implicitly) a QRCP of F(a;) to determine PI%( a;) and F(a;)~ (see equations (2.18)
and (2.19)) or, alternatively, a COD of F(a;) to determine P]_#(ai) and F(a;)" (see equa-
tions (2.18)) and (2.21))).

Note also that F(a;)~ = F(a;)" if F(a;) is of full column rank and that Pf;( ) F(a;)” and

aj

F(a;)™ are also block diagonal matrices.
(3) Solve the block diagonal linear least-squares problem

b; = Arg mingcpen ||x — F(a;)bl|3,
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e.g., compute

o {F(ai)_x {if a QRCP of F(a;) is used in step (2)}
" | F(a;)*x {ifaCOD of F(a,) is used in step (2)}
(4) Determine and set:
r(a;) = PI%( a)X {current residual vector}
¥(a;) = i|Ir(a;)||3 {current value of the cost function }
Vi(a;) = G(b;)TG(b;)a; — G(b;)"z {see Theorems4.3)and [5.7]}
j = 0 {initialize counter for the ridge scaling subiterations }

Note that the steps (1) to (4) above can be very easily parallelized using the block diagonal
structure of F(a;).

(5) Check for convergence. Relevant convergence criteria in the algorithms are of the form:
* [IVi(ai)llz < e
* |lai —aiilla < eaen + llagll2) {if i # 1}
If step (0) is used, this convergence condition can be simplified as:
la; —a; 1|2 < eaflaills = eaVk
* [Y(ai-1) — ¢(a)| < es(es + ¥(aq)) {if o # 1}
* i > imar {€.g., give up if the number of iterations is too large}
where €1, €2, €3 and %,,,4, are constants chosen by the user.
Exit if convergence. Otherwise, go to step (6)

(6) Compute the Levenberg-Marquardt correction vector da;,, as the solution of one of the fol-
lowing constrained and damped linear least-squares problems:

Golub-Pereyra Levenberg-Marquardt step:

M(a;) + L(a;) + r(a;)

dag,—m = N7 0k~
\/XDZ Ok'p
= Arg min ir(a;) (M(a;) + L(a;))dall3 + | N} dal| + A|Didall3
a .

Kaufman Levenberg-Marquardt step: Okatani et al. [150]

M(a;)] " [r(a;)

dak_lm = N;T Ok‘k
\/XDZ Ok'p
= Arg min [lr(a;) — M(aj)dalf3 + N} da|3 + A| Didal3
dacRr-k

where the columns of N; = K, ;) (Ix ® A;) are a (orthonormal) basis of null (M(az-) +
L(a;)) = null(M(a;)), see Corollary

(7) Compute a;41 = vec(A],,) such that ¢(a;11) < ¥(a;) in order to obtain global conver-
gence.

(7.1) To this end, first compute
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(@ + da) = Sr(a; + a3 = HIPE e aay X3
using (implicitly) a QRCP of the block diagonal matrix F(a; + day,,).

(7.2) If ¢(a; + day,) > 1 (a;) then {step rejected}

J=J+1

A = 10.X {scale up the ridge parameter }

If j < jmax 80 to step (6) {recompute day,, with inflated diagonal }
(7.3) Else {step acceptable}

If j = 0 then A\ = \/10 {scale down the ridge parameter if step is successful}
(7.4) Increment a;:

a;y1 = a; + day,, {compute new iterate}

End do

Levenberg-Marquardt algorithms 4.

Choose starting matrix A; € RP*k g1 e9,63,\ € Ry and 44z, Jmaz € N, appropriately, and
initialize v = 2

For : =1,2,... until convergence do

0)

1)

(2)

3

Optionally, compute a QRCP of A; (see equation (2.13)) to determine k; = rank(A;) and an
orthonormal basis of ran(A;):

RZ‘ Si
QiAP: = | J(p—ki)xki  glp—ki)x(k—ks) | »

where Q; is an p X p orthogonal matrix, P; is an k& x k permutation matrix, R; is an k; X k;
nonsingular upper triangular matrix (with diagonal elements of decreasing absolute magni-
tude) and S; an k; x (k — k;) full matrix, which is vacuous if k; = k.

In all cases, compute an p X k matrix O; with orthonormal columns as the first £ columns of
Q; (i.e., such that ran(A;) C ran(O;) if k; < k and ran(A;) = ran(O;) if k; = k) and set

A, =0;.

This optional orthogonalization step is a safe-guard as the condition k; = k is a necessary
condition for the differentiability of (.) at a point A; and also to limit the occurence of
overflows and underflows in the next steps by enforcing that the matrix variable A; € QP**,

Determine (implicitly) the block diagonal matrix

F(a;) = diag(vec(vVW)) (I, ® A;) ,
where a; = vec(AT).
Compute (implicitly) a QRCP of F(a;) to determine Pi“_(ai) and F(a;)~ (see equations (2.18)
and (2.19)) or, alternatively, a COD of F(a;) to determine PP{( as) and F(a;)" (see equa-
tions (2.18) and (2.21)).

Note also that F(a;)~ = F(a;)" if F(a;) is of full column rank and that Py
F(a;)™ are also block diagonal matrices.

(a5)" F(a;)” and

Solve the block diagonal linear least-squares problem
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by = Argminy e |x — F(a)bl3,
e.g., compute
b, — {F(ai)_x {if a QRCP of F(a;) is used in step (2)}
F(a;)T™x {ifaCOD of F(a;) is used in step (2)}
(4) Determine and set:
r(a;) = P]_f,(ai)x {current residual vector}
P(a;) = %Hr(ai) |2 {current value of the cost function }
Vi (a;) = G(b;))TG(b;)a; — G(b;)Tz {see Theoremsand
j = 0 {initialize counter for the ridge scaling subiterations}

Note that the steps (1) to (4) above can be very easily parallelized using the block diagonal
structure of F(a;).

(5) Check for convergence. Relevant convergence criteria in the algorithms are of the form:
* [[VY(a)f2 < e
* [lai —ai_1l2 < ea(e2 + [laill2) {if i # 1}
If step (0) is used, this convergence condition can be simplified as:
la; — ai—1[|2 < e2flal2 = e2Vk
o [(ai1) — (ag)| < e5(es + v(an) {if i £ 1)
* i > imas {€.g., give up if the number of iterations is too large}
where €1, €2, €3 and 7,4, are constants chosen by the user.
Exit if convergence. Otherwise, go to step (6)

(6) Compute the Levenberg-Marquardt correction vector day, as the solution of one of the fol-
lowing constrained and damped linear least-squares problems:

Golub-Pereyra Levenberg-Marquardt step:

M(a;) + L(a;)] " [r(a)

dagp_lm = NZT Ok'k
\/XDZ Ok'p
=Arg min lr(a;) — (M(a;) + L(a;))dall3 + |[N; dal|3 + A Didall3
a .

Kaufman Levenberg-Marquardt step: Okatani et al. [150]

M(a;)] " [r(a;)

dak_lm = N;‘F Ok'k
\ADZ‘ Ok'p
= Arg min [lr(a;) — M(ay)dalf3 + N da|3 + A| Didalf3
dacRp-k

where the columns of N; = K, »)(Ix ® A;) are a (orthonormal) basis of null(M(a;) +
L(a;)) = null(M(a;)), see Corollary

(7) Compute a;1 = vec(A],,) such that ¢(a;11) < ¥(a;) in order to obtain global conver-
gence.
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(7.1) To this end, first compute

using (implicitly) a QRCP of the block diagonal matrix F(a; + day,,), and the gain
factor

p= ¢(a¢2€*w(a¢+dazm) _ ¥(ai)—¥(ait+daim)
G(057)=G(damm) 1 (||N7 day, |3+ Didayn||3—dal, Vi(a;))

(7.2) If p > 0 then {step acceptable}

A= Amax(1,1— (2.p — 1)?) {scale down the ridge parameter}

v = 2 {reinitialize the growth factor of the ridge parameter}
(7.3) Else {step rejected}

j=j+1

A = v.\ {scale up the ridge parameter}

v = 2.v {increase the growth factor of the ridge parameter}

If j < jmax g0 to step (6) {recompute day,, with inflated diagonal }
(7.4) Increment a;:

a;+1 = a; + day, {compute new iterate}
End do

In the Levenberg-Marquardt algorithms and (@), the Marquardt parameter \ is initialized to
A=rif

D] = |[M(a;) + L(a;)] jll2  {when day,, = dag,_;», in step (6)}
‘ 1[M(a;)] 52 {when day,, = day_;,, in step (6)},

for j =1,---, k.p during the iterations, or to

\ = Max=, kol [M(a1) + L(a1)] 4]13)  {when day,,, = dagy_;, in step (6)}
maxj—1.... ppll [(M(a1)],3) {when day,,, = day_;,, in step (6)},

if D; is set to the identity matrix during the iterations. In both cases 7 is taken in the interval [1075 1]
and a small value of 7 is selected if we believe that A is close to a solution (say 7 = 107°). Other-
wise, we can use 7 = 1073 or even 1. The algorithms are not very sensitive to this initial choice of
T as A is quickly updated during the iterations in both Levenberg-Marquardt algorithms (3)) and (4).
Version (@) of the Levenberg-Marquardt algorithms also uses a growth factor v for the ridge param-
eter, which is initialized to 2 at the start of the algorithm and reinitialized to this initial value in step
(7.2) when a step is successful.

Remark 6.3. An alternative for computing the correction vectors dag,_;, and dag_;,, in step (6)
of the Levenberg-Marquardt algorithms and (), if we assume again that rank(A;) = k and
rank(J(r(a;))) = rank(M(a;)) = (p — k).k, is to first find the unique solutions of the following
“reduced” and damped linear least-squares problems

dag, im = Arg  min ||r(a;) — (M(a;) + L(a;)) O} da|3 + A[|D;dal}
dacR(P—k)-k

or

day_j;;, = Arg  min Ir(a;) — M(ai)(_)f‘déH% + )\H]_)idéH% ,
dacR(P—k).k
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where O3 is an orthonormal basis of null(J(r(ai)))L = null(M(a;))* and D; is now a positive
diagonal matrix of order (p — k).k, see Corollary [5.6] for more information. Finally, in an additional
step just before incrementing a; in step (7.4), the correction vectors dag,_;,, and day_;,, can be
computed by the matrix-vector products

AL 75 AL 7=
dagp,lm = Oi dagp,lm and dak,lm = Oi dak,lm y
or, equivalently, the matrix-matrix products
1A LA
dAgp,lm = Oi dAgp,lm and dAkflm = OZ- dAkflm s

where OZ-L is an orthonormal basis of ran(A;)", as also described in Subsection |

We now consider in more details how to compute the correction vectors dag;,_;,, and day_;, in the
variable projection Levenberg-Marquardt algorithms (2)), (3) and (@) using the normal-equation or
TSQR approaches.

Using the normal-equation framework, the first step to obtain the correction vectors dag,_j,, or
daj_j, in all the Levenberg-Marquardt algorithms is to form the cross-product positive semi-
definite matrices (e.g., the Gauss-Newton approximations of the Hessian matrix)

A= J(r(a))TJ(r(a)) = M(a)’M(a) + L(a)’L(a) or A=M(a)'M(a),

exactly as in the Gauss-Newton algorithms described in the previous subsection. Note that,
in these last equations and the rest of this subsection, we have drop the iteration index ¢ of the
Levenberg-Marquardt algorithms for notational convenience and the notations are exactly similar
as in the Gauss-Newton methods described in the previous subsection. Furthermore, this first and
costly step can be easily parallelized as for the Gauss-Newton algorithms (T)).

For the Levenberg-Marquardt algorithms (2), in a second stage, we just need to regularize (or damp)
these positive semi-definite matrices by adding the diagonal matrix AD? to these Gauss-Newton
approximations of the Hessian matrix:

AN =A+2ID? or A\ =A+ D2,

where A > 0 is a ridge parameter, which will control both the magnitude and the direction of the
correction vectors dag;,_;,, and day_;,, and D is a strictly positive diagonal matrix. Finally, in the
third and last step of the Levenberg-Marquardt algorithms (2), we have to solve the consistent linear
systems

AN dagy m = —J (r(a)) r(a) = M(a)Tr(a) (6.27)
or

AN dag_m = —J (r(a)) r(a) = M(a) r(a) , (6.28)
in order to obtain the correction vectors dag, i, and dag_jp,. As A > 0, A(X) and A(N) are
positive definite matrices and we can simply compute their Cholesky factorizations as

AN =RANTRA(N) or AN =RA(NTRA(N),

where R () and R () are k.p x k.p nonsingular upper triangular matrices. Then, in a final step,
dag,_,, and daj_;,, can be obtained by forward and backward substitutions in the usual manner,
using these Cholesky factors, as

dagy_im = RaN)'RA(N) " "M(a)'r(a) and dag_j, = Ra(N)'RA(N) " "M(a)'r(a) .
On the other hand, if we use a normal-equation approach in both the Levenberg-Marquardt algo-

rithms (3) and (4)), we have first to compute the constrained and damped cross-product (approxi-
mated) Jacobian matrices

AN, N =A+NNT £ AD? or A(N,)\)=A+NNT +AD?,
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perform their Cholesky decompositions as
AN, \) = RAN, V) RA(N,\) or A(N,)\) =Ry (N, \)TRA(N,\),

where Ra (N, \) and Rj (N, \) are k.p x k.p upper triangular matrices. and, finally, solve the
consistent linear systems
A(N, N dagy_im = M(a)'r(a) (6.29)

and
A(N, N)day_;,, = M(a)Tr(a) , (6.30)

using these Cholesky factorizations. These normal equations always have an unique solution inde-
pendently of the value of \ if we assume that rank(A) = k and rank(J(r(a))) = rank(M(a)) =
k.(p — k) during the iterations (or at least that these conditions are verified as soon as A = 0). If
A = 0, we simply obtained dag,_;,, = dag, 4, and day_;,, = day_g4, as in version of the
Levenberg-Marquardt algorithm when ||V (a)||2 < ||V ||min. However, the key-difference with
version (2)) of the Levenberg-Marquardt algorithms is that these two linear systems remain nonsin-
gular and well-conditioned when \ approaches zero thanks to the addition of the term NIN7 in the
coefficient matrix of these normal equations. In other words, in these conditions, R (IN, \) and
R (N, \) are nonsingular upper triangular matrices and the normal equations can be solved by for-
ward and backward substitutions to get dag, ;,, and dag,_;,, in step (6) of the Levenberg-Marquardt
algorithms (3)) and (), respectively,:

dagy_1m = Ra(N, ) TRA(N, A)""M(a)'r(a)

or
daj,_m = RA(N, V) IRA(N, V)" TM(a) r(a) .

Note that, as this step (6) of the Levenberg-Marquardt algorithms and (@) has to be performed
several times with different values of ), but the same matrix N, for some particular iterations ¢ of
these algorithms, it is convenient to first add the cross-product matrix NN7 to A or A at each itera-
tion and, then update only the diagonal of these intermediate matrices with \D? before computing
the Cholesky decomposition for a new A value at each subiteration j of the algorithms.

If we want to use a more accurate QR approach in the Levenberg-Marquardt algorithms 2)), (3)
and (), the key-observation is to recognize that the linear systems (6.27), (6.28)), (6.29) and (6.30)
solved in the above Cholesky approach are, respectively, the normal equations of the damped linear
least-squares problems

M(a) + L
S I ol I v PO ©31)
M
dagim = Arg_min | [Bﬁ)} - [ ﬁ(an)] dal|5 (6.32)

for the Levenberg-Marquardt algorithms (2)), and of the constrained and damped linear least-squares
problems
r(a) M(a) + L(a)

dag, iy = Arg min | {055 | N7 dal|> (6.33)
acRP- k
0? VAD
r(a) M()]
dag_p, = Arg mink H okk | — | NT daH2 , (6.34)
o I 2 VAD

for the Levenberg-Marquardt algorithms (3)) and ().
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Thus, the linear least-squares problems (6.31)), (6.32)), (6.33)) and (6.34) can be solved by computing,
respectively, a thin QR decomposition of the “damped” Jacobian matrices

J(r(@)(\) = [M(%DL(E‘)} or M(a)(\) = [h\dﬁ(aD)] , (6.35)

for the Levenberg-Marquardt algorithms (2)) and a thin QR decomposition of the “constrained” and
damped” Jacobian matrices

M(a) + L(a) M(a)
J(r(a))(N,\) = NT or M(a)(N,\) = | NT | | (6.36)
VD VD

for the Levenberg-Marquardt algorithms (3)) and (). Furthermore, these different thin QR decom-
positions can again be done in several steps if we take into account the block-column structure of
these constrained and damped Jacobian matrices in order to reduce the memory footprint of the
algorithms.

In the first stage, for all the algorithms, we compute the QR decomposition of M(a) + L(a) or
M(a) (without column pivoting) with the same TSQR algorithms as used in the Gauss-Newton
methods. This produces implicitly the thin QR factorizations

M(a) + L(a) = Q]RJ or M(a) = QMRM ,

where Q ; and Qg are n.p X k.p matrices with orthonormal columns, and, Ry and Ry are k.px k.p
singular upper triangular matrices as discussed in the previous subsection.

Next, in step (6.1) of the Levenberg-Marquardt algorithms (2)) in which A > 0, we first note, using
the above thin QR decomposition of M(a) + L(a) or M(a), that we have

Amﬂ»{%@] Q on.pxk.p] [ = ]

- |:0k:.p><k.p Ik.p

and

QvmRMm
- Ok.pxk.p Ik.p

M@0 = | 50

Thus, in a second stage, we can factorize the block-column matrices [\;RX‘;)] or [\1/}1\]/5] on the right

QM On.pxk.p RM
[

hand side of these equations into the product of an orthogonal matrix times a rectangular matrix in
upper triangular form. This can be done efficiently with a sequence of k.p.(k.p+1) Givens rotations
applied to the left of these block-column matrices to annihilate their bottom diagonal block, v/ AD.
These Givens rotations use the diagonal elements of R ; and Ry to eliminate the diagonal elements
of v/AD and reduce the fill-in in this process. Note further that, in this recursive process, the bands
of zeros introduced in the previous stages are unaffected by the subsequent stages thanks to the use
of Givens rotations in the calculations; see Section 10.3 of Nocedal and Wright [139] for a good
account of this computing scheme. At the end, we get the matrix equations

w0 ] - R e 3] - [

Here, W ;(\) and Wyg(A) are 2.k.p x 2.k.p orthogonal matrices, which are the products of

k.p.(k.p + 1) Givens rotations, and, R ;(\) and Rp(\) are nonsingular k.p x k.p upper trian-
gular matrices as A > 0 and D has no zero elements on its diagonal.
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Proceeding in this way, we implicitly build up thin QR decompositions of J(r(a))(\) or M(a)(\)
in several stages since

n.pxk.p R ()
[Okpxk:p 0 » ]WJ()\)T |:0k.i>(<k:.)p:|
11
[Q“;]V‘qg }RJ(/\)

7(A)
and

M@0 = [, O Wy [

11 T
- [

= QMM RmMm(N) ,

where the 2.k.p x 2.k.p orthogonal matrices W ;(\) and Wp(\) have been partitioned in four
blocks of k.p rows and columns each:

W) W W) WEO)
W0 = [ k] W= [ Wi

and the (p.n+ k.p) x k.p matrices Q s(A) and Qng(\) have orthonormal columns since W ;(\) and
W () are orthogonal matrices, and, the matrices Q ; and Qg have orthonormal columns.

Finally, using these thin QR decompositions of J(r(a))(\) and M(a)(\), the solutions dagy, .,
and day_;,, of the damped linear least-square problems (6.3T)) and (6.32), which must be solved
in step (6.1) of the Levenberg-Marquardt algorithms (2)), can be easily computed in a last step as
R ;(\) and Ry () are nonsingular upper triangular matrices, e.g.,

dagy_im = Ry(N)7'Q )T [O&ag] or daj_i;, = Rm(N) 7 'Qum(A)” [I(.)(kaz?} :

Next, if we want to use a QR approach in the Levenberg-Marquardt algorithms (3)) and @), we
have to solve the constrained and damped linear least-squares problems or at each
iteration. This can also be done by computing the thin QR decomposition of the block-column
matrices J(r(a))(N, \) and M(a)(IN, A) defined in equation in several steps to reduce the
memory footprint of the algorithms. More precisely with one more steps compared to the structured
QR algorithm used in step (6.1) of the Levenberg-Marquardt algorithms (2)) to reduce the matrices
J(r(a))(\) and M(a)(A) (defined in equation (6.33))) to triangular form.

Thus, after using the same first stage as before to get the QR decomposition of M(a) + L(a) or
M(a) with the TSQR algorithms, we next compute implicitly the thin QR factorizations of

M(a) + L(aq = Q(N)Ry(N)

(et ) = | M

or
MG ) = |\ | = QRN

where Q(IN) and Qng(IN) are (p.n + k.k) X k.p matrices with orthonormal columns and R ;(N)
and Ry (IN) are k.p X k.p upper triangular matrices. Since

1)) = | U] = [ T | [N
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and

o - 358 -, 5, 7 ]

NT Ok.kxk.p Ilck: NT

this can be done by performing structured and thin QR factorizations of the matrices [II\I{%] and

NT
the left of the matrices. These Householder transformations are designed to annihilate the lower
block N7 of these matrices, giving the matrix equalities,

W) | = [k o W) [R] = (G

where W ;(N) and Wyg(N) are k.(p+k) X k.(p+ k) orthogonal matrices composed of the product
of these k.p elementary Householder transformations, and R ;(IN) and Ryg(IN) are nonsingular
upper triangular matrices if rank(A) = k and rank(M(a) + L(a)) = rank(M(a)) = k.(p — k).
This reduction to triangular from is exactly similar to one of the steps of the serial TSQR algorithm
described in Subsection after the first one. Note also that, in this recursive process, the band of
zeros introduced in the previous stages or preceding Householder transformations are unaffected by
the subsequent stages if dedicated Householder transformations are used in the calculations.

[RM] ; more precisely, by applying a sequence of k.p dedicated Householder transformations on

Using this computational sequence, we finally obtain a thin QR factorization of J(r(a))(N) or
M(a)(N) since

On.pxk.k R (N
J(r [Ok Exkp L, ] W, (N)" [Okf;c(xkz):|

11
[Q{;‘% T ]RJ(N)

RJ( )

and

MEM) = [ B, O waaoor [

11 T
[l e

= Qm(N)Rm(N) ,

where the k.(p + k) X k.(p + k) orthogonal matrices W ;(IN) and W (IN) have been partitioned
in four blocks as

w9 = [ w0 = [l whi)]
where
WH(N), Wi(N) € REpxkr
WP (N), Wi (N) € RE<he
W2H(N), Wii(N) € REFxkp
W?IQ(N), W12\/2[(N) c Rk.kxk k

and the (n.p + k.k) x k.p matrices Q 7(N) and Qn(IN) have orthonormal columns since W j(IN)
and Wy (IN) are orthogonal matrices and the n.p x k.p matrices Q; and Qpg have orthonormal
columns.
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Using these results, we can write, finally,

J(r(a))(N, \) = [J(F\(/})]))(N)_ _ [QJ(I\\IAI]{DJ(N)] _ [(?1{;&12 O(n-p;:.j)xk.p] [R\Jﬁ(\ll\;)]
nd
am(a)(N, A) = [M\(/})]()N)] _ _QM(%I;)M(N)} _ [gkl\gg]jg O(Tl.p;:-:)xk.p:| {R%DN)] |

and the thin QR decompositions of J(r(a))(N, A) and M(a)(N, ) can be obtained by computing

. o . R;(N) Rnm(N)
the structured and thin QR decompositions of the column-block matrices [ VoD and VoD
using the same computing sequence as performed in the last stage of step (6.1) of the Levenberg-
Marquardt algorithm (2)) described above.

In other words, the elements of the diagonal matrix v/ AD can be eliminated by a sequence of
k.p.(k.p 4+ 1) Givens rotations and, at the end of this process, we get

W, (N, \) [RJ(N)] _ [RJ(N,)\) RM(N)] Rat(N, \)

V2D Ok.pxk.p:| or Wnm (N, )\)[ /oD | = [ oFpxkD } .

where W ;(IN, \) and W(N, A) are 2.k.p x 2.k.p orthogonal matrices, which are the products of
these k.p.(k.p+1) Givens rotations, and, R ;(N, \) and Ryg(N, \) are nonsingular k.p x k.p upper
triangular matrices. Finally, using these matrices equalities, we obtain the thin QR factorizations of
J(r(a))(N, A) and M(a)(N, \) since

O(n‘p+k.k) xk.p

Ok.pxk.p Ok.pxk.p

J@@MN»=F%W>

} W, (N, \)7 [RJ(N7 )\)}

Ik.p
_ [QsN)WE(N, AT
- [V

= Q/(N,M)R,(N,N)

:|RJ(N,)\)

and

0(n.p+k.k) xk.p

M(a)(N, ) = [QM(N)

(N Rm(N, A)}
0 PXK.p

Ik.p :| WM(N7 )‘)T |: Ok.pxk.p
11 T

where the 2.k.p x 2.k.p orthogonal matrices W (N, \) and W1t (IN, ) have been partitioned in
four blocks of k.p rows and columns each, and the (p.n + k.k + k.p) x k.p matrices Q ;(IN, \) and

Qn (N, A\) have orthonormal columns since W (N, ) and Wp(IN, \) are orthogonal matrices,
and, the matrices Q7(N) and Qn(IN) have orthonormal columns.

Using these thin QR factorizations of J(r(a))(IN, A) and M(a)(N, X), the correction vectors dag, .,
and dag_,, in step (6) of the Levenberg-Marquardt algorithms and can then be computed
as

dagp—lm = RJ(Nv )\)—IQJ(N7 )‘)T |:0krl(€i;cp:|

and
a1 = Raa (N0 QN [ 12, |

if we use a QR approach in these algorithms.
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Note, finally, that if, at a particular iteration ¢ of the Levenberg-Marquardt algorithms and (4),
we have to solve several times the constrained and damped linear least squares problems (6.33)
and for the same value of a;, but different values of X in order to ensure the descending con-
dition ¥(a;+1) < v¥(a;) and the convergence of the algorithms, only the last stage of the structured
and thin QR factorizations of J(r(a;))(N;, ) and M(a;)(N;, A) involving the damping parame-
ter A has to be performed again as the first two stages remain identical if a; is not changed. This
obviously can save a lot of computing time as p.n > k.p for most WLRA problems encountered
in practice. This is an interesting feature of the QR approach, see Section 10.3 of Nocedal and
Wright [[139] for further discussion on these algorithmic, but important, details in a more general
NLLS context.

6.3 Variable projection Newton and quasi-Newton algorithms

For large residuals WLRA problems, the variable projection Gauss-Newton and Levenberg-Marquardt
algorithms described in Subsections [6.1] and [6.2] can be much less efficient as they do not include
second-order derivative information from the Hessian matrix V21(a) in their associated quadratic
models for the variations of ¢(.) in a neighborhood of a. Thus, their asymptotic convergence rates
are expected to be only linear in these conditions [45]][139]]. Fortunately, from the results of Subsec-
tion we have a compact expression for the Hessian matrix V2(a) (see equation (5.33))

H = M(a)"M(a) — L(a)"L(a) + (U(a)"L(a) + L(a) U(a)) .

under the hypothesis that F(.) has full column-rank in a neighborhood of a, and, also, all the ma-
chinery to implement full Newton algorithms based on this exact three-term expression of V21(a)
or quasi-Newton methods based on its two-term approximation (see equation (5.34))

H=M(a)M(a) — L(a)'L(a) .

Here M(a),L(a) and U(a) are defined, respectively, in equations (5.13), (5.19) and (5.20). Note
further that, as we assume that F(a) is of full column rank, e.g., rpa) = rank(F(a)) = k.p, we
have F(a)* = F(a)~ and the computation of the three matrices M(a),L(a) and U(a) can be
simplified accordingly. Finally, the cost of the above quasi-Newton methods is similar to those of
the Golub-Pereyra Gauss-Newton algorithms using a Cholesky approach as both methods compute
exactly the same symmetric matrix terms, e.g., M(a)’M(a) and L(a)"L(a).

Furthermore, as demonstrated in the Cholesky approach of the Gauss-Newton algorithms (T)), the
computations of these two symmetric terms can be easily parallelized since

M(a)"M(a) = Y M; M, and L(a)"L(a) = > L]L;,
j=1 j=1

where M(a) and L(a) have been divided into n blocks M; and L; as defined in equation (6.2).
The last symmetric term U(a)”L(a) + L(a)? U(a) in the above expression of V21(a) can also be
efficiently computed in two stages. First, by computing in n parallel steps, the term

L(a)"U(a) = V(a)"F(a) U(a) = » V] F;(a) U,
j=1

where V (a) is defined in equation (5.21)) and the matrices U(a) and V (a) have also been partitioned
into n blocks V; and Uj as defined in equations (6.3) and (6.4). Note that, in this last equation,
we have used again a symmetric generalized inverse of F(a) instead of the Moore-Penrose inverse
F(a)* as we assume here that F(a) is of full column rank, e.g., that rp(a) = rank(F(a)) = k.p. In
a second stage, we just transpose this squared matrix and sum this squared matrix and its transpose
to get the third symmetric term in the above expression of V2¢(a).
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Using the matrix H or its two-term approximation H, a basic variable projection Newton or quasi-
Newton algorithm for the WLRA problem has to solve at each iteration, respectively, the constrained

linear systems (see equations (5.40) and (5.41))
(H+ NN”)da,, = —Vi)(a) = M(a)'r(a)

and
(H + NN”)da,, = —Vi(a) = M(a)'r(a)

where the columns of the matrix N = Ky, ) (Ix ® A) form a (orthonormal) basis of the null space
of J(r(a)). As already discussed in the previous subsections, such a basis can be easily com-
puted with the help of Corollary [5.6/under the hypothesis that rank(A) = k and rank(J(r(a))) =
rank(M(a)) = k.(p — k). Furthermore, the cross-product matrix NN can be evaluated efficiently
with equation and the matrix-product M(a)’r(a) = —V1)(a) can also be computed in n
parallel steps as the matrices H and H (see Subsectionfor details).

As discussed at the end of Subsection adding the symmetric matrix NN” to H and H will
guarantee that the minimum 2-norm solutions of the consistent linear systems

Hda, = M(a)'r(a) and Hda, = M(a)'r(a)

are computed if rank(A) = k and rank(J(r(a))) = rank(M(a)) = k.(p — k) and, thus, will

overcome the systematic singularity and ill-conditioning of H or those of H at the stationary points
of 9(.) in most cases without using any pre-conditioner for the Hessian matrix or its approximation
as suggested in [14]]. Note that these two constrained linear systems are based, respectively, on the
quadratic approximation models

Y(a+da) ~ NN(da) = (a) + da’ Vi(a) + %daT (H+ NN")da
and )
Y(a+ da) ~ NN(da) = ¢ (a) + da’ Vip(a) + idaT (H+ NN”)da.

These quadratic functions are more accurate then the corresponding Golub-Pereyra and Kaufman
quadratic models

GN(da) = ¥ (a) + da’ Vip(a) + %daT (M(a)"M(a) + L(a)"L(a) + NN”)da
and
GN(da) = ¢(a) + dal Vy(a) + %daT (M(a)"M(a) + NN7)da ,

which are used in the variable projection Gauss-Newton methods, as information on second-order
derivatives of v(.) is included in N™(.), but not in GN(.).

However, if the addition of the term NN to the Hessian matrix H, or to its two-term approximation
H, is useful to ensure that these matrices stay nonsingular and well-conditioned at each iteration, it
is not sufficient to guarantee that these two matrices stay positive definite in all the steps and , thus,
that da,, is always in a descent direction for 1(.). As explained in Subsection this property
can be achieved by adding an (another) damping term I}, (where A > 0) in the above Newton
quadratic models

1
NN(da) = (a) + da’ Vi(a) + 5daT (H+ NN’ + I} ,))da

or
1 _
NN(da) = (a) + da’ Vip(a) + 5daT (H+ NN + )\ ,)da,

which lead, respectively, to the damped and constrained linear systems

(H + NN” + I, )da, = M(a)"r(a)
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and
(H+NN” + I}, ,)da, = M(a)"r(a) ,

for the computation of the Newton or quasi-Newton correction step at each iteration.

Remark 6.4. Alternatively, as already discussed at the end of Subsection the correction vec-
tors in the variable projection Newton or quasi-Newton algorithms can be computed in a two-step
procedure as first suggested by Chen [28]]. First, by solving the reduced damped linear system

= T

(01" (H + AI),,,)O*da, = (M(a)O+) r(a)

or
(0T (H + AL ,) O da, = (M(a)0') r(a)

for da,, € R?P~*)-* and where O+ = Kpm(Ir ® 0+) € QFP*(P=k)-k and OL € QP*(P=F) js an

orthonormal matrix whose columns form a basis of ran(A)*. Next, da,, is computed by

dA,, = O+dA,, ,

in a second step. l

In other words, we can develop variable projection Levenberg-M arquardt-type Newton and quasi-
Newton algorithms with a wider basin of convergence by using the same strategies as used in the
Levenberg-Marquardt algorithms described in Subsection [6.2]

Note that we can also define and use a gain factor p in the context of these variable projection
Levenberg-M arquardt-type Newton and quasi-Newton methods, e.g.,

_ (&) —y(ai + da)
N(0F7) — N(da)

where N(.) is the more accurate quadratic model used by the (quasi-)Newton iterations and defined
by
1
N(da) = v (a) + da’ Vy(a) + 5daTHda

or
N(da) = 1(a) + da’ Vi(a) + %daTI_{da ,

if we use a quasi-Newton algorithm. Furthermore, in both cases, a direct computation shows that
we can compute cheaply the difference N (0%?) — N(da,,) at each iteration of the (quasi-)Newton
algorithms as

1
N(0*?) — N(day,) = §(||Nfdan|!§ + Aldan 3 — day, Vi(ay))

similarly as for the Levenberg-Marquardt algorithms (4) developed in the last subsection. Further-
more, N (0¥P) — N(da,,) will be guaranteed to be positive, if da,, is in a descent direction for v(.)

and ||V (a;)||2 # 0.

Using these considerations and inspired by the Levenberg-Marquardt algorithms (2)), (3) and (@), an
outline of three different versions of the variable projection (quasi-)Newton algorithms is detailed
below. The definitions and variables used in these Newton and quasi-Newton algorithms have the
same meaning as in the previous Gauss-Newton and Levenberg-Marquardt algorithms.

Note that, in all these algorithms, we compute the Newton correction step da,, with the exact Hes-
sian matrix H. However, at the user convenience, for example to reduce the computing time per
iteration and the memory footprint in all the algorithms, we can eliminate the computation of the
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third symmetric term of V21 (a) and use the approximate Hessian matrix H instead to compute
the Newton correction step da,, at each iteration. Thus, this simple modification defines the quasi-
Newton variant for all the algorithms.

Newton algorithms 5.

Choose starting matrix A € RPXF g1 e9,e3,8 € Ry and ipmaz, Jmaz € N, appropriately
For i = 1,2, ... until convergence do

(0) Optionally, compute a QRCP of A, (see equation (2.15)) to determine k; = rank(A;) and an
orthonormal basis of ran(A;):

RZ‘ Sz‘
Q’LAZPZ: O(P—ki)in 0(p—ki)><(k—ki) >

where Q; is an p X p orthogonal matrix, P; is an k x k permutation matrix, R; is an k; x k;
nonsingular upper triangular matrix (with diagonal elements of decreasing absolute magni-
tude) and S; an k; x (k — k;) full matrix, which is vacuous if k; = k.

In all cases, compute an p x k matrix O; with orthonormal columns as the first £ columns of
Q; (i.e., such that ran(A;) C ran(O;) if k; < k and ran(A;) = ran(0O;) if k; = k) and set

A;=0;.

This optional orthogonalization step is a safe-guard as the condition k; = k is a necessary
condition for the differentiability of ¢(.) at a point A; and also to limit the occurrence of
overflows and underflows in the next steps by enforcing that the matrix variable A; € QP**.

(1) Determine (implicitly) the block diagonal matrix
F(a;) = diag(vec(\/W)) (In ® AZ-) ,
where a; = vec(AT).

(2) Compute (implicitly) a QRCP of F(a;) to determine rg(,,) = rank(F(a;)), Pi:(ai) and

F(a;)~ (see equations (2.18) and (2.19)). Note that P]_%(ai) and F(a;)~ are also block di-
agonal matrices and that the Newton and quasi-Newton algorithms assume that 7p(,,) = k.p;
see the derivation of the Hessian matrix V2¢(a;) in Subsection for more details. Note
that the validity of this hypothesis can be checked here in output of the QRCP of F(a;).

(3) Solve the block diagonal linear least-squares problem

b; = Arg mingcgen ||x — F(a;)b||3,
e.g., compute b; = F(a;) " x.

(4) Determine:
r(a;) = PI%( a)X {current residual vector}
¥(a;) = i|r(a;)||3 {current value of the cost function }
Vi (a;) = G(b;)TG(b;)a; — G(b;)"z {see Theorems &3 and 5.7}
i = B||Vab(a;)||3 {set ridge parameter proportional to the squared 2-norm of the gradient}

Note that the steps (1) to (4) above can be very easily parallelized using the block diagonal
structure of F(a;).

(5) Check for convergence. Relevant convergence criteria in the algorithms are of the form:

s V(a2 < e
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* [lai — ai—1ll2 < e2(e2 + flasll2) {if i # 1}.
If step (0) is used, this convergence condition can be simplified as:
la; — a;_1]]2 < e2|aill2 = e2Vk
¢ (ai 1) — (ag)| < esles + p(a) {ifi # 1)
* i > imas {€.g., give up if the number of iterations is too large}
where €1, €2, €3 and %,,,4, are constants chosen by the user.
Exit if convergence. Otherwise, go to step (6)
(6) Compute the Newton correction vector day,.
(6.1) To this end, first compute Hessian matrix or its two-term approximation:
H! = M(a;)"M(a;) + N;NT + A1,
H? = L(a;)" L(ay)
H? = U(a;)"L(a;) + L(a;)TU(a;) {only if a full Newton step is wanted}

H {HZ1 —H? + H? {for a full Newton step}
i =

H! — H? {for a quasi-Newton step}

where the columns of N; = K, ) (I ® A;) are a (orthonormal) basis of null(M(a;) +
L(a;)) = null(M(a;)), see Corollary

(6.2) If H; is positive definite then {use Cholesky factorization}

Newton step: get Newton or quasi-Newton step as the solution of the linear system

H;da, = —Vi(a;) = M(a;) r(a;)

(6.3) Else

Gauss-Newton step: get (Gauss-)Newton step as the solution of the linear system

H;da, = —Vi(a;) = M(a;) r(a;)

(7) Increment a; = vec(AT), e.g., compute a,11 = vec(A],,) such that ¢(a;41) < ¥(a;) in
order to obtain global convergence.

(7.1) To this end, first compute:
a;y1 = a; +da,
lar) = Hr@n)l3 = HIPg,., I3
using (implicitly) a QRCP of the block diagonal matrix F(a;1).
(7.2) If¢)(a;+1) > 1(a;) then recompute a; 11 by one of the following methods:

Gauss-Seidel: a; 1 = a; + dags_g, Where dags_g4y, is a Gauss-Seidel step [166]

dags—gn = (K(n,p)G(bi)) +r(ai)

[ Argmingag« [dal?
s.t. Argming, o [|[r(a;) — K, ) G(b;)dal|3
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Block alternating least-squares:
aA;+1 = G(bl)+z

[ Argmingcpon a3
s.t. Argming gy« ||z — G(b;)al|3

Line search:
a;+1 = a; + ayda,

where a; < 1 is determined by a line search to make the algorithm a descent
method (i.e., such that ¢)(a;+1) < 1 (a;)). This is always possible as the correction
vector da,, is in a descent direction for ¢ (.) if ||V (a;)||2 # 0.

A simple strategy is to first shorten the correction step to half the Newton length (or
Gauss-Newton length if H; is not positive definite), compute the new trial value for
¥ (a;41) and, if it is still worse, continue to reduce the step until we get a step short
enough such that ¢(a;11) < ¥ (a;). The following loop incorporates this simple
step-shortening algorithm:

For j = 1,2,... while(¢(a;11) > ¢(a;))
da, = %dan
a;+1 = a; +day,
Y(aj+1) = %HP%\-(aiH)XH% {using a QRCP of the matrix F(a;11)}
If j > jimas exit {give up if the number of iterations is too large}

End do

End do

Newton algorithms 6.

Choose starting matrix A; € RP Xk e1,e9,63,\ € Ry, and 445, Jmaz € N, appropriately

For i = 1,2,... until convergence do

(0) Optionally, compute a QRCP of A, (see equation (2.15)) to determine k; = rank(A;) and an

orthonormal basis of ran(A;):

R, Si
QiAP; = op—ki)xki  lp—ki)x(k—ki)|

where Q; is an p X p orthogonal matrix, P; is an k& x k permutation matrix, R; is an k; X k;
nonsingular upper triangular matrix (with diagonal elements of decreasing absolute magni-
tude) and S; an k; x (k — k;) full matrix, which is vacuous if k; = k.

In all cases, compute an p X k matrix O; with orthonormal columns as the first £ columns of
Q; (i.e., such that ran(A;) C ran(O;) if k; < k and ran(A;) = ran(0O;) if k; = k) and set

A, =0;.

This optional orthogonalization step is a safe-guard as the condition k; = k is a necessary
condition for the differentiability of (.) at a point A; and also to limit the occurrence of
overflows and underflows in the next steps by enforcing that the matrix variable A; € QP**,

(1) Determine (implicitly) the block diagonal matrix
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F(a;) = diag(vec(vW)) (L, ® A;) ,
where a; = vec(AT)

(2) Compute (implicitly) a QRCP of F(a;) to determine 7g(,,) = rank(F(a;)), Pf(ai) and
F(a;)~ (see equations and (2.19)). Note that P]_%( a;) and F(a;)™ are also block di-
agonal matrices and that the Newton and quasi-Newton algorithms assume that 7p(,,) = £.p;
see the derivation of the Hessian matrix V2 (a;) in Subsection for more details. Note
that, optionally, the validity of this hypothesis can be checked here in output of the QRCP of
F(al)

(3) Solve the block diagonal linear least-squares problem
b; = Argmingegs [x — F(a;)bll3.,
e.g., compute b; = F(a;) " x.
(4) Determine and set:

r(a;) = Plﬁ(ai)x {current residual vector}

¥(a;) = 3| r(a;)||3 {current value of the cost function }
Vip(a;) = G(b;)TG(b;)a; — G(b;)"'z {see Theorems {3 and 5.7}
j = 0 {initialize counter for the ridge scaling subiterations }

Note that the steps (1) to (4) above can be very easily parallelized using the block diagonal
structure of F(a;).

(5) Check for convergence. Relevant convergence criteria in the algorithms are of the form:
* V(a2 < e
* [lai —ai—1l2 < e2(e2 + [laill2) {if i # 1}
If step (0) is used, this convergence condition can be simplified as:
la; — ai—1]]2 < e2llajll2 = e2vk
* |(ai-1) —v(a)| < esles +(ay)) {if i # 1}
* i > imar {€.g., give up if the number of iterations is too large}
where €1, €2, €3 and 1,4, are constants chosen by the user.
Exit if convergence. Otherwise, go to step (6)
(6) Compute the Newton correction vector day,.
(6.1) To this end, first compute Hessian matrix or its two-term approximation:
H! = M(a;)TM(a;)
H? = L(a;)TL(a;)
H? = U(a;)"L(a;) + L(a;)7U(a;) {only if a full Newton step is wanted }

)

i =

_ |H} —H?+H} {for a full Newton step}
H! - H? {for a quasi-Newton step}

H; = H; + N;N7

where the columns of N; = K, ) (I ® A;) are a (orthonormal) basis of null (M(az-) +
L(a;)) = null(M(a;)), see Corollary
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(6.2) Check first diagonal elements of H;:
honin = ming=1 ... jp[Hilu
If hpin < 0 then A = X — Ry, {scale up the ridge parameter}
(6.3) Do while H; + Al , is not positive definite {use Cholesky factorization}
j=i+1
A = 10.X {scale up the ridge parameter }

(6.4) Newton step: get Newton step as the solution of the positive definite linear system

(Hi + M) da, = —Vi(a;) = M(a;) r(a;)

(7) Compute next iterate a; 1 = vec(A, ) such that ¢(a;41) < 1(a;) in order to obtain global
convergence.

(7.1) To this end, first compute
bl + dan) = (s + dan)l3 = 3Pk ga I3
using (implicitly) a QRCP of the block diagonal matrix F(a; + day,).
(7.2) If ¢(a; + da,,) > 1(a;) then {step rejected }
j=i+1
A = 10.\ {scale up the ridge parameter }
If j < jmax g0 to step (6.3) {recompute da,, with inflated diagonal of H; }
(7.3) Else {step acceptable}
If j = 0 then A = \/10 {scale down the ridge parameter if step is successful}
(7.4) Increment a;:
a; 11 = a; + da,{compute new iterate }

End do

Newton algorithms 7.

Choose starting matrix A; € RP*F | g1, e9,e3, A € Ry, and iya0, jmar € Ny, appropriately, and
initialize v = 2

For i = 1,2, ... until convergence do

(0) Optionally, compute a QRCP of A, (see equation (2.15))) to determine k; = rank(A;) and an
orthonormal basis of ran(A;):

R; Si

Q'LAZPZ: O(P—ki)in 0(p—k1)>z<(k—kz) ’

where Q; is an p X p orthogonal matrix, P; is an k x k permutation matrix, R; is an k; x k;
nonsingular upper triangular matrix (with diagonal elements of decreasing absolute magni-
tude) and S; an k; x (k — k;) full matrix, which is vacuous if k; = k.

In all cases, compute an p x k matrix O; with orthonormal columns as the first £ columns of
Q; (i.e., such that ran(A;) C ran(O;) if k; < k and ran(A;) = ran(0O;) if k; = k) and set

A, =0;.
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(6)

This optional orthogonalization step is a safe-guard as the condition k; = k is a necessary
condition for the differentiability of ¢(.) at a point A; and also to limit the occurrence of
overflows and underflows in the next steps by enforcing that the matrix variable A; € QP**.

Determine (implicitly) the block diagonal matrix
F(a;) = diag(vec(vVW)) (I, ® A;) ,
where a; = vec(ATl).

Compute (implicitly) a QRCP of F(a;) to determine 7g(,,) = rank(F(a;)), Pi:(ai) and

F(a;)~ (see equations (2.18) and (2.19)). Note that P%‘_(ai) and F(a;)~ are also block di-
agonal matrices and that the Newton and quasi-Newton algorithms assume that 7p(,,) = k.p;
see the derivation of the Hessian matrix V2¢(a;) in Subsection for more details. Note

that, optionally, the validity of this hypothesis can be checked here in output of the QRCP of
F(al)

Solve the block diagonal linear least-squares problem
by = Argminyegen [x — F(a)bll3

e.g., compute b; = F(a;) " x.

Determine and set:
r(a;) = P]_f,(ai)x {current residual vector}

¥(a;) = 3| r(a;)||3 {current value of the cost function }

Vi (a;) = G(b;)TG(b;)a; — G(b;)Tz {see Theorems 4.3 and 5.7}
j = 0 {initialize counter for the ridge scaling subiterations }

Note that the steps (1) to (4) above can be very easily parallelized using the block diagonal
structure of F'(a;).

Check for convergence. Relevant convergence criteria in the algorithms are of the form:
* [Vy(ai)llz < e
* [lai —ai—1l2 < e2(e2 + [lail2) {if i # 1}
If step (0) is used, this convergence condition can be simplified as:
la; — ai—1[|2 < e2flal2 = e2Vk
* [Pai1) —Pla)] < esles +(ay)) {if i # 1}
* i > imas {€.g., give up if the number of iterations is too large}
where €1, €2, €3 and 7,4, are constants chosen by the user.
Exit if convergence. Otherwise, go to step (6)
Compute the Newton correction vector day,.
(6.1) To this end, first compute Hessian matrix or its two-term approximation:
H! = M(a;)"M(a;)
H? = L(a;)"L(a;)
H? = U(a;)"L(a;) + L(a;)7U(a;) {only if a full Newton step is wanted }

)

g =

H! — H? + H? {for a full Newton step}
H! - H? {for a quasi-Newton step}
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H; = H; + N;NT

where the columns of N; = K(pJg) (I, ® A;) are a (orthonormal) basis of null (M(az-) +
L(a;)) = null(M(a;)), see Corollary

(6.2) Check first diagonal elements of Hj:
hanin = min— ... ;. p[H;ly
If i < O then A = X\ — hy, 0, {scale up the ridge parameter}
(6.3) Do while H; + I, is not positive definite {use Cholesky factorization }
j=j+1
A = v.\ {scale up the ridge parameter}
v = 2.v {increase the growth factor of the ridge parameter}

(6.4) Newton step: get Newton step as the solution of the positive definite linear system
(H; + A\Ij.p)da, = —Vip(a;) = M(a;) r(a;)
(7) Compute next iterate a; 11 = vec(Al ;) such that ¢(a;+1) < ¥(a;) in order to obtain global
convergence.
(7.1) To this end, first compute

using (implicitly) a QRCP of the block diagonal matrix F(a; + da,, ), and the gain factor

w(aitw(aﬁdan) _ P(ai)—p(a;+dan)
N(OEP)=N(dan) 1 (|INTdan|3+A|dan |3—dal Vi (a;))

p=
(7.2) If p > 0 then {step acceptable}

A= Amax(1,1— (2.p — 1)?) {scale down the ridge parameter}

v = 2 {reinitialize the growth factor of the ridge parameter}
(7.3) Else {step rejected}

j=j+1

A = v.\ {scale up the ridge parameter}

v = 2.v {increase the growth factor of the ridge parameter}

If j < jmax g0 to step (6.3) {recompute da,, with inflated diagonal of H; }
(7.4) Increment a;:

a; 1 = a; + da,{compute new iterate }

End do

As in the Gauss-Newton or Levenberg-Marquardt algorithms, the computations in the above Newton
algorithms are terminated either when one or several of the convergence criteria listed in step (5)
are satisfied, or when the iteration count exceeds the predetermined number ;4.

In both the Newton algorithms (6) and (7)), the Marquardt parameter X is taken in the interval
[107® 1] and a small value of \ is selected if we believe that A is close to a solution (say A = 107°).
Otherwise, we can use A = 1073 or 1074, or even 1. The algorithms are not very sensitive to
this initial choice of A as this parameter is quickly updated during the iterations in both Newton
algorithms (6) and (7). Version (7) of the Newton algorithms also uses a growth factor v for the
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ridge parameter, which is initialized to 2 at the start of the algorithm and reinitialized to this initial
value in step (7.2) when a Newton step is successful.

Note that it may happens during some iterations that the exact Hessian matrix H; or its two-term
approximation H; may become not positive definite in which case the computed Newton correction
vector da,, is not in a descent direction for ¢)(.). The Newton algorithms (5)) overcome this difficulty
by using immediately a Gauss-Newton step, more precisely a Kaufman Gauss-Newton step, which
is always in a descent direction if a; is not a stationary point as demonstrated in Corollary On
the other hand, the Newton algorithms (6) and (7) use the simple strategy of adding a multiple of the
identity to the Hessian matrix until this modified Hessian matrix becomes positive definite; see step
(6.3) in these algorithms. The drawback in this simple approach is that each time we add a multiple
of the identity to the Hessian matrix, a new Cholesky factorization of H; + Al , must be attempted.
This can become very expensive if the process is repeated many times across the iterations. This
explains why A is multiplied by a value as large as 10 in step (6.3) of the Newton algorithm (6]
and that the updating strategy of A in step (6.3) of the Newton algorithm is modified so that
consecutive failures of getting a positive definite modified Hessian matrix give a very fast growth
of A. The same modified strategy with a faster growth of A is also used in step (7.3) of the Newton
algorithms (7)) when the gain factor is negative and a trial Newton step is rejected. However, in both
Newton algorithms (6] and (7)), if the number of ridge scaling subiterations in steps (6.3) and (7.2)
(or (7.3) for Newton algorithms (7)) become too important, we stop this ridge scaling process at the
end of step (7.2) (or (7.3) for Newton algorithms (7)) and we try to decrease the cost function 1)(.)
through the main loop of the algorithms instead.

6.4 Variable projection hybrid algorithms

In the previous subsections, we have presented a large variety of variable projection WLRA solvers
based on Gauss-Newton, Levenberg-Marquardt and Newton algorithms, which can all be considered
as second-order or pseudo second-order methods. The complexity of these algorithms is relatively
high, especially when p ~ n, even if min(p, n) > k, as these algorithms have to solve a large linear
system or a tall and skinny linear least-squares problem at each iteration as discussed in the previous
subsections. Furthermore, the pre-processing of the Hessian matrix and its different approximations
in a normal-equation approach or of the coefficient matrix of the linear least-squares problem in a
QR approach for the Gauss-Newton and Levenberg-Marquardt methods is also expensive and has
a high memory footprint [28[][150][81][88]. In the previous section, we have provided different
parallel techniques to reduce both the computing time and the memory storage requirements for
this expensive pre-processing step included in all these variable projection (pseudo) second-order
algorithms.

However, all these (pseudo) second-order algorithms have a much higher complexity than the block
ALS method (e.g., NIPALS, presented in Section @) or other first-order algorithms based on ma-
jorization or Expectation-Maximization (EM) methods, steepest, conjugate or stochastic gradient
descent (or combinations of some of them), which have been proposed in the literature to solve
the WLRA problem, since most of them are based on relatively inexpensive iterative algorithms
that monotonically improve the function value by sequential repetition of local optimizations as the
ALS method [98][99][193[91[86][1290[167][230[17][181][146]. Moreover, the block ALS method
greatly reduces the memory footprint requirements and can also be parallelized easily and very
efficiently taking into account the block diagonal structures of the matrices F(a) and G(b) as ex-
plained in Section ] On the other hand, it is known that the block ALS method and its variants
fail frequently to converge to an acceptable optimal solution for difficult WLRA problems without
the use of a proper regularization, and are prone to flattening, especially when the percentage of
missing data or/and the level of noise are high [[15[][28][37][L50][81][88].

These different features suggest that hybrid methods combining the fast block ALS algorithm with
any of the (pseudo) second-order variable projection algorithms detailed in the last subsections can
performed much better than any of the previous individual algorithms as first suggested by [[15]]
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and confirmed by Chen [28]] in the specific case of variable projection Newton algorithms. In this
way, we can benefit of the remarkable efficiency of the block ALS method in terms of speed and,
at the same time, of the good convergence ability of the (pseudo) second-order methods to reduce
drastically the computing time without sacrificing the overall performance of the (pseudo) second-
order WLRA solvers.

As an illustration, one simple, but still very efficient, choice of such hybrid methods could be to
add an additional step consisting of a fixed number of iterations (say between 2 and 20) of the
block ALS algorithm before step (0) in all our (pseudo) second-order variable projection algorithms.
Preliminary tests (not shown) suggest that this simple modification is always very beneficial in
terms of speed without impairing the global convergence performance of the (pseudo) second-order
variable projection WLRA solvers discussed here. Of course, many variations other than this simple
hybrid scheme are possible [15][28].

7 Conclusions and discussion

In this monograph, we consider the difficult WLRA problem, an extension of the well-known ma-
trix completion problem [44]]. The WLRA problem is NP-hard and has no closed solution in gen-
eral [[62]], but has an increasing number of important applications in practice.

We survey many different approaches which have been used to solve it, with a particular focus
on variable projection second-order methods [[158[][63][166][10][150][149][81]]. A large variety of
low-complexity first-order methods have been already proposed in the past to solve the WLRA
problem [[188]|[[186)[[14][86[[L7] [L81][146], but only a few second-order methods, as these second-
order methods have a very high per-iteration complexity, which preclude their use for very large
datasets commonly found in recent applications. However, variable projection second-order meth-
ods perform better than first-order methods for badly conditioned WLRA problems, which are very
common, and these more costly methods are thus still of interest in this context [150][81].

First, we review in detail the connections between manifold, variety, factorization and variable
projection formulations of the WLRA problem, which are most often treated as disconnected ap-
proaches in the literature and establish relationships between (local) minima, first- and second-order
critical points of the objective functions used in the these different formulations of the WLRA prob-
lem. These results are an illustration and slight extension in the context of the WLRA problem of
recent results presented in [[173[][84]][83][[L15][113] about the near equivalences of first- and second-
order critical points of the objective functions in nonconvex factorization, manifold and variety
formulations in more general low-rank matrix optimization.

Second, we provide an extended and original overview of the variable projection formulation of
the WLRA problem both from theoretical and algorithmic perspectives. In particular, we study
in detail the non-smoothness of the variable projection cost function of the WLRA problem when
some weights are equal to zero (e.g., in presence of missing values) and when this cost function is not
regularized. We characterize precisely its discontinuities generalizing the preliminary investigations
of Dai et al. [46]][47] on this topic. These points of discontinuity form barrier sets in the feasible
space of solutions, which prevent low-complexity algorithms like gradient descent or alternating
least squares to converge to first-order critical points for some WLRA problems when missing
values are present. Up to now, most of variable projection algorithms proposed in the literature for
solving the WLRA problem simply “ignore” these discontinuities when missing values are present
or use a regularized objective function to eliminate them. However, such regularization may degrade
significantly the compression quality of the computed low-rank matrix approximation. It is thus
interesting to explore whether it is possible to detect if we move in front of these discontinuity
points in the unregularized variable projection methods when missing values are present and to
find ways of escaping from them during the course of the computations as was discussed in Dai
et al. [46] for a gradient descent algorithm. Finally, it is also worth to explore in more depth the
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landscape connections between these discontinuity points in the variable projection formulation and
the corresponding points in the manifold and factorization formulations of the WLRA problem. As
an illustration, the matrix incoherency hypotheses, which are often used to prove the convergence
of gradient descent or alternating least-squares for matrix completion problems [187] mainly lead
to the exclusion of the above barrier sets.

Next, we derive new formulae for the variable projection gradient vector, and Jacobian and Hessian
matrices, which are pivotal in all the second-order variable projection methods. These new formulae
also allow a better understanding of the geometric landscape of the objective function associated
with the variable projection formulation. In particular, they allow to characterize precisely the
systematic rank degeneracy of the variable projection Jacobian matrix and also the singularities of
the variable projection Hessian at first-order stationarity points of the variable projection objective
function. Furthermore, these new formulae allow us to demonstrate that most of the first- and
second-order variable projection methods, which can be used to solve the WLRA problem, can be
viewed as as Riemannian optimization methods operating on the Grassmann manifold when the
variable projection objective function is smooth over all the points of the Grassmannian.

Our new formulae for the variable projection gradient vector, Jacobian and Hessian matrices also
allow us to formulate more accurate and robust variable projection second-order algorithms based
on stable orthogonal kernels to tackle the systematic rank degeneracy of the Jacobian, the singularity
of the Hessian at first-order stationarity points of the variable projection functional and, finally, the
ill-conditioning and indefinite nature of the Hessian at points arbitrarily closed to local minima of
this functional. These singularities and instabilities are inescapable here as the (local) minima of the
variable projection objective function are always non-isolated and form a differentiable submanifold
of the ambient linear space around around each of the minima under some regularity hypotheses of
the variable projection functional as demonstrated in Subsection

From an algorithmic point of view, these formulae also allow us to formulate more efficient variable
projection second-order algorithms to tackle WLRA problems of larger dimensions, which are now
the rule in many applications, despite these variable projection second-order algorithms have still a
high per-iteration complexity. In particular, we improve significantly the scalability and efficiency
of the proposed variable projection second-order algorithms compared to previous studies by taking
better into account the sparseness of the different matrix variables involved in each iteration of the
algorithms and by using large-scale parallelization techniques and highly optimized BLAS3 kernels
in the sensible parts of the algorithms. However, some parts of the variable projection algorithms
still do not explicitly take into account the sparsity of the matrix variables. This concerns espe-
cially the recursive and parallel implementations of the QR decomposition of the the tall and skinny
matrices generated by blocks and used in the iterations of both the Gauss-Newton and Levenberg-
Marquardt algorithms. Devising more efficient recursive and parallel QR decompositions of these
sparse, tall and skinny matrices is thus an important topic for future research, including possibly the
use of very fast randomized QR methods [128]].

Finally, here, we have assumed that the rank of the low-rank matrix approximation we are seeking
is given or bounded before hand by the user. Of course, in practice, this rank is often unknown. An
interesting continuation of this work would thus be to devise efficient variable projection algorithms
specifically designed to adaptively select or change the rank of the low-rank matrix solution of the
WLRA problem during the computations as was done for Riemannian descent methods on low-rank
matrix varieties in [[183[][184]. Such rank-adaptive optimization strategies in which local minima
of smaller rank are used as starting points for improved approximation with a larger rank will be
very useful to select the best rank in practical applications and can also lead to improve efficiency
and accuracy in the computations of larger, but fixed low-rank matrix approximation, especially
for ill-conditioned WLRA problems. More generally, selecting accurate, but cheap, initial low-
rank matrix approximations as a first guess of the costly variable projection second-order methods
described here is another useful and important continuation of this work.
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Obviously, the variable projection second-order algorithms described here must be compared to
the many other state-of-the-art first-order methods already proposed in the literature for solving
the WLRA problem [[188[[[L86][[14][86][17]] [181][146] in comprehensive benchmark experiments.
This benchmark must be based on both synthetic and real datasets and not only restricted to the
matrix completion problem as in many past experiments. In particular, we expect that the variable
projection second-order algorithms grow more efficient, robust and accurate than gradient-based
or alternating least-squares methods as the amount of missing values (e.g., zero weights) increase
in the WLRA problem, but this must be objectively validated in comprehensive experiments. Of
course, if speed is the priority, first-order (e.g. gradient descent or alternating least squares) or
hybrid algorithms as described in Subsection [6.4| will be the methods of choice.

Fortran90 codes with OpenMP and BLAS supports, for the variable projection second-order al-
gorithms described here, will be later available in the open source STATPACK library available
at:

https://pagesperso.locean-ipsl.upme.fr/terray/statpack2.3/index.html.
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